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Reynolds-averaged Navier—Stokes (RANS) equations can yield significant error when applied to the
interaction of turbulence with shock waves. This is often due to the fact that RANS turbulence
models do not account for the underlying physical phenomena correctly. For example, in the
presence of appreciable temperature fluctuations in the upstream flow, turbulence amplification
across a shock is significantly affected by the magnitude of the temperature fluctuations and the sign
of the upstream velocity-temperature correlation [Mahesh et al., J. Fluid Mech. 334, 353 (1997)].
Standard two-equation models with compressibility correction do not reproduce this effect. We use
the interaction of homogeneous isotropic turbulence with a normal shock to suggest improvements
to the k-e model. The approach is similar to that presented in an earlier work [Sinha ef al., Phys.
Fluids 15, 2290 (2003)]. Linear inviscid analysis is used to study the effect of upstream temperature
fluctuations on the evolution of turbulent kinetic energy k across the shock. The dominant
mechanisms contributing to the k amplification are identified and then modeled in a physically
consistent way. The dissipation rate equation is also altered based on linear analysis results. The
modifications yield significant improvement over existing two-equation models and the new model
predictions are found to match linear theory and direct numerical simulation data well. © 2009

American Institute of Physics. [DOI: 10.1063/1.3073744]

I. INTRODUCTION

In high-speed aerospace vehicles, shock waves gener-
ated by different parts of the body can interact with and
severely alter the turbulent boundary layer on the surface.
Typical effects include flow separation, pressure rise, and
enhancement of heat transfer, which are often important fac-
tors in vehicle design. Interaction of the turbulent fluctua-
tions in the boundary layer with the shock wave is one of the
basic phenomena in these flows. Understanding and accurate
prediction of shock/turbulence interaction are therefore criti-
cal in achieving reliable prediction capability.

Reynolds-averaged Navier—Stokes (RANS) simulations
are generally used for engineering applications, but their per-
formance in shock dominated flows is often limited by the
accuracy of the underlying turbulence model.' Some at-
tempts have been made to improve model predictions, e.g.,
realizability constraint,” compressibility correction,™* length
scale modification,* and rapid compression correction.® The
outcome of the modifications varies from model to model
and with the test conditions, which point to the possibility
that some key physical processes are either modeled incor-
rectly or not included in the models.

The interaction of homogeneous isotropic turbulence
with a normal shock is a fundamental problem for which
direct numerical simulation (DNS) and linear analysis solu-
tions exist. It is therefore an ideal problem for identifying the
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physical mechanisms underlying shock/turbulence interac-
tions. Sinha er al.” used the RANS equations to study shock/
homogeneous turbulence interaction. It is found that the stan-
dard k-e model grossly overpredicts the amplification in
turbulent kinetic energy k across the shock. This is attributed
to the fact that the underlying eddy viscosity assumption
breaks down in a rapidly distorting mean flow. Modifications
based on suppressing the eddy viscosity in a shock wave
yield a lower amplification in &, but the predictions are still
higher than DNS. Based on a detailed analysis of the gov-
erning equations, they identify a damping mechanism due to
unsteady shock motion and model it using linear analysis.
The resulting equation matches DNS data of shock/
homogeneous turbulence interaction well. Application of the
shock-unsteadiness model to canonical flows such as com-
pression corner’ and oblique shock impingement problem7
shows appreciable improvement.

The analysis in Ref. 5 assumes that the turbulence up-
stream of the shock is composed of vortical fluctuations, i.e.,
the effect of entropic and acoustic components is neglected.
However, experimental8 and DNS (Ref. 9) data suggest that
practical flows in the supersonic regime, such as constant
pressure boundary layers, have the entropy field and the vor-
tical fluctuations of comparable magnitude. As per Mork-
ovin’s hypothesis, turbulent fluctuations in a compressible
boundary layer are essentially composed of vorticity and en-
tropy modes, i.e., the acoustic mode is negligible. Fluctua-
tions in total temperature are also assumed to be negligible,
which results in the following relation between the thermo-
dynamic and velocity fields:
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where p, T, and u are the density, temperature, and stream-
wise velocity and M is the mean flow Mach number. Overbar
represents Reynolds averaging, while prime indicates the
fluctuating part.

Mahesh et al.'® found that the presence of upstream en-
tropy fluctuations significantly affects shock/turbulence inter-
actions. A negative correlation between the upstream veloc-
ity and temperature fluctuations is found to cause higher
levels of turbulence amplification across the shock, whereas
a positive correlation is seen to have the opposite effect. In
this paper, we study the effect of upstream velocity-
temperature correlation on the amplification of k in the
RANS framework. The objective is to use linear inviscid
analysis to improve model predictions in the presence of
temperature fluctuations in the incoming turbulent flow.

The paper is organized as follows. A comprehensive
statement of the problem is given in the next section. This is
followed by an analysis of the governing equation for turbu-
lent kinetic energy across a shock wave. The source term
corresponding to the production mechanism due to the mean
pressure gradient is found to be the dominant mechanism
through which the velocity-temperature correlation affects k
amplification across the shock. A model is then developed
for this term using linear analysis results. The dissipation rate
equation is also modified in a similar way. The resulting
model is finally applied to predict the evolution of turbulent
kinetic energy in shock/homogeneous turbulence interaction,
and results are compared with the available DNS data.

Il. PROBLEM DESCRIPTION

We consider uniform mean flow upstream and down-
stream of a normal shock. The shock wave is steady in the
mean and undergoes small deviations from its mean position
in response to the turbulent fluctuations. The turbulence up-
stream of the shock is assumed to be homogeneous and iso-
tropic, with the thermodynamic field related to the velocity
fluctuations by

! ! !
o Toat &)

p T
Here, the acoustic fluctuations are neglected (p’=0) and
Morkovin’s hypothesis is satisfied for A,;=(y—1)M?. A,r
can be interpreted as the ratio of normalized temperature and
velocity fluctuations, and it can be readily seen that
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We choose constant values of A, and study the effect of
u'T" on the amplification in k across a normal shock as a
function of the upstream Mach number. Both positive and
negative values of A,y are considered, which correspond to
u'T' <0 and u'T’' >0, respectively. A quadratic variation of
A,r with Mach number that is consistent with Morkovin’s
hypothesis, Eq. (1), is also presented.

Phys. Fluids 21, 025101 (2009)

Mahesh ef al."' considered the interaction of vorticity-
entropy waves with a normal shock. The ratio of entropy to
vorticity magnitudes of each wave is defined as A, and the
phase difference is given by ¢,. It can be shown that A,e'®r
=A,r sin ¢, where ¢ is the angle made by the wave number
vector with the shock-normal direction. Thus ¢,=0 for the
positive A, values considered in this work, while negative
A,r values correspond to ¢,=7. In both cases, the sin ¢
functional dependence results in an axisymmetric entropy
field for an isotropic vortical flow.

lll. TRANSPORT EQUATION FOR k

For turbulent fluctuations passing through a normal
shock wave, the unsteady distortion of the shock from its
mean position can be written as x=£&(y,z,1), where x is the
shock-normal direction. To account for the shock-
unsteadiness effects, Sinha et al.” derived a transport equa-
tion for k in the frame of reference attached to the instanta-
neous shock wave. The key results are reproduced below for
the sake of completeness.

Assuming that the shock undergoes small deviations
from its mean position, the linearized momentum conserva-
tion equation is written in the frame of reference that is at-
tached to the shock. This equation is then used to derive the

~
n2.

following transport equation for u"*:

o u” ~di  _~~du —Jdp
i == ﬁu"za + f_nt"éza - u"ﬁ —u'pl, (4)

where p is pressure and &, is the linear velocity of the shock
in the streamwise direction. Tilde represents Favre averag-
ing, with double prime being Favre fluctuations. Note that
higher order and viscous terms are neglected in the vicinity
of the shock wave.

The source terms on the right hand side are identified as
the production due to mean compression, the shock-
unsteadiness term, the production due to mean pressure gra-
dient, and the pressure-velocity term. These are denoted by
Py, S,i, Hi, and I1}, respectively. The production due to mean
pressure gradient can be written as

I =-u'—="——=—"pi_, (5)

where p'/p=—=T"/T is based on the assumption that pressure
fluctuations are negligible in the inflow turbulence. Note that
negatively correlated velocity and temperature fluctuations

(u'T' <0) result in a positive source term, thus enhancing

"2

the amplification of u”~. On the other hand, a positive u'T’

correlation has a damping effect on «”2. This is identical to

the trend observed in linear analysis” and DNSs.'*!?

A similar transport equation is derived for the transverse

velocity fluctuations v"?,
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where §, is the angular distortion of the shock, and the
source term due to shock distortion is denoted by 52 Note
that w”2 follows an equation similar to v"?

The linearized Rankine—Hugoniot relations presented by
Mahesh ef al.! are used to write the following equations for

the change in u’? and v'? across a shock:
__ 1= —
P1M15(u2 —uy") == pyuyi,, AM"‘PW &EAu
u’ T _
- plulA” u (Pz Pl) (7)
T,
— 1,92 T2 ==l ’ —
piity5(vy)" = v(7) == pyity 5 (v +vy) €A, (8)

where u,,=(uj+u})/2 and Aw=(i1,—i;); subscripts 1 and 2
denote shock upstream and downstream locations. The above
equations can be interpreted as integrated forms of Eqs. (4)
and (6), with one-to-one correspondence between the terms
on the left and right hand sides. Note that #”=u" and #=u in
the linear limit.

Figure 1 shows the budget of the above equations as a
function of the upstream Mach number M. The data (nor-
malized by ﬁlﬁ?) are presented for different A, values. A,
=0 corresponds to purely vortical turbulence upstream of the
shock. Positive values of A, (0.58, 1.0, 2.0, and 4.0) are
chosen for detailed analysis and model development. Nega-
tive A,y and a quadratic variation of A, with Mach number
are subsequently discussed. Note that the A,;=0.58 case was
analyzed by Mahesh et al"!

The budget of source terms for A,;=0 [Fig. 1(a)] is iden-
tical to that presented in Ref. 5. The production due to mean
compression amplifies turbulence, while the shock-

unsteadiness term reduces #"?. The pressure-velocity term is
negative except at low Mach numbers, whereas the shock-
distortion mechanism is found to amplify k. The production
due to mean pressure gradient is identically zero fg this

case. As expected, Hz has an amplifying effect on u”? for
A,7>>0. Its magnitude increases rapidly with A, to become
one of the dominant effects at A,;=2 and above. By com-
parison, the production due to mean compression is rela-
tively unchanged across the range of A,; considered. The
remaining source terms retain their qualitative variation with
Mach number, but their magnitude is enhanced progressively
as A,y increases.

The turbulent kinetic energy shows a rapid nonmono-
tonic variation behind the shock. Mahesh er al."' explained
this variation by noting that

'yM 2k ]7 p’u’
yz _— = const

downstream of the shock wave. The interaction of vortical
and entropy waves with a shock generates acoustic energy,
ie, p'?#0 and p'u’ #0 immediately downstream of the
shock. Majority of the acoustic energy decays rapidly and is

)
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transferred to the kinetic form as per the above equation. The
change in k due to this energy transfer mechanism is denoted
by a source term, Hz, in the k equation, and the total contri-
bution of this term is plotted as a function of Mach number
for different A,; values in Fig. 1.

The different mechanisms discussed above can be com-

bined with the viscous dissipation rate € to get an equation

//2 1/2

for the turbulent kinetic energy k=(u"*+v +w”2)/ 2. Thus,

dk
ﬁﬁa—=Pk+S,1+2Sz+H,1+Hi+H,3(—ﬁe (10)
X
governs the interaction of homogeneous isotropic turbulence

with a normal shock. A factor of 2 multiplies S¢ in order to

include the shock-distortion effects on w”2

IV. MODELING

Grasso and Falconit"? presented a model for the produc-
tion due to mean pressure gradient, where the Favre velocity
fluctuations are modeled in terms of the mean density gradi-
ent,

wr 1 90 0P

. 11
52 O'p(;xj‘o".xj' ( )

I} =-
Here py is the turbulent eddy viscosity, o, is 0.5, and sub-
script j=1,2,3 represents the three spatial directions. When
applied to the evolution of homogeneous turbulence through
a normal shock, this term has a damping effect on &, since
the gradients of mean density and pressure are positive
across the shock. Thus, the model does not reproduce the
amplifying effect of upstream entropy fluctuations when the
velocity-temperature correlation is negative. Because of this
nonphysical behavior, we do not pursue the above model
further. Instead we develop an alternate model for Hi.

The production due to mean pressure gradient is a func-
tion of u'T"/T. For a given A, 7, u'T’ can be assumed to be
proportional to the streamwise velocity fluctuations in the
upstream turbulence (see Sec. II). Using Eq. (3) therefore
results in

u'l' __ou

I8} = “——pii— = — A" 12
]_‘ P Ix uTP: ax ( )
Sinha et al.> modeled the shock-unsteadiness term as
~ i
Sy =pu"—b,, (13)
ox

where the modeling coefficient b, is obtained as a curve fit to
the ratio u¢&,/u}”. Values of this ratio are computed using
linear analysis for different cases of A, and are plotted as a
function of Mach number in Fig. 2. The A,;=0 case is once
again identical to that presented earlier.” For A, >0, the
effect of incident temperature fluctuations is to amplify the
unsteady shock motion, such that u[§, exceeds incident ve-
locity fluctuations for high values of A,z . In all cases, b,
asymptotes to a limiting value as M| —oc. The asymptotic
value b .. increases linearly with A, (see Fig. 3), and the
variation is closely approximated by
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FIG. 1. Budget of Egs. (7) and (8) as a function of upstream Mach number for different values of A,;. P,=production due to mean compression, S,lC
=shock-unsteadiness term, Sf:shock distortion term, Hi:pressure—velocity term, Hz=pr0ducti0n due to mean pressure gradient, and [ represents the
integration across the shock. [ Hi is the total contribution of the energy exchange mechanism downstream of the shock. All terms are normalized by p,; ﬁ?.

bl,OC = 04 + O'ZALIT'

(14)

The other terms S,%, 1!, and H,% are modeled in Ref. 5 by
modifying the coefficient b; to

bi=by.(1-e"™).

(15)

The same form is retained here with b, .. given above as a
function of A ;.
Introducing these models into Eq. (10) we get
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Using the isotropic form of Reynolds stress, u"?=2k/3 (by
setting ;=0 as in Ref. 5) and neglecting the viscous dissi-
pation results in the following closed form solution for k

amplification across the shock:

ky <ﬁ1 )(2/3)(1—b;+AuT)

1253
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FIG. 2. The ratio E/u_;z computed from linear analysis (Ref. 11) as a
function of upstream Mach number for different values of A, ;.

As per Boussinesq approximation, the Reynolds stress
u" is given by14
4 oJu 2

2 Sok
3T T3P

~
M"2 —

(18)

On substitution in the modeled k equation (16), it results in a
source term that is proportional to (dii/dx)>. At a shock
wave, the source term assumes very large values (c1/ &,
where & is the mean shock thickness). This leads to very high
amplification of turbulent kinetic energy. As discussed in
Ref. 5, the production term in the standard k-e model exhib-
its identical trend, and the amplification of k increases rap-
idly as the computational grid is refined to get a thinner
shock.” It is argued that this nonphysical behavior of the k
equation is primarily caused by the breakdown of the eddy
viscosity assumption in a highly nonequilibrium flow such as
a shock wave. One means to avoid this trend is to suppress
eddy viscosity in the region of rapid compression. Setting
w7=0 in the shock wave thus results in the isotropic form of
the Reynolds stress, which is used to obtain the k amplifica-
tion given in Eq. (17).

Figure 4 compares the model predictions with linear
analysis results. For A, ;=0 the above equation is identical to

0.4+0.2A,

FIG. 3. Variation of the high Mach number limiting value of b, as a function
of A,

Phys. Fluids 21, 025101 (2009)

the model presented in Ref. 5 and compares well with the
linear theory results. For A,;> 0, the model matches the the-
oretical values only at low Mach numbers and overpredicts
the amplification in k at higher Mach numbers. The magni-
tude of overprediction rapidly increases with the level of
temperature fluctuations in the upstream flow. Results ob-
tained for A,;=0 using a realizable k-e model and by setting
mr=0 are reproduced from Ref. 5. These models signifi-
cantly overpredict the amplification in k at higher Mach
numbers, and the model predictions are insensitive to up-
stream temperature fluctuations. They are therefore omitted
from A, ;>0 plots.

Next, we attempt to improve the modeling of H,f. Instead
of using the upstream value of u'T'/T given by Eq. (3),
taking the average of upstream and downstream quantities

may give a better estimate of u'7T"/T,

W'l 1| ulT ulT) 1u|T! wThT
e e e RE- - B
T 21, T,]| 2T, Ty T,

The ratio of the correlations u;T5/u;T; is computed from

linear analysis and plotted in Fig. 5 as a function of M; and
A,r- The ratio is of the order unity except for high Mach
numbers, especially at low values of A, (for example, A,;
=0.58). As a first approximation we assume us75~u,T;. The
limitations and justifications of this assumption in the A,;
— 0 limit are described below. Thus,

—. (20
u

M,TI 1 M{T; T] AuT T] u”2
—=——|l+—=[==-—A1+=
T 27 T, 2

T,
where Eq. (3) is used to arrive at the final form of the mod-

eled term. The mean temperature ratio across the shock is
close to 1 at low Mach numbers, and the new model ap-

proaches Eq. (12). At higher Mach numbers T,/T,<1.
Hence the above model is expected to yield improved pre-
dictions than Eq. (12) by reducing the amplifying effect of
Hz. Incorporating this model gives the final form of the k
equation,

dk 2_ . Aur 1 _
&—xi=—§pk5jj 1—b1+7 1+F — Pe, (21)

r

pi;

where T,=T,/T, is the mean temperature ratio across the
shock and is a function of upstream Mach number. §;;
=0ii;/ ox; is the mean dilatation and is used to write the
frame-independent form of the equation.

Integration of the above equation across the shock (with
€=0) yields an amplification in k which has a form similar to
Eq. (17) and is plotted in Fig. 4. The model results match Eq.
(17) and linear theory for A,;=0. The predictions also match
theory within £10% for A,;=0.58, 1, and 2. At higher A7,
the model is found to overpredict the theory. The M; —
prediction of the model for varying A, is compared with the
asymptotic linear theory results in Fig. 6. The model equa-
tion (21) yields accurate amplification in k up to A, =3, after
which it deviates from the theoretical result. By comparison,
Eq. (17) grossly overpredicts turbulence amplification except
for very low levels of temperature fluctuations.

Downloaded 15 Jun 2010 to 59.162.23.19. Redistribution subject to AIP license or copyright; see http://pof.aip.org/pof/copyright.jsp



025101-6 V. K. Veera and K. Sinha Phys. Fluids 21, 025101 (2009)
r T T T 10 T T T
5+ = I 7 ]
- Realizable - sk s i
I model\ e i L7 Eq. (17) |
4 | . Rd n | // i
r ’ L 4 J
L - //
<0 <°r ‘ ]
<ol S~ /uT=o 1 =2 )/ Eq. (21)
i ST
| '// AAAAAAAAAAA 4; // oooo°°°° 000000
- ; 1 ) £ 00° Linear
i ; i I Analysis |
of __Eq.(17) ] L ysis |
- 5000000 L 1
I/ 5 Linear ol _
| 6 A,=0 analysis i A =2 |
1 I 1 | I - 1 TR 1 n
1 2 3 4 5 2 3 4 5
(a) M, (d) M,
i T T T 20 L L
5 B N 3 ,,
B I
L | \
I 151 / Eq.(17) i
4 . 5 /’
- o / Eq. (21)
S Eq. (17 I / ]
2,0 ____/__q-(—)—'_ Jr0p -
| -7 Eq. (21) - ! 0000QQ00000000]
, s SR / oo°°°oo Q\Linear
i S Linear 1/ 50° Analysis
2r Analysis ] 5r /° b
A, =058 A =4
1 T - P I 1 n n 1 PR 1
2 3 4 5 2 3 4 5
(b) M, (e) M,
F T T T
5| i
[ /Eq.(17)_,_—
a4k LT ]
X e -
3 . Eq. (21)
3f L’ ]
i e Linear
, )
I , Analysis
2 - -
AuT = 1
1 - T L T T
2 3 4 5
(c) M,

FIG. 4. Turbulent kinetic energy amplification in shock/homogeneous turbulence interaction as a function of the upstream Mach number for different values
of A,7. Two improvements to the k-e model are compared to linear analysis (Ref. 11).

The above model is based on the assumption that u,75
~u, T}, which may not be valid in the limit A,;— 0. This is
because the interaction of vortical turbulence with a shock
wave produces entropy fluctuations behind the shock. As a
result, u; 75 may not be negligible for vanishingly small u T
(when A,;=0). However, at low A,; the contribution of the
Hz source term to the k budget is small compared to the
production and shock-unsteadiness terms. The shock-
unsteadiness model presented in Ref. 5 accounts for the
dominant effects of P, and S ,1 and yields correct amplifica-
tion in kK when A,7=0. In this limit, the current model col-
lapses to the shock-unsteadiness model, such that the limita-

tion in Hi modeling has negligible effect on the final result.
This is corroborated by the close match between linear
theory and model predictions in Fig. 6.

A. Upstream flow with negative A,

We study a negative A,y case, which corresponds to a
positive velocity-temperature correlation upstream of the
shock. Following Mahesh et al.,"! A,7=-0.58 is used for the
analysis. The main effect of negative A, is a negative Hz
term in the budget of turbulent kinetic energy (see Fig. 7).
The production term remains unchanged, and the other
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FIG. 5. The ratio of velocity-temperature correlation magnitude downstream
and upstream of the shock, u;T5/uT}, as a function of M, for different
values of A, .

source terms S ,i, Si, H,i, and H% retain their qualitative varia-
tion with Mach number but are reduced in magnitude com-
pared to the A,;=0 case [Fig. 1(a)]. Negative IT; has a damp-
ing effect on the turbulent kinetic energy, which is consistent
with the observations of Mahesh ez al.'’ The model equation
(21) is applied to this case with b; .. given by Eq. (14). The
results presented in Fig. 8 show that the model matches lin-
ear theory within £10% up to M,=4 and overpredicts the k
amplification at higher Mach numbers. Comparison with the
A,7=0 case highlights the damping effect of negative A ;.
Note that Eq. (14) may be used only for A,;>-2 for which
by .>0.

B. Upstream flow satisfying Morkovin’s hypothesis

The thermodynamic and velocity fluctuations upstream
of the shock satisfy Morkovin’s hypothesis when A, ;=(y
—1)Mj. The model equation (21) is applied with b, ..=0.4
+0.2(y- l)Mf and the resulting k amplification is presented
in Fig. 9. The model predictions are within 10% of linear
analysis for Mach numbers up to 2.2, for which A,;=2.0. At
higher Mach numbers, and therefore higher A,r, the model

T T T

20 / -

kK,

10 /

Linear
Analysis

FIG. 6. Asymptotic (M;— %) model prediction for k amplification across a
shock as a function of A, Equations (17) and (21) are compared with the
linear theory results.
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FIG. 7. Budget of Egs. (7) and (8) at different Mach numbers for A,
=-0.58 (see Fig. 1 for reference).

overpredicts the amplification of turbulent kinetic energy
across the shock. This is consistent with the trend observed
for different A, cases presented in Fig. 4.

V. TURBULENT DISSIPATION RATE

The turbulent dissipation rate consists of a solenoidal
part, a compressible part, and contributions due to inhomo-
geneity and fluctuations in viscosity. Sinha et al.’ assumed
that the solenoidal dissipation rate is the dominant dissipa-
tive mechanism. It is given by €=7ww/, where ¥ is the
mean kinematic viscosity and w; is the vorticity fluctuation.

The modeled transport equation for the solenoidal dissi-
pation rate for one-dimensional mean flow through a normal
shock is given by14

(22)

where ¢, =1.35 and c,=1.8 are model constants.”> The
terms on the right hand side denote the production and dis-
sipation mechanisms, respectively. The production term is
dominant in a shock wave and can be integrated using the

4 T T T
sl i
o | |
> | |
2} /AUT:O o
................................ Linear |
......... Eq. (21) ‘Analysis |
500000080000000]|

1 1 1 1
2 3 4 5

M

FIG. 8. Turbulent kinetic energy amplification predicted by Eq. (21) is com-
pared with linear theory for different Mach numbers when A, ;=-0.58.
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FIG. 9. Amplification of k predicted by Eq. (21) is compared with linear
theory for different Mach numbers when A, ;= (y—1)M2.

isotropic form of the Reynolds stress (;475=2k/ 3). The result-
ing amplification in €, across the shock is

€ _ (5)(2/3)%1 @3)

€1 1253

In the absence of upstream temperature fluctuations, Sinha et
al’ proposed the following form of ¢, to match linear
theory prediction for €, amplification across the shock,

cq=125+02(M,-1). (24)

The resulting model matches well with DNS data for shock/
isotropic turbulence interaction.

We study the effect of u’T’ correlation on €, amplifica-
tion. The incident velocity-temperature correlation is shown
to affect the amplification of vorticity fluctuations in the
same way as turbulent kinetic ﬂrgy.1 u'T' <0 enhances
the vorticity amplification and u’'7’ >0 has the opposite ef-
fect. Linear analysis is used to compute the amplification in
€, across the shock as a function of upstream Mach number
for different values of A7, and the results are plotted in Fig.
10. Following the approach in Ref. 5, we modify the coeffi-
cient ¢, to incorporate the effect of velocity-temperature
correlation such that €,/ €,; given by Eq. (23) matches linear
theory results.

cq=[1.25+02(M,-1)]
+A,7(1-0.1A,7)(0.5 + ¢!"M1), (25)

where the first part is identical to the A, ;=0 case given
above, and the second part brings in the effect of velocity-
temperature correlation. For A,7<<10, positive A, increases
¢ and thus enhances €, amplification, and negative A, has
a damping effect on the dissipation rate. As shown in Fig. 10,
the above model reproduces linear theory results for 1 =M
=5 and -0.58=A,;7=4 reasonably well. A more rigorous
approach would be to identify and model the physical
mechanisms that affect e, amplification across the shock.
Such an analysis is beyond the scope of the current paper.
Note that the modifications to the k-e equations pre-
sented above as well as the shock-unsteadiness modification
developed carlier’ are applicable only in shock waves.

Phys. Fluids 21, 025101 (2009)

O————— T

FIG. 10. Amplification in solenoidal dissipation rate in shock/homogeneous
turbulence interaction as a function of the upstream Mach number. A curve
fit for ¢, (lines) is obtained to match the linear theory predictions (symbols)
for different A, 7.

Implementing them in a practical scenario therefore involves
identifying the high compression regions in the flowfield.
The modifications are then cast in a form such that they are
effective only in these regions, and the original model is
recovered elsewhere. References 6 and 7 delineate this
method by applying the shock-unsteadiness modification to
compression ramp and oblique shock wave impinging on a
turbulent boundary layer. A similar approach can be followed
for the current model. Also, the modifications are strictly
valid only when the mean flow is uniform on either side of
the shock wave, and the upstream turbulence field is homo-
geneous. Application to more complex flows may require
further modifications and are beyond the scope of this paper.

VI. COMPARISON WITH DNS DATA

We check the efficacy of the new modification intro-
duced in the k-e model by comparing its prediction with
DNS data of shock/homogeneous turbulence interaction.'*'?
Of the three cases listed in Table I, the first two are at Mach
number 1.29 and the third case is at Mach number 1.5. Case
1.29A has essentially vortical inflow turbulence, while cases
1.29B and 1.5 have an entropic thermodynamic field along
with a vortical velocity field upstream of the shock. Mork-
ovin’s hypothesis holds in the weak form, i.e., u,,, and T,
in the incoming flow satisfy Eq. (1). The cross correlation
coefficient R, ¢ is given for each case such that

u ! T/

12

_ =Ru’T’@@=(7_])M%Ru’T'u__Z' (26)
ul u T u
The above equation is compared with Eq. (3) to obtain the
equivalent A, for the three cases, and they are listed in Table
I. The values of Reynolds number based on the Taylor mi-
croscale, Re,, and turbulent Mach number, M/, at the inflow
station are also tabulated. These are used to compute the inlet
values of k and ¢ at x=0,

ki =M?/2, (27)
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TABLE 1. Mean and turbulent flow quantities for the interaction of homogeneous turbulence with a normal
shock. The inflow turbulence is normalized by the upstream values of p, @, and j.
Case M, Aur M, Re, kin €
1.29A 1.29 0.04 0.14 19.1 9.8x1073 1.3%x1073
1.29B 1.29 0.56 0.14 19.1 9.8x1073 1.3%x1073
1.5 1.50 0.82 0.17 6.7 15.0x 1073 42x1073
S 2 _
) Ml‘ ReL/Re)\ for Ml = 129
m 3
ey = 152 L
mn ‘5 )\2 a3 10 ;
EM’/Re" for M, =1.5. [ ‘ ‘IVI‘1I=1.‘2‘9‘:‘ T T T
25F As=004 * 1
(28) f

Here, the mean flow variables and k& and € are normalized
using upstream values of p, d, and @, where a is the mean
speed of sound and u is the mean viscosity of the fluid. The
reference length scale L in cases 1.29A and 1.29B is chosen
such that the Reynolds number based on the reference quan-
tities, Rey, is 750. Case 1.5 uses a characteristic length of 2\
as reference, where \ is the Taylor microscale as defined in
Ref. 16.

The normalized model equations (21) and (22) are inte-
grated through the shock, which is specified as hyperbolic
tangent profiles of mean flow quantities. The mean shock
thickness is obtained from DNS data. By comparison, the
shock thickness obtained by solving the mean flow equations
depends on the numerics of the computation and the reso-
lution of the computational grid in the vicinity of the shock
wave. The k and €, amplifications given by Egs. (21) and
(23) are independent of the shock thickness. Therefore the
new model results presented below are identical to the solu-
tion of the fully coupled mean flow and turbulence model
equations. The same is true for the realizable model and the
shock-unsteadiness modification results. On the contrary, the
standard k-e model predictions are sensitive to the shock
thickness, such that the postshock k value and its decay rate
increase dramatically when the shock becomes thinner.

The evolution of k obtained by integrating the model
equations across the shock wave is plotted in Fig. 11, where
the data are normalized by the value of k immediately up-
stream of the shock. For case 1.29A with negligible upstream
entropy fluctuation, the new model is almost identical to the
shock-unsteadiness modification proposed by Sinha et al’
Both models match the k amplification across the shock (at
x=2.7) obtained from DNS. The models do not reproduce
the rapid variation in k immediately behind the shock (2
<x<2.7) because they do not model the decay of acoustic
energy in this region. Also, the high k values reported by
DNS in the shock region are not predicted by the models.
These values are an artifact of the unsteady shock motion
and do not represent turbulent fluctuations. The standard k-€e
model and the realizable model results, reproduced from Ref.
5, show a higher value of k downstream of the shock. The
above results serve as a baseline for studying the effect of
A,

Standard
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| , - .‘"-. .
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25f An=086 i* ]

L o ]
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FIG. 11. Evolution of k in the interaction of homogeneous turbulence with
a normal shock for cases 1.29A, 1.29B, and 1.5 listed in Table 1. Different
versions of the k-e models (lines) are compared with DNS data (Refs. 10
and 12) (symbols).
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For case 1.29B with A,;>0, the new model predicts a
higher amplification in turbulent kinetic energy across the
shock than case 1.29A. This matches DNS data, for example,
at x=3. By comparison, the standard k-e and the shock-
unsteadiness model results are insensitive to the variation in
A,r and therefore identical to case 1.29A. The realizable
model results are also independent of A, and are not shown
in the figure. Downstream of the shock, the current model
predicts a slower decay of turbulent kinetic energy as com-
pared to DNS. The same is true for the shock-unsteadiness
model and it matches the trend observed at Mach 1.29 in
Ref. 5.

At Mach 1.5 and A,;=0.82, the new model slightly un-
derpredicts the DNS data downstream of the shock. By com-
parison, the shock-unsteadiness model results are signifi-
cantly lower, whereas the standard k-e model grossly
overpredicts k amplification across the shock. For this case,
co=1.5 is used in the model equation (22). Jamme et al.'?
noted that this value of c¢,, matches the turbulence decay rate
obtained by their DNS.

VIl. CONCLUSIONS

The magnitude of upstream entropy fluctuations and the
sign of the velocity-temperature correlation are known to af-
fect the amplification of turbulence across a shock wave. We
study the effect of this correlation and its modeling in the
RANS framework by considering the interaction of homoge-
neous turbulence with a normal shock. A parameter A, 7 is
defined to relate the incident velocity and temperature fluc-
tuations. Budget of the turbulent kinetic energy k amplifica-
tion shows that the primary effect of velocity-temperature
correlation comes in via the production due to mean pressure
gradient. The source term is positive for negatively corre-
lated velocity and temperature fluctuations (A,;>0) up-
stream of the shock and has a damping effect for positive
correlation (A,;<0). Existing turbulence models do not ac-
count for this effect correctly. Linear analysis is used to de-
velop a new physically consistent model for the production
due to mean pressure gradient. The shock-unsteadiness pa-
rameter and the solenoidal dissipation rate equation devel-
oped earlier are also updated to account for the effect of
upstream temperature fluctuations. The resulting two-
equation model reproduces the enhanced turbulence amplifi-
cation for A,;7>0 as well as the damping effect of A,7<<0.

Phys. Fluids 21, 025101 (2009)

The model predictions match linear theory well for A, 7 in the
range 0-2 but overpredicts the k amplification for higher A 7
and for A,7<<0. The new k-e model is found to reproduce
DNS data of shock/homogeneous turbulence interaction
well.
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