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Abstract
Computation of shock-dominated turbulent flows using Reynolds-averaged turbulence models may en-
counter large numerical error. This is due to the fact that source terms in the turbulence model equations
have nonconservative derivatives of mean flow quantities. The nonconservative error takes large values at
flow discontinuities. In this paper, we study the numerical characteristics of thek − ω turbulence model
in canonical interaction of a normal shock with homogeneousisotropic turbulence. Several cases with
varying shock strength are computed, and the results are compared with exact solution. The effect of
grid refinement is also reported. The governing equations are cast in an equivalent conservation form that
gives physically consistent results at a shock wave. The predicted turbulence amplification match the exact
solution obtained by direct integration of the simplified equations.

1. Introduction

Shock-boundary layer interactions are found in many aerospace applications. The Reynolds numbers are usually high
such that the flow is turbulent. The shock wave formed on an airfoil at transonic speeds often results in boundary layer
separation that affects the aerodynamic performance. Shock waves formed in hypersonic intakes of scramjet engines
can cause localized high pressure and heat transfer. Separation bubbles formed due to shock-boundary layer interaction
inside the duct can lead to intake unstart. The interaction of turbulent fluctuations in the boundary layer with the shock
wave lies at the heart of these phenomena. Shock-turbulenceinteraction has therefore been the focus of several studies.

Homogeneous isotropic turbulence passing through a normalshock is possibly the simplest shock-turbulence
interaction. The upstream mean flow is uniform in space and time, and therefore does not have additional mean flow
gradients like in boundary layers. Flow separation characteristic of strong shock-boundary layer interactions is absent.
Additional complexity due to oblique and curved shock waves, free shear layers, reattachment and recovery of the
boundary layer are also eliminated. The canonical shock-homogeneous turbulence interaction therefore isolates the
effect of the shock wave on the turbulent fluctuations.

Shock-homogeneous turbulence interaction has been studied using theoretical, computational and experimental
approaches. Theoretical analysis using rapid distortion theory [1, 2] and linear interaction analysis [3, 4] are based
on the assumption that the mean flow distortion is much fasterthan the turbulent time scales. Full three-dimensional
Navier-Stokes simulations of these flows are reported in [5–8], among others. Experimenal results of Barre et al [9]
complement the numerical studies. Shock-homoegeneous turbulence interaction is rich in physics and it provides
valuable insight that has been used for turbulence model development [10–12]. The model problem also serves as a
good test case for numerical studies, as shown in Ref. [13].

Turbulent kinetic energy (TKE) variation in a shock-homogeneous turbulence interaction, as obtained in direct
numerical simulation, is shown in Fig. 1, reproduced from Ref. 12. A normal shock wave with an upstream Mach
number of 1.5 is located atx = 3. In the absence of any mean flow gradient, the turbulent fluctuations decay in the
upstream flow. The decay rate is determined by the turbulent dissipation rate. The shock wave amplifies the turbulent
fluctuations, followed by a monotonic decay governed by the downstream dissipation rate. High levels of TKE are
reported in the vicinity of the shock wave, but these do not represent turbulent fluctuations.

Computations using Reynolds-averaged Navier Stokes (RANS) method are also shown for comparison. The
numerical results follow the DNS data qualitatively, but the amplification of turbulence predicted at the shock wave
varies for different turbulence models. Three representative models – standardk − ǫ, a realizablek − ǫ and a recent
model based on unsteady shock motion – are plotted. It is shown that TKE amplification is often over-predicted by
RANS turbulence models. This is because of the highly non-equilibrium nature of the interaction, and subsequent
breakdown of the assumptions underlying the turbulence model equations.
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Figure 1: Evolution of turbulent kinetic energy in homogeneous isotropic turbulence passing through a Mach 1.5
normal shock. Different versions of thek − ǫ model are compared with DNS data. [7]

RANS simulations can result in large numerical error at flow discontinuities like shock waves. It is shown
in Ref. [13] that the source terms contain non-conservativederivatives of the flow variables, and the corresponding
discretization error attain large values in a flow discontinuity. Further, the error does not decrease with successive grid
refinement. It is also found that there is excessive amplification of the turbulent dissipation rate at high Mach numbers,
which can cause rapid decay of the downstream turbulence.

In this paper, we study the numerical characteristics of thek−ω turbulence model for canonical shock/turbulence
interaction. A finite-volume based CFD code is used for the simulations. The evolution ofk andω across the normal
shock wave is presented for a range of upstream mean flow Mach numbers. Effect of grid refinement on the turbulence
amplification at the shock is quantified, and is compared withexact closed-form solution of the governing equations.
An alternate conservative form of thek − ω equations are derived and implemented in the finite-volume code. The
advantages of the new formulation over the traditional non-conservativek − ω equations is presented for the chosen
test cases.

2. Governing Equations

The equations governing the turbulence kinetic energyk and specific dissipation rateω are given by [14]
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whereρ is mean density,u j is the mean velocity inx j direction andµ is molecular viscosity. The Reynolds stress tensor
is given by
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The closure coefficients areβ∗ = 9/100 and

β = βo fβ, βo = 0.0708, fβ =
1+ 85χω
1+ 100χω

(5)
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In the canonical shock turbulence interaction considered in this work, the vorticity tensorΩ jk is identically zero, which
yieldsχω = 0 andβ = β0.

The mean flow through a normal shock is one-dimensional and steady, with a mean velocityu in thex direction.
The production terms on the right hand side are proportionalto the mean-flow gradient at the shock. They have a
dominant effect in amplifying turbulence across the shock wave. The dissipation terms determine the rate of decay in
the upstream and downstream flows. The turbulent and molecular diffusion effects are small, and are neglected. The
resultingk − ω equations can be written as

ρu
∂k
∂x
= −1.15ρk

∂u
∂x
− β∗ρkω , (7)
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∂ω
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Neglecting dissipation, and integrating the resulting equations analytically yields the following amplification ink and
ω in terms of the mean density ratio across the shock wave.
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The above closed-form solutions are used for comparison with numerical results.

3. Simulation Results

The Reynolds-averaged Navier Stokes equations are solved for the mean flow, and the two-equationk − ω model is
used for turbulence closure. The flow variables are normalized by the mean density and mean speed of sound upstream
of the shock wave. The most energetic wave numberκ0 in the incoming turbulence field is taken as the characteristic
length scale. A finite-volume approach is used, where the turbulence model equations are fully coupled with the
mean flow conservation equations [15]. The inviscid fluxes are computed with a modified, low-dissipation form of the
Steger-Warming flux-vector splitting method [16].

The viscous fluxes due to molecular and turbulent diffusivities are computed using a second-order central differ-
ence method applied at each cell face. The turbulent source terms are evaluated at the cell centers, where the velocity
gradients in the production terms are discretized using a central difference scheme akin to that presented in Appendix.
The implicit data parallel line relaxation method of Wrightet al. [17] is employed for time integration and the code has
been used successfully in several supersonic and hypersonic applications. Some representative results are presentedin
Refs. 18, 19 and 20.

The canonical shock-turbulence interaction flows considered in this work are listed in Table 1. The turbulent
Mach number immediately upstream of the shock wave is 0.22 and the Reynolds number based on Taylor microscale
is 40 at this location [8]. The normalized values of TKE and specific dissipation rate are thus calculated and are
extrapolated to the inlet station using the decay relationsfor homogeneous isotropic turbulence. These values are listed
in Table 1 and are specified at the inlet location. Additionaldetails of the simulation can be found in [13].

Table 1: Mean and turbulent flow quantities for the interaction of ho-
mogeneous turbulence with a normal shock. The normalized values of
k andω correspond to the inflow station.

M k0 ω0 DNS Source
1.5 2.88×10−2 0.436 Larsson and Lele [8]
2.0 2.76×10−2 0.431 —
2.5 2.69×10−2 0.428 Larsson and Lele [8]
3.0 2.64×10−2 0.427 —
3.5 2.61×10−2 0.426 Larsson and Lele [8]
4.25 2.57×10−2 0.426 —

Figure 2 plots the jump ink andω across the shock as a function of the upstream mean flow Mach number. The
finite-volume computations for the chosen test cases are compared with the close-form solution of thek −ω equations.
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For weak shocks (for example,M = 1.5 case), the predictions are comparable to the exact solution, but the simulations
over-predictk andω-amplification for higher Mach numbers. For the strongest shock simulated in this work, the post-
shock tubulent kinetic energy deviates from the exact solution by over an order in magnitude. The amplification ofω
show a similar trend, but the values are relatively closer tothe exact integration.
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Figure 2: Variation ink- andω-amplification with upstream Mach number as computed using the conservative and
non-conservative formulations.

4. Conservative Formulation

Noting thatk ∝ ρ1.15 across the shock wave in the inviscid limit, we define a new variable f = kρ−1.15 that is constant
across a shock. A transport equation forf can be derived by multiplying (7) byρ−1.15

ρ−1.15 ρu
∂k
∂x
= −1.15ρk

∂u
∂x
ρ−1.15

− β∗ρkωρ−1.15 . (10)

Mass conservation across the shock wave is used to write
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∂u
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ρ−1.15 . (11)

Adding (10) and (11), we get

ρu
∂ f
∂x
= −β∗ρkωρ−1.15 , (12)

where the source term with non-conservative derivative is eliminated. Similar development for theω-equation leads to
a new variable,g = ωρ−0.598 and the corresponding transport equation is

ρu
∂g
∂x
= −βρω2 ρ−0.598. (13)

Substitutingω = gρ0.598 andk = fρ1.15, the above equations can be cast into the following form:

ρu
∂ f
∂x

= −β∗ρ f g ρ0.598, (14)

ρu
∂g
∂x

= −βρg2 ρ0.598, (15)

which are similar to the original equations (7) and (8), except for the absence of the production terms. The dissipation
terms retain their original form with an additional factor of ρ0.598.

The finite-volume code is based on the turbulence model equations (1) and (2). The new form of the model
equations suitable for shock-dominated flows can be incorporated by [13] :
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1. interpreting the turbulence variables in the code asf andg, instead ofk andω.

2. transforming the initial and boundary conditions fork andω to the new variablesf andg.

3. dropping the production terms in each equation and multiplying the dissipation terms by a factorρ0.598.

4. recovering the original turbulence variablesk andǫ from the converged flowfield solution by invoking the reverse
transforms.

The TKE and specific dissipation rate amplification obtainedusing the new conservative form of the turbulence
model equations are plotted in Fig. 2. The results follow theexact solution closely, both in terms of qualitative and
quantitative comparison. Bothk andω predictions are lower than the inviscid limit (9), because of the effect of turbulent
dissipation in the shock region. The dissipation effect is neglected while integrating the respective production terms to
arrive at (9).

5. Grid Sensitivity

The sensitivity of the numerical results to the grid-point density used in the computation are presented in this section.
The results obtained by the new conservative and the conventional non-conservative forms of the turbulence model
are compared with the exact solution. Two equi-spaced gridswith successive refinement (200 and 400 points in the
shock-normal direction) are employed, and the amplifications of TKE and specific dissipation rate plotted as a function
of the shock strength.

In the conservative case, bothk andω amplifications approach the exact inviscid solution as the grid is refined
(see Fig. 3). As shown in [13], the discretization error in the convection terms decrease as∆x2), where∆x is grid
spacing at the shock wave. The damping effect of turbulent dissipation at the shock scales as∆x, and it also decreases
as the shock gets thinner. Thus, the numerical solution approaches the exact inviscid integration (9) as∆x→ 0 on fine
grids.

The turbulence amplification predicted by the non-conservative turbulence model equations (see Fig. 4) show
marginal increase as the grid is refined. The increase in the post-shockk andω takes the solution away from the
exact integration values. Interestingly, the non-conservativek − ǫ model results presented in [13] shows much higher
sensitivity to the grid-point density. The amplification inturbulent dissipation rate is found to increase dramatically as
the grid is refined in the vicinity of the shock wave. See Fig. 8(b) in [13].
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Figure 3: Amplification in TKE and specific dissipation rate across a shock wave as a function of upstream Mach
number for varying grid-point density, obtained using the conservativek − ω equations.
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Figure 4: Amplification in TKE and specific dissipation rate across a shock wave as a function of upstream Mach
number for varying grid-point density, obtained using the non-conservativek − ω equations.

6. Conclusions

In this paper, we investigate the numerical characteristics of Reynolds-averaged Navier Stokes simulations at a shock
wave. Thek − ω turbulence model equations have non-conservative source terms, which result in large error in the
region of the shock. The non-conservative errors do not vanish on successive grid refinement, leading to non-physical
behavior of the numerical solution. An alternate conservative formulation of thek − ω equations is proposed which
eliminates the non-conservative source terms. The resulting equations yield well-bahaved solution at shock waves that
match the exact solution closely.
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