5™ EUROPEAN CONFERENCE FOR AERONAUTICS AND SPACE SCIENCES (EASS)

A Conservative k — w model for canonical shock-turbulence
interaction

Krishnendu Snha and S J. Balasridhar
Department of Aerospace Engineering,
Indian Institute of Technology Bombay, Mumbai, 400076, India.

Abstract

Computation of shock-dominated turbulent flows using R&ysxaveraged turbulence models may en-
counter large numerical error. This is due to the fact that@terms in the turbulence model equations
have nonconservative derivatives of mean flow quantitié& ffonconservative error takes large values at
flow discontinuities. In this paper, we study the numeridaracteristics of th& — w turbulence model

in canonical interaction of a normal shock with homogendsagopic turbulence. Several cases with
varying shock strength are computed, and the results ar@aeu with exact solution. Thefect of
grid refinement is also reported. The governing equatioagast in an equivalent conservation form that
gives physically consistent results at a shock wave. Thaigtesd turbulence amplification match the exact
solution obtained by direct integration of the simplifiediations.

1. Introduction

Shock-boundary layer interactions are found in many aawsppplications. The Reynolds numbers are usually high
such that the flow is turbulent. The shock wave formed on daikat transonic speeds often results in boundary layer
separation thatféects the aerodynamic performance. Shock waves formed ierbgpic intakes of scramjet engines
can cause localized high pressure and heat transfer. Siepdrabbles formed due to shock-boundary layer interactio
inside the duct can lead to intake unstart. The interactiaarbulent fluctuations in the boundary layer with the shock
wave lies at the heart of these phenomena. Shock-turbuietecaction has therefore been the focus of several studies

Homogeneous isotropic turbulence passing through a nashwadk is possibly the simplest shock-turbulence
interaction. The upstream mean flow is uniform in space and,tand therefore does not have additional mean flow
gradients like in boundary layers. Flow separation charéstic of strong shock-boundary layer interactions isabs
Additional complexity due to oblique and curved shock wavese shear layers, reattachment and recovery of the
boundary layer are also eliminated. The canonical shocheg@neous turbulence interaction therefore isolates the
effect of the shock wave on the turbulent fluctuations.

Shock-homogeneous turbulence interaction has been dtusieg theoretical, computational and experimental
approaches. Theoretical analysis using rapid distorti@ory [1, 2] and linear interaction analysis [3, 4] are based
on the assumption that the mean flow distortion is much fakger the turbulent time scales. Full three-dimensional
Navier-Stokes simulations of these flows are reported i8]j5among others. Experimenal results of Barre et al [9]
complement the numerical studies. Shock-homoegeneobsle¢nce interaction is rich in physics and it provides
valuable insight that has been used for turbulence modaldement [10-12]. The model problem also serves as a
good test case for numerical studies, as shown in Ref. [13].

Turbulent kinetic energy (TKE) variation in a shock-homiogeus turbulence interaction, as obtained in direct
numerical simulation, is shown in Fig. 1, reproduced froni.R2. A normal shock wave with an upstream Mach
number of 1.5 is located at = 3. In the absence of any mean flow gradient, the turbulentuifdicins decay in the
upstream flow. The decay rate is determined by the turbuissipation rate. The shock wave amplifies the turbulent
fluctuations, followed by a monotonic decay governed by thergtream dissipation rate. High levels of TKE are
reported in the vicinity of the shock wave, but these do nptesent turbulent fluctuations.

Computations using Reynolds-averaged Navier Stokes (RANShod are also shown for comparison. The
numerical results follow the DNS data qualitatively, bug gimplification of turbulence predicted at the shock wave
varies for diferent turbulence models. Three representative modelsdaidk — ¢, a realizablek — € and a recent
model based on unsteady shock motion — are plotted. It isshioat TKE amplification is often over-predicted by
RANS turbulence models. This is because of the highly nariliegum nature of the interaction, and subsequent
breakdown of the assumptions underlying the turbulenceetrexgliations.
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Figure 1: Evolution of turbulent kinetic energy in homogeue isotropic turbulence passing through a Mach 1.5
normal shock. Offerent versions of thke — e model are compared with DNS data. [7]

RANS simulations can result in large numerical error at fldacdntinuities like shock waves. It is shown
in Ref. [13] that the source terms contain non-conservatemgvatives of the flow variables, and the corresponding
discretization error attain large values in a flow discantin Further, the error does not decrease with successige g
refinement. It is also found that there is excessive amptifinaf the turbulent dissipation rate at high Mach numbers,
which can cause rapid decay of the downstream turbulence.

In this paper, we study the numerical characteristics okthe turbulence model for canonical shgitkbulence
interaction. A finite-volume based CFD code is used for theutitions. The evolution df andw across the normal
shock wave is presented for a range of upstream mean flow Manbers. Hect of grid refinement on the turbulence
amplification at the shock is quantified, and is compared estfct closed-form solution of the governing equations.
An alternate conservative form of the— w equations are derived and implemented in the finite-voluotec The
advantages of the new formulation over the traditional oonservativek — w equations is presented for the chosen
test cases.

2. Governing Equations

The equations governing the turbulence kinetic en&rggd specific dissipation rateare given by [14]
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wherep is mean densityy; is the mean velocity ix; direction ang: is molecular viscosity. The Reynolds stress tensor
is given by

= 2 = 1 0ug
pTij = 2utSij - épkdij where Sij = Sij - éﬂéij 3)
and the eddy viscosity is
25,5,
HT = ka, = max{a), Ciim ”* ”} (4)
w B
The closure co@icients arg8* = 9/100 and
1+ 85y,
B=Poly  fo=00708  fy=—75a= (5)
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where R
QiijkSki ~ 10un
——, Ski = Ski — = —0ki 6

(ﬁ*w)3 ki ki 2 9%m ki ( )
In the canonical shock turbulence interaction considarehlis work, the vorticity tensa2j is identically zero, which
yieldsy, = 0 andB = Bo.

The mean flow through a normal shock is one-dimensional aatlgf with a mean velocity in the x direction.

The production terms on the right hand side are proportitm#he mean-flow gradient at the shock. They have a
dominant &ect in amplifying turbulence across the shock wave. Themision terms determine the rate of decay in
the upstream and downstream flows. The turbulent and malediffiusion dfects are small, and are neglected. The
resultingk — w equations can be written as

Xow =

ok ou
— = -1.15k— - B*pk 7
pu— Yko ~ B ko, (7
ow ou 2
pu& = 0.5980wax Bow*, (8)

Neglecting dissipation, and integrating the resultingagiuns analytically yields the following amplification knand
w in terms of the mean density ratio across the shock wave.

ke (p2\'%S Wy (p2\0%%
= = (_) and —= = (—) (9)
ki \p1 w1 \p1

The above closed-form solutions are used for comparisdmmiimerical results.

3. Smulation Results

The Reynolds-averaged Navier Stokes equations are savetd mean flow, and the two-equatiknr- w model is
used for turbulence closure. The flow variables are normdli®/ the mean density and mean speed of sound upstream
of the shock wave. The most energetic wave numpén the incoming turbulence field is taken as the characterist
length scale. A finite-volume approach is used, where theutence model equations are fully coupled with the
mean flow conservation equations [15]. The inviscid fluxescamputed with a modified, low-dissipation form of the
Steger-Warming flux-vector splitting method [16].

The viscous fluxes due to molecular and turbuleffudivities are computed using a second-order centfreli
ence method applied at each cell face. The turbulent soergestare evaluated at the cell centers, where the velocity
gradients in the production terms are discretized usingiaaaifference scheme akin to that presented in Appendix.
The implicit data parallel line relaxation method of Wrightl. [17] is employed for time integration and the code has
been used successfully in several supersonic and hyperappilications. Some representative results are presented
Refs. 18, 19 and 20.

The canonical shock-turbulence interaction flows considién this work are listed in Table 1. The turbulent
Mach number immediately upstream of the shock wave is 0.82f@ Reynolds number based on Taylor microscale
is 40 at this location [8]. The normalized values of TKE anedfic dissipation rate are thus calculated and are
extrapolated to the inlet station using the decay relationsomogeneous isotropic turbulence. These values deel lis
in Table 1 and are specified at the inlet location. Additiatethils of the simulation can be found in [13].

Table 1. Mean and turbulent flow quantities for the intexacof ho-
mogeneous turbulence with a normal shock. The normalizies: saf
k andw correspond to the inflow station.

M ko wo DNS Source
1.5 288x1072 0.436 Larsson and Lele [8]
2.0 276x102 0431 —
2.5 269x1072  0.428 Larsson and Lele [8]
3.0 264x1072 0427 —
35 261x10%  0.426 Larsson and Lele [8]

425 257x102  0.426 —

Figure 2 plots the jump ik andw across the shock as a function of the upstream mean flow Maobew The
finite-volume computations for the chosen test cases ar@aed with the close-form solution of the- w equations.
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For weak shocks (for exampl® = 1.5 case), the predictions are comparable to the exact@olbut the simulations
over-predictk andw-amplification for higher Mach numbers. For the strongestktsimulated in this work, the post-
shock tubulent kinetic energy deviates from the exact gniuty over an order in magnitude. The amplification.of
show a similar trend, but the values are relatively closéh¢oexact integration.
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Figure 2: Variation ink- and w-amplification with upstream Mach number as computed udiegcbnservative and
non-conservative formulations.

4. Conservative Formulation

Noting thatk « p1® across the shock wave in the inviscid limit, we define a nevatde f = ko115 that is constant
across a shock. A transport equation fozan be derived by multiplying (7) by +1°

ok ou
-115 = —1.150k -115 _ px -115 . 10
o pu—ax %) _8X'0 B pkwp (20)

Mass conservation across the shock wave is used to write

d 115 _ U 115
puk—p™H1° = 1180k p . (11)
Adding (10) and (11), we get
of . _
pu— = B pkwp ™, (12)

[7).4

where the source term with non-conservative derivativéinsieated. Similar development for the-equation leads to
a new variableg = wp~%°%® and the corresponding transport equation is

a9 2 0598
= 598 1
pu ~ Lpw” p (13)

Substitutingw = go®>% andk = fp'15, the above equations can be cast into the following form:

of " 0598

pu— = Bp fgp~=, (14)
99 . 5 o598

pu—— = Beg P (15)

which are similar to the original equations (7) and (8), gtder the absence of the production terms. The dissipation
terms retain their original form with an additional factdi35%.

The finite-volume code is based on the turbulence model eopsafl) and (2). The new form of the model
equations suitable for shock-dominated flows can be incatpd by [13] :
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1. interpreting the turbulence variables in the codd aadg, instead ok andw.
2. transforming the initial and boundary conditions kandw to the new variable$ andg.
3. dropping the production terms in each equation and niyittig the dissipation terms by a factp?>%,

4. recovering the original turbulence variabkesnde from the converged flowfield solution by invoking the reverse
transforms.

The TKE and specific dissipation rate amplification obtainsithg the new conservative form of the turbulence
model equations are plotted in Fig. 2. The results followedhkact solution closely, both in terms of qualitative and
guantitative comparison. Boandw predictions are lower than the inviscid limit (9), becausthe dfect of turbulent
dissipation in the shock region. The dissipatidieet is neglected while integrating the respective produdierms to
arrive at (9).

5. Grid Senditivity

The sensitivity of the numerical results to the grid-poianhsdity used in the computation are presented in this section
The results obtained by the new conservative and the cdowahinon-conservative forms of the turbulence model

are compared with the exact solution. Two equi-spaced gvitts successive refinement (200 and 400 points in the
shock-normal direction) are employed, and the amplificatiof TKE and specific dissipation rate plotted as a function
of the shock strength.

In the conservative case, bdttandw amplifications approach the exact inviscid solution as tte ig refined
(see Fig. 3). As shown in [13], the discretization error ie tonvection terms decrease &¢’), whereAx is grid
spacing at the shock wave. The dampiffiget of turbulent dissipation at the shock scalearsand it also decreases
as the shock gets thinner. Thus, the numerical solutionoggpies the exact inviscid integration (9)as— 0 on fine
grids.

The turbulence amplification predicted by the non-consamvdurbulence model equations (see Fig. 4) show
marginal increase as the grid is refined. The increase in dseghockk and w takes the solution away from the
exact integration values. Interestingly, the non-coreiare k — e model results presented in [13] shows much higher
sensitivity to the grid-point density. The amplificationtimbulent dissipation rate is found to increase dramayiced
the grid is refined in the vicinity of the shock wave. See Fi@p) & [13].

7T 3
E o 200 points B o 200 points
6 IN 400 points B IN 400 points
B Exact solution A N Exact solution
I . 251
5F & I
< g
> 4 320 3
3 [
I 15F
2F e
VA T - T - T - / ! T - T - T -
l1 2 3 4 l1 2 3 4
M M
(@ (b)

Figure 3: Amplification in TKE and specific dissipation rate@ss a shock wave as a function of upstream Mach

number for varying grid-point density, obtained using tbaservativek — w equations.
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Figure 4: Amplification in TKE and specific dissipation rater@ss a shock wave as a function of upstream Mach
number for varying grid-point density, obtained using tlea+tonservativ& — v equations.

6. Conclusions

In this paper, we investigate the numerical charactesigiidReynolds-averaged Navier Stokes simulations at a shock
wave. Thek — w turbulence model equations have non-conservative soaroest which result in large error in the
region of the shock. The non-conservative errors do notstaoin successive grid refinement, leading to non-physical
behavior of the numerical solution. An alternate consérgdbrmulation of thek — w equations is proposed which
eliminates the non-conservative source terms. The ragutjuations yield well-bahaved solution at shock wavets tha
match the exact solution closely.

References

[1] Durbin, P. A., and Zeman, O. 1992. Rapid Distortion Thefor Homogeneous Compressed Turbulence with
Application to Modelling Journal of Fluid Mechanics. 242:349-370

[2] Cambon, C., Coleman, G. N., and Mansour, N. N. 1993. Ra@pgdortion Analysis and Direct Simulation of
Compressible Homogeneous Turbulence at Finite Mach Nurddugnal of Fluid Mechanics. 257:641-641

[3] Mahesh, K., Moin, P., and Lele, S. K. 1996. The Interattida Shock Wave with a Turbulent Shear FI&WwOSR
Report No. TF-69. Thermosciences Division, Department of Mechanical Eegimg, Stanford University, CA

[4] Wouchuk, J., Huete Ruiz de Lira, C., and Velikovich, A020 Analytical Linear Theory for the Interaction of a
Planar Shock Wave with an Isotropic Turbulent Vorticity IBidPhysical Review E. 79:6

[5] Lee, S., Lele, S. K. and Moin, P. 1993. Direct numericahglation of isotropic turbulence interacting with a
weak shock wavelournal of Fluid Mechanics. 251:533-562

[6] Mahesh, K., Lele, S. K., and Moin, P. 1997. The Influencé&nfropy Fluctuations on the Interaction of Turbu-
lence with a Shock Wavdournal of Fluid Mechanics. 334:353—-379

[7] Jamme, S., Cazalbou, J. B., Torres, F. and Chassaind)OR. Direct numerical simulation of the interaction
between a shock wave and various types of isotropic turbelétiow, Turb. and Combust.. 68:227-268

[8] Larsson, J. and Lele, S. K. 2009. Direct numerical sirtiafaof canonical shogkurbulence interactiorPhysics
of Fluids. 21:126101

[9] Barre, S., Alem, D., and Bonnet, J. P. 1996. ExperimeStally of a Normal Shogklomogeneous Turbulence
Interaction. AIAA Journal. 34:968-974.



CONSERVATIVE TURBULENCE MODEL FOR SHOCK WAVES

[10] Sinha, K., Mahesh, K., and Candler, G. V. 2003. Modeltgpck-Unsteadiness in ShgTkrbulence Interaction.
Physics of Fluids. 15:2290-2297.

[11] Veera, V. K., and Sinha, K. 2009. Modeling theff&t of Upstream Temperature Fluctuations on
Shockhomogeneous Turbulence Interacti®hysics of Fluids. 21:025101

[12] Sinha, K. 2012. Evolution of Enstrophy in Shgelomogeneous Turbulence Interactidournal of Fluid Me-
chanics. 707:74-110.

[13] Sinha, K., and Balasridhar, S.J. 2013. Conservativenkitation of thek — e Turbulence Model for Shock-
Turbulence InteractiorAlAA Journal. Early Edition.

[14] Wilcox, D. C., 2008. Formulation of the— w Turbulence Model Revisited\ AA Journal. 46:11. 2823-2838.

[15] Sinha, K., and Candler, G. V. 1998. Convergence Impmmt of Two-equation Turbulence Model Calculations.
AlAA Paper 1998-2649.

[16] MacCormack, R. W. & Candler, G. V. 1989. The solutionlvd tNavier-Stokes equations using Gauss Seidel line
relaxation.Computers and Fluids 17:1, 135-150.

[17] Wright, M. J., Candler, G. V., and Bose, D. 1998. Dataafal Line Relaxation Method for the Navier-Stokes
EquationsAlAA Journal. 36:9. 1603-1609.

[18] Sinha, K., Mahesh, K. and Candler, G. V. 2005. Modelihg #fect of shock unsteadiness in shgakbulent
boundary layer interaction&l AA Journal. 43:3, 586-594.

[19] Pasha, A. A. and Sinha, K. 2012 Simulation of hypersafiockturbulent boundary-layer interactions using
shock-unsteadiness modéddurnal of Prop and Power. 28:1, 46—60.

[20] Pasha, A. A. & Sinha, K. 2008. Shock-unsteadiness magplied to oblique shock-wax¢urbulent boundary
layer interactionlnt. J. Comput. Fluid Dyn. 22:8, 569-582.



