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Abstract

High-speed turbulent flows often encounter high heat loads due to the presence of shock
waves. The turbulent energy flux correlation in the mean energy conservation equation
is a key unclosed term that determines the heat transfer rate. In this work, we employ
existing turbulence models to predict the turbulent energy flux in canonical shock-turbulence
interaction. The shortcomings of these models are highlighted, and a new heat-flux limiter
model is proposed with the aid of linear theory results. We also write the transport equation
for the turbulent energy flux across a shock wave and use it to develop a physics-based model
for the same. It is found to predict the peak energy flux at the shock wave and its variation in
the acoustic-adjustment region behind the shock. Numerical error incurred while solving the
model equations at a shock wave are analyzed and a numerically robust model is obtained
by eliminating the nonconservative source terms. The model predictions are compared with
available direct numerical simulation data and a good match is obtained for a range of Mach

numbers.
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1. Introduction

High-speed flows in aerospace applica-
tions have shock waves interacting with
boundary layers in different parts of the
vehicle surface and in engine compo-
nents. Such shock/boundary-layer interac-
tions (SBLI) are often marked by high local-
ized surface pressure and heat transfer rates
[1, 2, 3]. Predicting the heating loads is es-
pecially important in supersonic and hyper-
sonic applications with turbulent boundary
layers. Majority of the existing turbulence
models for heat flux prediction yield accept-
able results in boundary-layer flows [4], but
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their predictive capability is severely limited
in shock-dominated flows [5].

An important unclosed term in the mean
energy conservation equation, which gov-
erns the heat transter rate, is the turbu-
lent energy flux vector uje”. Here, uj rep-
resents the velocity fluctuation in the j*
direction, €” represents the internal energy
fluctuation and tilde represents Favre aver-
aging. Conventionally, this term is mod-
elled as a product of turbulent conductivity
and the gradient of mean temperature. Tur-
bulent conductivity is related to the eddy
viscosity pr via a turbulent Prandtl number
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Figure 1: Schematic showing a shock wave distorted
upon interaction with turbulent fluctuations.

Prp. A constant value of Prp = 0.89 gives
satisfactory results in flat plate boundary
layers and is often used in SBLI configura-
tions. This modelling approach however sig-
nificantly overpredicts the actual wall heat
transfer rate in SBLI [5].

An alternate model based on variable Prp
approach is proposed by Xiao et al. [6]. Tt
solves additional differential equations for
enthalpy variance and its dissipation rate,
and employs these two quantities in the for-
mulation of turbulent heat flux vector. In
shock-dominated flows, this approach leads
to improved wall heat flux predictions, yet
it overpredicts experimental data. Som-
mer et al. [7] also develop a variable turbu-
lent Prandtl number (Pr) model for high-
speed compressible turbulent boundary lay-
ers with adiabatic and isothermal wall con-
ditions. Other efforts in this direction are
by Goldberg et al. [8], Aouissi et al. [9] and
Abe and Suga [10]. Another notable work
is by Bowersox [11], which proposes an al-
gebraic model for the turbulent energy flux
in supersonic flows, but is limited to zero-
pressure-gradient boundary layers without
shock waves.

In a recent work, Quadros et al. [12]
present a detailed study of the turbulent

energy flux at a shock wave. They in-
vestigate the physical processes that gov-
ern the generation of the energy flux cor-
relation in a canonical shock-turbulence in-
teraction (STI). This model problem con-
sists of homogeneous isotropic turbulence,
which is purely vortical in nature, being
carried by a one-dimensional uniform mean
flow passing through a nominally normal
shock wave. The turbulence is amplified
by the shock, and the shock in turn gets
distorted. Schematic of this problem is
shown in figure 1. This is possibly the sim-
plest configuration that isolates the effect
of shock on turbulence without other ef-
fects, such as boundary-layer gradient, flow
separation and streamline curvature. In
spite of its geometrical simplicity, STT dis-
plays a range of physical effects, such as,
turbulence anisotropy, generation of acous-
tic waves, baroclinic torques, and unsteady
shock oscillations.

The work presented in Quadros et al.
[12] relies primarily on linear interaction
analysis (LIA), a theoretical approach to
analyse canonical STI. The analysis in-
volves solving the fundamental interaction
of a single two-dimensional plane wave
with a shock, which generates downstream
disturbances that can be characterised in
terms of Kovasznay modes of vorticity, en-
tropy and acoustic [13]. Integration over
a specified upstream turbulence spectrum
yields three-dimensional turbulence statis-
tics downstream of the shock. The LIA
results obtained for the energy flux are
compared with direct numerical simula-
tion (DNS) data available from Larsson
et al. [14]. The results show a rapid non-
monotonic variation behind the shock wave,
and a peak positive value of the correlation
in the near-field acoustic adjustment region.

Quadros et al. [12] also compute the bud-



get of the energy flux transport equation us-
ing the DNS data. It is found that the rapid
post-shock variation of the turbulent energy
flux is governed by inviscid-linear mecha-
nisms, and there is negligible effect of the
viscous and non-linear terms to the overall
budget. The linear inviscid theory is able
to predict the dominant mechanisms and
thus can be effectively used for developing
advanced physics-based models for turbu-
lent energy flux generated at shock waves.
This is similar to the LIA-based modelling
of the turbulent kinetic energy amplification
at shock waves [15, 16], and the resulting
shock-unsteadiness model has shown sig-
nificant improvements in SBLI predictions
(17, 18, 19].

In another recent work, Quadros et al.
20] study the correlation coefficient R, be-
tween streamwise velocity and temperature
fluctuations in canonical shock-turbulence
interaction. R,r is a key link in mod-
elling of turbulent energy flux. As per
the strong Reynolds analogy, the veloc-
ity and temperature fluctuations are anti-

correlated, i.e. R,r = —1. This assump-
tion corresponds to a value of turbulent
Prandtl number Pry = 1, which is close

to the value used in practice. In the pres-
ence of shock waves, Morkovin’s hypothesis
is not valid [21], and R,r can vary signifi-
cantly. Quadros et al. [20] present the vari-
ation of R,r with Mach number, turbulent
Mach number and Reynolds number, as pre-
dicted using linear inviscid theory and com-
pare to the data from DNS. Different types
of incoming disturbances — purely vortical,
vortical /entropy and vortical /acoustic — are
also considered.

Quadros et al. [20] decompose the
velocity-temperature correlation coefficient
in terms of the three Kovasznay modes of
vorticity, entropy and acoustic. The con-

tributions from the individual Kovasznay
modes are quantified, and compared with
available DNS data. At low Mach numbers,
it is found that the peak post-shock R, is
determined by the acoustic mode, which is
correctly predicted by the linear theory. At
high Mach numbers, the post-shock R, is
determined primarily by the vorticity and
entropy modes, which are strongly affected
by nonlinear and viscous effects, and thus
less well predicted by linear theory.

In this paper, we investigate different
modelling strategies to predict the tur-
bulent energy flux generated by shock-
homogeneous turbulence interaction. It is
based on the physical understanding of how
the turbulent energy flux evolves across a
shock wave, at varying Mach and Reynolds
numbers, as per our recent works summa-
rized in section 2. We consider existing tur-
bulence models, including conventional gra-
dient diffusion and realizable models (sec-
tion 3). We also develop new models based
on linear inviscid theory (section 4) and
study their numerical behaviour at shock
waves (section 5).

2. Turbulent energy flux in shock-
turbulence interaction

Quadros et al. [12] studied the generation
of turbulent energy flux in canonical STI
problem using LIA, which models the up-
stream turbulence as a collection of planar
waves. Each of these waves is considered
to independently interact with the shock.
The governing equations downstream of the
shock are linearized Euler equations and
the jump in fluctuations across the shock
is given by linearised inviscid Rankine-
Hugoniot conditions.

A set of linear algebraic equations are ob-
tained by substituting the planar waveforms



M, M, Rex Rw/(2U2) koL kox102 ¢ x10° ky x 102 ¢ x 10° ko0,
128 022 38 73x1073 39 298 1.17 2.42 092 175
150 022 38 53x1073 39 288 1.12 2.42 092  1.30
187 022 39 69x10% 38 278 1.08 2.42 092 118
250 022 40 4.0x107® 43 269 1.03 2.42 092  0.86
350 022 40 21x107® 43 261 1.00 2.42 092 045
470 023 42 12x107® 43 256 0.97 2.42 092  0.43
600 023 42 07x107® 44 253 0.96 2.42 092  0.36

Table 1: DNS cases from Larsson et al. [14] with mean Mach number, turbulent Mach number and Reynolds
number listed at a location just upstream of the shock. The peak wavenumber k. is used to normalize the
dissipation length scale L. and the DNS mean shock thickness d5;. Also given are the non-dimensional values
of turbulence kinetic energy k and dissipation rate € at the inlet station (subscript 0) and just before the

shock (subscript 1).

into the governing equations. Solving these
equations yields the disturbance field down-
stream of the shock for a given upstream
vortical wave. The downstream turbulent
field for a full three-dimensional upstream
turbulence is obtained by integrating the
two-dimensional planar wave results over a
specified energy spectrum. Details of this
analysis can be found in Mahesh et al. [22].

DNS of canonical STI was carried out
by Larsson et al. [14] for vortical turbu-
lence passing through a normal shock. Ta-
ble 1 lists the DNS cases used in the cur-
rent study. The Mach numbers range from
low supersonic to hypersonic values. Turbu-
lent Mach number M; and Reynolds num-
ber based on Taylor scale Re) for each of
the cases are also listed. Here, turbulent
Mach number is defined as M, = /Ry /a,
where Ry represents twice the turbulence
kinetic energy, and a represents the Favre-
averaged speed of sound. Re) is given by

P\ Rir /3N /i, where A is the Taylor scale

and 7 is the average dynamic viscosity.

Figure 2(a) compares the streamwise vari-
ation of the turbulent energy flux ob-
tained from DNS and LIA for M; =
1.50 (reproduced from Quadros et al. [12]).
Note that conventional Reynolds averag-
ing/fluctuation is used instead of its Favre
counterpart, as negligible difference is ob-
served upon comparison using the DNS data
set. The shock is centered at x = 0 with
the unsteady shock movement region high-
lighted using two vertical lines. We normal-
ize the streamwise distance with dissipation
length scale L., calculated just upstream of
the shock as

Le = (Rir/2)*? /e, (1)

where € is the dissipation rate of turbu-
lence kinetic energy, and the values of kL,
for DNS are listed in table 1. Since vis-
cous dissipation is absent in the linear the-
ory, the equivalent dissipation length scale
is obtained by using the most energetic
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Figure 2: Turbulent energy flux generated in shock-turbulence interaction. (a) Streamwise variation of
turbulent energy flux for M; = 1.5 from LIA (lines) and DNS (line-symbols) with M; = 0.15. Effect of
Reynolds number is also shown with Rey = 40 (circle) and Rey = 75 (square). « = 0 represents the center
of the mean shock thickness, and the vertical lines near x = 0 represent the mean shock thickness region. (b)
Variation of peak ufel, with upstream Mach number. The DNS data corresponds to M; = 0.22 and Rey = 40.
The velocity fluctuations are normalized by the upstream mean velocity and the energy fluctuations are
normalized by the product of the downstream mean temperature and the specific gas constant R. The
correlation is further normalized by upstream turbulence kinetic energy.

wavenumber (k) in the expression koL, ~

3 — 4 obtained from the DNS study [14].

Upstream of the shock, DNS shows a neg-
ligible value of turbulent energy flux, and
in the region of the unsteady shock wave, it
predicts large negative values of the corre-
lation. Just downstream of the shock, both
LIA and DNS predict a peak positive en-
ergy flux. Further downstream, DNS shows
a steep decrease in the energy flux values
to negligible levels, whereas LIA predicts
a constant far-field value. With increasing
Reynolds number, the DNS data tends to
approach the LIA prediction, which is rep-
resentative of Re — oo limit. The peak
turbulent energy flux obtained from DNS
at two Reynolds numbers are comparable
in magnitude, and their location are close
to each other, when the streamwise coordi-
nate is normalized by the dissipation length

scale. This is not the case when Kolmogorov
scale is used to non-dimensionalize the dis-
tance from the shock wave.

The peak value of turbulent energy
flux whel, (subscript 2 indicates the shock-
downstream values) as predicted by both
DNS and LIA for varying Mach numbers
is shown in figure 2(b), reproduced from
Quadros et al. [12]. Also shown is the
far-field asymptotic value of LIA, and at
high Mach numbers, it is almost equal to
the LIA peak energy flux. The peak en-
ergy flux as per theory matches well with
DNS for low Mach numbers upto M; < 2,
with the theory overpredicting the values at
higher shock strengths. The LIA prediction
reaches an asymptotic value of 1.32 at high
Mach numbers, while DNS shows a limit-
ing value less than 1. The DNS data is
found to approach the LIA predictions with
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Figure 3: Peak turbulent energy flux for varying
upstream Mach numbers as predicted by conven-
tional model with the shock-thickness taken from
the DNS data. The results correspond to turbu-
lent Mach number M; = 0.22 just before the shock.
Normalisation as described in figure 2.

decreasing turbulent Mach number (lower
non-linear effects); see Quadros et al. [12]
for further details. Overall, a good quali-
tative match is observed between LIA and
DNS indicating that the key physical mech-
anisms governing the energy flux transport
are captured by the theory.

3. Existing models for turbulent en-
ergy flux

3.1. Conventional Modelling

The turbulent energy flux is convention-
ally modelled using the gradient diffusion
hypothesis as

e = 2oL ®)

p Oz
where p and T are mean density and tem-
perature. Thermal conductivity kr is given
by k1 = prc,/Prr, where ¢, is the specific
heat at constant volume and Prp represents

the turbulent Prandtl number having a con-
stant value of 0.89. Eddy viscosity is given
by pr = ¢;pk? /e, where ¢, = 0.09, k is tur-
bulence kinetic energy (TKE). In order to
compute for the turbulent energy flux in the
given model problem, the mean flow vari-
ables are prescribed as hyperbolic tangent
profiles across the shock, with the shock
thickness obtained from the DNS data. The
values of k and € used in the expression
for eddy viscosity are obtained by solving
the corresponding differential equations [15]
using a fourth order Runge-Kutta (RK4)
method, with the inlet boundary condition
specified from the DNS data. The resulting
values for k£ and € match well with DNS as
reported in earlier works [15, 16].

The value of the energy flux obtained us-
ing (2) is zero in the region upstream and
downstream of the shock due to uniform
mean flow temperature on either side of the
normal shock. However, the energy flux as-
sumes a peak negative value in the region
of the shock, and the peak values obtained
for a range of upstream Mach number are
shown in figure 3. In the limit of M; — 1,
the value of the energy flux predicted by the
model reduces to zero, and with increasing
Mach number, the magnitude of the nega-
tive peak rises to a value that is almost two
orders of magnitude higher than the post-
shock DNS predictions. Also, in a CFD
framework, this formulation yields a grid-
dependent value of the energy flux in the re-
gion of the shock From (2), w'e’ ~ AT /6, ~
AT/Ax, where AT is the jump in the mean
temperature across the shock, d, is the mean
shock thickness and Az is the local grid
resolution. Increasing the grid point den-
sity (decreasing Ax) therefore increases the
magnitude of the negative peak.
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Figure 4: Variation of peak turbulent energy flux
with upstream Mach number as predicted by re-
alizable model with shock thickness taken from
the DNS data. The peak value is independent of
the shock thickness, which is indicative of a grid-
independent solution in a CFD simulation. Nor-
malisation as described in figure 2.

3.2. Realizable Model

In canonical shock-turbulence interac-
tion, the Reynolds stress as predicted by the
conventional model is given by [15]

4 ou 2
W= ——pr— + =7k. 3
pu'u S5+ 3P (3)

This modelling approach leads to unphys-
ically high values of TKE in the region
of shock due to its proportionality with
the mean velocity gradient. The realiz-
ability correction limits the value of eddy
viscosity in the region of shock through
the form ¢, = min(cj, \/c},/s) [23], where
s = S/(e/k), S = /(2555 — (2/3)5%)
and S;; = (0w;/0x; + Ou;/0x;)/2. In the
region of high gradients such as shock ¢, =
(y/c%€)/(Sk) and therefore
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Thus the expression for energy flux given
by (2) reduces to
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in the shock region.

The value of TKE as well as the mean
variables required for the above formulation
are obtained as described in the previous
section. Similar to the conventional model,
the realizable model yields a zero value of
energy flux outside the region of shock.
However, inside the shock region, a peak
negative value is obtained as per (5). This
peak energy flux value for varying Mach
number is plotted in figure 4. For almost
all Mach numbers, the realizable model pre-
dicts a negative energy flux in the shock re-
gion, but the magnitude is restricted due
to the realizability constraint, and is of the
same order as the post-shock DNS wvalue.
Contrary to the eddy viscosity formulation,
the realizability limiter yields a peak value
of energy flux which is independent of the
shock thickness assumed. This is because
we ~ (AT/)5,)/(Au/6,) ~ AT /A, assum-
ing k to be finite, as predicted in Sinha et al.
[15]. Thus, in a real CFD simulation, the
peak value in the shock region will be in-
sensitive to grid refinement. In the limit
of My — 1, the realizable model switches
to the conventional model formulation and
predicts a value of zero energy flux as shown
in the inset figure. In the limit of M; — oo,
the model saturates to a negative limiting
value, a trend similar to the DNS data, but
opposite in sign.

4. New physics-based models

4.1. Algebraic heat flux limiter model

We use linear interaction analysis results
to propose an algebraic model for turbulent



energy flux at the shock as

== _ ke OT
e

This form is similar to the realizability con-
straint shown in (4), with 5 as an unknown
modelling parameter. From the mean en-
ergy conservation equation across the shock,
we can write

oT

ou
= Cp%’ (7)

o

u

where ¢, is the specific heat at constant
pressure. Substituting the above equation
in (6) yields
e = @, (8)
g
where the turbulent energy correlation is
seen to be proportional to turbulent kinetic
energy. This is physically consistent with
the linear theory results that show all cor-
relations generated across the shock to be
directly proportional to the upstream TKE.
Further, the normalised expression for en-
ergy flux can be written as

u'e’

~ k Y
RUlTQa_JQ'
1

(9)

W|N07'm. =

where R is the specific gas constant. The
energy flux is normalized in this manner
throughout this work, and the subscript
Norm. is dropped for convenience. Using
(8) with the upstream values of k and U,
along with (9), simplifies the above expres-
sion to 2

- _ 1

u'e =0 T
where T, is the mean temperature ratio
across the shock. In the high Mach num-
ber regime, this ratio is proportional to M?,

(10)
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Figure 5: Variation of uw/e¢/ with upstream Mach
number as per new algebraic formulation. Also seen
are the DNS values of energy flux extrapolated to
the shock center and the far-field LIA results. Nor-
malisation as described in figure 2.

and the above expression obtains a limiting
value )
v = gt (11)
2v(y—1)

A similar trend is observed in DNS and LIA,
where the peak turbulent energy flux satu-
rates at high Mach numbers. In order to
find the value of the modelling parameter
B, we equate (11) to the LIA far-field lim-
iting value of 1.4. This gives a value of
£ = 0.27 for v = 1.4. However, in the limit
of My — 1, the energy flux attains a value
equal to 0.27, which is physically incorrect.
On the contrary, the energy flux predicted
by the conventional model in the M; — 1
limit is zero (as w'e’ is proportional to the
mean temperature gradient), which is con-
sistent with the DNS and LIA predictions.
We therefore propose a low Mach number
correction of the form

B=(1-eT")B, (12)

which yields /=0 as M; — 1 and §' — 8
as M; — oo.



Figure 5 shows the model predictions of
the peak turbulent energy flux for a range
of upstream Mach numbers. Also shown in
the figure are the downstream DNS values
of energy flux extrapolated to the shock cen-
ter and the far-field LTA values. The model
matches well with DNS for M; < 2, and for
higher Mach numbers, it is close to LIA and
overpredicts the DNS values.

4.2. Differential-equation based model

In this section, we propose a differential-
equation based model to predict the turbu-
lent energy flux in STI. The model devel-
opment is based on the linear theory ap-
proximations, and it builds on the fact that
the peak turbulent energy flux behind the
shock is reproduced well by LIA. The model
is developed in two parts. The first part
attempts to predict the peak turbulent en-
ergy flux generated behind the shock, and
the second part reproduces the decay of the
energy flux further downstream. The model
is developed in conjunction with the model
equations for TKE and its dissipation rate
proposed by Sinha et al. [15]. The closure
coefficients are obtained from the LIA re-
sults, as in the earlier works [15, 24, 16], and
the model predictions are compared with
available DNS data [14]. The equation for
the conservation of total enthalpy across the
shock wave can be written in terms of the
shock-normal velocity component u,, as

Oh. S ou,,
ox " Ox

=0, (13)

where h, is the enthalpy. For an unsteady
distorted shock wave of the form presented
in figure 1, u, ~ 7+ v — &, which assumes
small deviation of the shock wave from its
mean location. Here, £ represents the shock
displacement from its mean position, and
& represents the local streamwise velocity
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Figure 6: Variation of ube} with upstream Mach
number as predicted by (16) along with the indi-
vidual contributions of the source terms. Normali-
sation as described in figure 2.

of the shock wave; see Sinha [16] for fur-
ther details. Linearising the above equation
in terms of fluctuations in enthalpy A’ and
streamwise velocity u/, we get

A T— U — —§=— =0. (14
X xXr

Taking a moment with «' and Reynolds av-
eraging yields a differential equation for the
energy flux correlation.

where the enthalpy fluctuations are replaced
by the internal energy fluctuations via ' =
~ve/.  The first term on the RHS repre-
sents the generation of turbulent energy
flux due to mean compression in the shock
wave, and the second term brings in the
shock-unsteadiness effect. The change in
the streamwise Reynolds stress across the
shock contributes to the turbulent energy
flux via the third term on the RHS. The
last term is a correlation of the enthalpy



fluctuations with the change in the stream-
wise velocity fluctuations across the shock.

The first two source terms are analo-
gous to the production and the shock-
unsteadiness damping terms in the TKE
equation presented in Sinha et al. [15]. We
follow their modelling approach to write
W€, = byu'2, which is based on the assump-
tion that the unsteady shock oscillations
are caused by the incoming velocity fluc-
tuations. The streamwise Reynolds stress
is then closed in terms of the turbulence
kinetic energy by considering its isotropic
form i.e., w2 = 2k/3 [15]. The final model
equation for the turbulent energy flux thus
takes the form

__('z;>_._g£L:fﬁl QE__;L—QE
oz )T 3y or 37 01
(16)

where by = 0.4 + 0.6exp(2(1 — M;)). The
last term is dropped from the equation for
want of an adequate closure approximation.

The value of turbulent energy flux is ob-
tained by numerically integrating (16) over
prescribed hyperbolic tangent shock pro-
files of the mean variables. Figure 6 shows
the value of turbulent energy flux obtained
across the shock for varying upstream Mach
numbers. The correlation takes a value of
zero as M; — 1, which is physically con-
sistent with negligible turbulent energy flux
across very weak shocks. With increase
in upstream Mach number, the energy flux
gradually rises to saturate in the M; — oo
limit. The contribution of both the terms
on the RHS of (16) are also shown in the
figure. While the first model term in the
above equation generates a positive turbu-
lent energy flux across the shock wave, the
second term has a negative contribution to
the energy flux correlation. The magnitude
of the first term is significantly higher than
the second for all upstream Mach numbers,

10

therefore yielding a positive value of the en-
ergy flux.

Now consider the differential equation
governing the jump in TKE at the shock
given by the shock-unsteadiness model [15]

_Ok 2_ 0Ou

pU£=—§ %<1—bl>.

(17)

Also, from the mean energy conservation
equation across the shock, we can write

oT

= c,—.
Pox

o
oz

u

(18)

Using the above two equations, (16) can be
written as

0 = E
%(ue)—cue(a>

where ¢, = 4(1—b1)/(97) and u ~ 7. This
equation is compact with only one mod-
elled term governing the value of energy flux
across the shock. Moreover, similar to the
conventional form discussed earlier, the en-
ergy flux is modelled in terms of the gra-
dient in the mean temperature. Figure 7
compares the energy flux values as predicted
by (19) for varying upstream Mach numbers
with the far-field LTA results and the down-
stream DNS values of energy flux extrapo-
lated to the shock center. The model pre-
diction attains a value of zero as M; — 1
and saturates to a positive limiting value
at high Mach numbers similar to the DNS
and LIA results. A good match is observed
with the LIA results, and the model over-
predicts in comparison with the DNS data
for higher upstream Mach numbers. In or-
der to model the decay in the turbulent en-
ergy flux behind the shock, we look at the
mechanisms responsible for its post-shock
evolution. Quadros et al. [12] study the

oT

C_
Por’

(19)
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Figure 8: Streamwise variation of u’¢’ as computed using Runge-Kutta (RK4) method (line) and the Lax-
Friedrich scheme (dash-dot) for the nonconservative (NC) form of transport equation, compared with the
DNS data (symbols) for four upstream Mach numbers. The vertical lines near /L. = 0 represent the mean

shock thickness. Normalisation as described in figure 2.

budget of we’ transport equation in the lin-
ear inviscid framework, which yields

-7 /
Iﬁa—ule, = — 6/0_p — Z_)u/%
)
Oz 0z 0z
Press. energy pressure-dilatation

(20)
i.e., the post-shock turbulent energy flux
is determined by the pressure-energy and
pressure-dilatation mechanisms. In the re-
gion behind the shock (0 < z/L, < 1), these
processes are dominated by the acoustic

11

mode, for which the thermodynamic fluctu-
ations can be assumed to be approximately
isentropic. Therefore, the pressure-energy
term can be written as [12]

10 (p?

2 ?

_6/% —
ox

vp Ox

which corresponds to the streamwise vari-
ation of pressure variance. The pressure-
dilatation term in (20) is proportional to
the mean post-shock pressure, and the



Figure 7: Variation of ujel, with upstream Mach
number as predicted by (19) using the Runge-Kutta
(RK4) integration method. Also shown are the cor-
responding DNS values extrapolated to shock cen-
ter and far-field LTA results. Normalisation as de-
scribed in figure 2.

u'(Ouf;/Ox;) correlation can be expanded as

o 9 ur

O’ ow’
U —— = —
8xj 3x 2

+u— + U=

dy ox

The first term on the RHS represents the
buildup of streamwise Reynolds stress as
a result of the acoustic decay, and can
be argued to be positive in the acoustic-
adjustment region behind the shock.

Data from DNS and LIA [20] show that
the pressure variance p2 decays exponen-
tially behind the shock, and the same can
be expected for w/e/. This decay can be
modelled by adding a term proportional to
—w'e’ /L to the RHS of the w'e’ transport
equation. Here, the characteristic decay
length scale L is taken as the dissipation
length scale L., which is representative of
the large acoustic scales in the turbulence
field. The full model equation for the en-
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ergy flux thus takes the following form

9 ) = k
op \WE) T e\ 5

where ¢y = 0.34+3 exp(1— M) is a modelling
parameter based on the DNS data.

u'e’
— CQTE, (21)

oT
“or

Figure 8 shows the streamwise variation
of the turbulent energy flux for four up-
stream Mach numbers, obtained by numeri-
cally integrating (21) using the fourth-order
Runge-Kutta (RK4) method. The shock is
specified as a hyperbolic tangent profile of
the mean flow variables; it is centered at
x = 0, with the thickness obtained from the
DNS data (shown using two vertical lines).
The turbulent energy flux in the incoming
flow is set to zero for the purely vortical tur-
bulence upstream of the shock wave.

The model predicts a peak positive value
of the correlation across the shock, and we
observe a good match between the model
prediction and the DNS data for M; = 1.5
and 1.87. For the Mach 2.5 case, the model
overpredicts the peak u/e’ observed in DNS,
but matches the post-shock decay rate up
to x = L. At the highest Mach number
interaction considered here (M; = 3.5), the
model overpredicts the peak value as well as
the decay rate behind the shock for = < L..
Further downstream, we see a systematic
under-prediction for all Mach numbers, and
it is most prominent for the Mach 2.5 case.
This can be attributed to the fact that the
majority of the pressure fluctuations decay
within  ~ L., and further decay of u/¢’
is possibly governed by viscous dissipation.
The current model, without any viscous ef-
fects, is unable to reproduce w’e’ outside the
acoustic decay region behind the shock.



5. Numerical simulation

The model predictions presented above
are obtained by numerically integrating the
model equations for specified mean flow pro-
files across a shock wave. The integration
step size is kept small so that the results
are devoid of numerical error. On the other
hand, in computational fluid dynamic simu-
lations presented below, the mean flow vari-
ables at a shock wave are computed as part
of the solution, and are prone to numerical
error. In this section, we assess the effect of
the numerical error on the turbulent energy
flux prediction and device ways to eliminate
them.

5.1. Numerical methodology

We solve the one-dimensional Reynolds-
averaged Navier-Stokes equations for the

r p \ ¢ pa \
pu pu*+p
2 E >+£ u(E + p) _
ot | Pk 0 puk
7e D€
pu'é | puue )
—— ~~ d

mean flow, and the shock-unsteadiness k-
¢ model from Sinha et al. [15] is used for
turbulence closure. The diffusive fluxes are
neglected because their contribution is ex-
pected to be small in the current shock-
turbulence interaction [25]. The govern-
ing equations are cast in a non-dimensional
form, where the upstream mean speed of
sound and mean density are taken as the
characteristic quantities. The most ener-
getic wave number ko = 4 in the incoming
turbulence field is taken as the characteris-
tic length scale.

The mean conservation equations
along with the k& — e and u'e¢’ model

equations are solved wusing the finite
volume approach, where the equa-
tions are written in a vector form.
0 3
0
0
—(2/3)pk(0u/0x)(1 — V) — Pe (22)
—(2/3)c1pe(0u/0x) — ceop(e? [ k)
 Cue (K /), (0T |0z) — ca(ue’/ L) )

Here, [U] is the vector of the conserved vari-
ables, [F] is the vector containing the in-
viscid fluxes and [S] is the vector contain-
ing the source terms, where tilde represents
Favre averaging and E' is the mean total en-

ergy.

The inviscid fluxes at cell faces are eval-
uated using the Lax-Friedrich scheme and
the turbulent source terms are evaluated at
the cell centers. The mean flow gradients

-~

[S]

in the production terms are discretized us-
ing a second-order accurate central differ-
ence scheme. Explicit time integration is
achieved using the first order forward Euler
method. The Lax-Friedrich method is more
dissipative than the modified Steger Warm-
ing method used by Sinha and Balasridhar
[25], but can produce identical results with
larger number of grid points.

We simulate shock-turbulence interaction
for varying shock-strength, i.e. Mach num-
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ber ranging from low supersonic to hyper-
sonic values (see table 1). The turbu-
lent Mach number M; just upstream of the
shock wave is taken as 0.22. The normal-
ized turbulence kinetic energy is thus given
by ki = M}?/2, where subscript 1 repre-
sents shock-upstream values. The Reynolds
number based on Taylor microscale Re) =
A, /v = 40 [26], where u,, . = /2k/3.
The Taylor microscale is given by A
/10vk/e, where v is the mean kinematic
viscosity of the fluid. The turbulent dissi-
pation rate € can thus be computed as

5 (M} 1
V3 \ koA ) Rey’
where koA = 0.84.

The computational domain extends from
Kox = —7.6 to 29.6, with the shock centered

at x = 0. The homogeneous turbulence up-
stream of the shock follows decay relations
_dk
U— =
dx
_de €
U= = —Ce27,

dx k

with solution given by

(Ce2 - ]-) 60:| #

(23)

€1 =

_67

ko = kq [1 + KoTsh

M, Kk ’
. (24)
1 n (662 — 1) € ce2—1
€) = € RoTsh——————— s
0 1 04 sh Ml ko

where kg and ¢ are the inlet values obtained
from the shock upstream values (see table
1). The same values are used to initialize
the turbulence variables in the simulation.
Here, c.o = 1.2 and kgx g, = 6.83. The mean
flow quantities are initialized to Rankine-
Hugoniot jump conditions at the shock at
x = 0. At the exit boundary, we specify
zero gradient boundary condition for all the
mean flow and turbulence variables.
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5.2. Numerical results

The mean flow and the model equations
are solved using 800 points equally spaced
along the shock-normal direction. The
jump in the turbulent energy flux for vary-
ing Mach numbers is presented in figure 9.
For low Mach numbers upto M; = 2, there
is a good match between the Lax-Friedrich
and the RK4 solution reproduced from fig-
ure 7. However, at higher Mach numbers,
the numerical scheme overpredicts the jump
in the turbulent energy flux. The reason for
this can be attributed to the error in the
numerical solution computed at the shock.
The earlier results obtained for a specified
tangent hyperbolic shock profile is devoid
of such numerical error. The numerical er-
ror is not found to decrease with successive
grid refinement; see results obtained using
400, 800 and 1200 grid points in figure 9. A
similar trend is observed with the k — € so-
lution at shock waves [25] and is discussed
below. The streamwise variation of the tur-
bulent energy flux obtained by solving (21)
numerically is shown in figure 8. The re-
sults are compared with the RK4 method
and the corresponding DNS data. For the
low Mach number case of M; = 1.50, both
the RK4 and the numerical solution match
well and are comparable to the DNS data.
With increasing Mach number, the numer-
ical solution deviates from the RK4 result
both in the jump across the shock and the
downstream evolution. This deviation once
again can be attributed to the nonconserva-
tive error in the source terms of the trans-
port equation for k, € and u'e’.

Sinha and Balasridhar [25] studied
the numerical issues involved while solv-
ing shock-turbulence interaction using the
shock-unsteadiness k-e¢ equations. It was
found that for shock capturing simulations,
like those in this work, the nonconservative
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Figure 9: The post-shock turbulent energy flux as
computed using the Lax-Friedrich scheme applied
to the nonconservative (NC) form of the model
equations, compared with the Runge-Kutta (RK4)
method and linear theory (LIA) predictions. Solu-
tion computed on different grid sizes: 400 (gradi-
ent), 800 (triangle), 1200 (star). Normalisation as
described in figure 2.

nature of the production terms can result in
large numerical error at shock waves. The
inviscid flux terms, on the other hand, are
in conservative form. In a finite-volume ap-
proach, the fluxes are evaluated at cell in-
terfaces. The corresponding truncation er-
ror involves higher-order derivatives of the
flow variables, which take large values in the
shock wave. It is shown that the error from
adjacent cells cancel at the common inter-
faces when all the finite volume cells span-
ning the shock wave are taken together. The
net error across the shock wave is therefore
a function of the higher-order derivatives
evaluated in a region of smooth flow solu-
tion, outside the shock wave. On successive
grid refinement, the leading-error term van-
ishes and the solution tends towards the ex-
act integral. Further details can be found in
the appendix of Sinha and Balasridhar [25].
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The source terms in both the k and e
equations involve flow derivatives that are
evaluated using a symmetric second-order
discretization Sinha and Balasridhar [25].
The corresponding truncation error involves
third and higher-order derivatives of veloc-
ity, pressure and temperature. On integra-
tion over a finite volume cell, the corre-
sponding error term thus involves integra-
tion of these higher order derivatives. The
leading error term scales as 1/§°, where &
is the computed shock thickness, and hence
the error takes large values in the region of
a flow discontinuity. When all the finite vol-
ume cells spanning the shock wave are taken
together, these error terms from the indi-
vidual cells add up and appear as numeri-
cal volume sources. Unlike the conservative
flux terms, the telescopic effect of error can-
cellation between adjacent cells is absent in
the nonconservative source terms [25]. This
leads to significant error that are compara-
ble or larger than the physical production at
the shock waves. Also, the numerical error
does not decrease in magnitude with succes-
sive grid refinement as observed for smooth
solutions.

To restrict the truncation errors at shock
waves, Sinha and Balasridhar [25] pro-
poses an alternative form of the shock-
unsteadiness k-¢ equations obtained by
transforming the turbulence variables. Con-
served quantities involving k£ and € are for-
mulated and transport equations for these
new variables are derived. The new k — ¢
equations capture identical physics as the
original shock-unsteadiness model, but are
free of the nonconservative source terms,
and therefore show dramatic improvement
in numerical accuracy. Here, we follow a
similar approach for the we’ model equa-
tion given in (21) to derive the correspond-
ing conservative form.



5.3. Conservative formulation

A conservative formulation of the govern-
ing equations for k£ and € is derived by Sinha
and Balasridhar [25], and is given as

_-of —(2/3)c

=" = —pep @/8)e0 (25)
_~8.g —Ce 62 — c

Plge =~ 7 (0

where ¢, =1 — ] and b} = 0.4(1 — exp(1l —
My)), and the transformed variables f =
k:p_%% and ¢ ep_écl are based on the
closed form solution of the original equa-
tions. Solving the above two equations in-
stead of their corresponding nonconserva-
tive forms significantly improved the pre-
diction of TKE and its dissipation rate in
canonical STI; see Sinha and Balasridhar
[25] for details. A closed form solution for

closed-form
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Figure 10: Comparison of the turbulent energy flux
computed using the Lax-Friedrich scheme applied
to the conservative and nonconservative forms of
the model equations with the closed-form solution
and the far-field LIA values. Normalisation as de-
scribed in figure 2.

energy flux can be obtained by writing (19)
as

)(9T
ox’

pe (27)

(W) = =k ool
pu
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where f is a conserved variable across the
shock [25]. This equation reduces to

= (W) = —cafPRPTZE
(28)
using the total energy conservation across
a shock wave. Integrating between the
shock-upstream (subscript 1) and shock-
downstream (subscript 2) locations yields
@ — A [ﬂ;—200/3 _ ﬂ}—2co/3:| ’ (29)
where A} = —cuo f(PU)?*°/3 /(1 — 2¢/3) is a
conserved quantity across the shock. The
value of the energy flux predicted by this
closed form solution is plotted for varying
upstream Mach numbers in figure 10. A
good match is observed with the solution
obtained by solving the corresponding dif-
ferential equation (19) using RK4 method
as shown in figure 9.
The closed form solution is used to define
a new variable

) ~1—-2co/3
h=ue — Au /3

(30)
and write the model equation for uw/e’ as

oh

u'e’

ox I,

(31)

which captures the same physics as the
original equation (21), but is numerically
more robust at shock waves than the for-
mer. This is because the nonconservative
source terms involving the mean tempera-
ture derivative is eliminated from the trans-
port equation. Numerical implementation
of the conservative model equations follow
the same method as described in (22), with
k, € and w'e’ replaced by f, g and h, respec-
tively. The source term vector [S] is ap-
propriately modified as per the right-hand



sides of (25), (26) and (31). The initial and
boundary conditions are recast in terms of
the transformed variables, and the turbu-
lence variables k, ¢ and w/e’ are obtained
from the solution by invoking the reverse
transformation.

Figure 10 shows the peak turbulent en-
ergy flux for varying upstream Mach num-
ber obtained by numerically solving the
conservative form of the model equations.
The results match exactly with the closed
form solution and are a significant improve-
ment over the nonconservative results. Fig-
ure 11 shows the streamwise evolution of the
turbulent energy flux computed on different
numerical grids. The data corresponds to
the higher Mach number cases, where the
nonconservative error is most prominent.
The results show a systematic grid conver-
gence, with the difference in the peak /¢’
values diminishing with successive grid re-
finement. The model predictions also com-
pare well with the DNS data up to x ~ L,
for the Mach 2.5 interaction and upto x ~
0.7L. for the high Mach number case. Tur-
bulent energy flux predicted for the Mach
1.5 and 1.87 flows are almost identical to
those in figure 8, and they are also compa-
rable to the post-shock DNS data.

Figure 10 shows the peak turbulent en-
ergy flux for varying upstream Mach num-
ber obtained by numerically solving the
conservative form of the model equations.
The results match exactly with the closed
form solution and are a significant improve-
ment over the nonconservative results. Fig-
ure 11 shows the streamwise evolution of the
turbulent energy flux computed on different
numerical grids. The data corresponds to
the higher Mach number cases, where the
nonconservative error is most prominent.
The results show a systematic grid conver-
gence, with the difference in the peak u’e’
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values diminishing with successive grid re-
finement. The model predictions also com-
pare well with the DNS data up to x ~ L.
for the Mach 2.5 interaction and upto x ~
0.7L. for the high Mach number case. Tur-
bulent energy flux predicted for the Mach
1.5 and 1.87 flows are almost identical to
those in figure 8, and they are also compa-
rable to the post-shock DNS data.

6. Conclusion

In this paper, we look at various mod-
elling strategies to predict the turbulent
energy flux generated in canonical shock-
turbulence interaction. Application of con-
ventional £ — € models based on the gra-
dient diffusion hypothesis yields large neg-
ative value of energy flux in the shock re-
gion, which rises drastically with increasing
Mach number and grid refinement. These
values are much higher in magnitude than
the post-shock DNS predictions, which yield
a low positive energy flux. Realizable model
also predicts negative values of the energy
flux in the shock region, but the peak value
is limited by the realizability constraint. A
new model is proposed using results from
linear interaction analysis, which has been
shown to capture the key physics of tur-
bulent energy flux generated at a shock
wave. The model is based on a heat-flux
limiter formulation similar in form to the
realizability constraint and is able to pre-
dict the peak turbulent energy flux over
a range of Mach numbers. We also de-
velop a transport equation model for the
turbulent energy flux, based on the linear
and inviscid interaction of turbulent fluctu-
ations with a shock wave. The model pa-
rameters are taken from the well-established
shock-unsteadiness k& — ¢ model,and a nu-
merically robust form is proposed by elimi-
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Figure 11: Streamwise variation of u/e’ as computed using the conservative form of the model equations are
compared with the DNS data (symbols) for two upstream Mach numbers. The vertical lines near /L, = 0
represent the mean shock thickness, and the Lax-Friedrich scheme is employed on three different grids: 400
(dash dot dot), 800 (dash) and 1200 (solid). Normalisation as described in figure 2.

nating the nonconservative source terms in
the equation. The new physics-based model
is found to predict DNS values of the peak
energy flux correlation and the acoustic de-
cay downstream of the shock wave.
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