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Abstract The correlation coefficient R, between the streamwise velocity
and the temperature is investigated for the case of canonical shock-turbulence
interaction, motivated by the fact that this correlation is an important compo-
nent in compressible turbulence models. The variation of R, with the Mach
number, turbulent Mach number, and the Reynolds number is predicted us-
ing linear inviscid theory and compared to data from DNS. The contributions
from the individual Kovasznay modes are quantified. At low Mach numbers,
the peak post-shock R,r is determined by the acoustic mode, which is cor-
rectly predicted by linear theory. At high Mach numbers, it is determined
primarily by the vorticity and entropy modes, which are more strongly af-
fected by nonlinear and viscous effects, and thus less well predicted by linear
theory.

Keywords Turbulent heat flux - Linear interaction analysis - Direct
numerical simulation data - Vorticity - Entropy - Acoustic

1 Introduction

A shock wave impinging on a supersonic boundary layer may lead to the
separation and reattachment of the boundary layer, which in turn causes a
high localized heat transfer to the surface [9, 2]. When the incoming boundary
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layer is turbulent, the peak heat transfer around the shock can be an order of
magnitude higher than that in the incoming flow [19].

Engineering predictions of shock /boundary-layer interaction (SBLI) in prac-
tical configurations rely on the Reynolds-averaged Navier Stokes approach. An
important unclosed teE_rr\l/in the mean energy conservati(lr_l\gquation is the tur-
bulent enthalpy flux u}h” or the turbulent heat flux u[T", where u; is the
velocity in the j** direction, h is the enthalpy and T is the temperature of the
gas. The tilde represents Favre (density-weighted) averaging, with the corre-
sponding fluctuations marked by a double prime.

The turbulent heat flux is conventionally modelled using the gradient-
diffusion hypothesis, i.e., as a turbulent conductivity kr multiplied by the
gradient of the mean temperature. The turbulent conductivity kr is then re-
lated to the eddy viscosity ur via a turbulent Prandtl number Prop = cpur/kr.
The standard modelling approach is to follow the strong Reynolds analogy pro-
posed by [14] and assume that the velocity and temperature fluctuations are
anti-correlated, i.e., that the correlation coefficient

u/lT//

Wz v

is equal to -1. This assumption corresponds to a value of the turbulent Prandtl
number Prr = 1 [23]; in practice, a constant value of Prp = 0.89 gives sat-
isfactory results in flat plate boundary-layer flows and is often used in SBLI
applications.

The strong Reynolds analogy assumes that the total temperature fluc-
tuations in a flow are negligible compared to the fluctuations in the static
temperature and the flow kinetic energy. This is not true in the presence of
shock waves. For example, Mahesh et al [12] showed that considerable total
temperature fluctuations are generated in the vicinity of a shock. As a conse-
quence, they found that R, varied significantly across and behind the shock.
The variation in R,7 could imply that the turbulent Prandtl number Prp
used in standard models should vary around a shock as well. Indeed, some
variable- Pr models have been found to improve the peak surface heat flux
prediction in SBLI compared to conventional models [25].

A thorough study of R, is therefore important for high-speed flows with
shock waves, and is the focus of the current work. Specifically, the objec-
tive is to study the variation of R,r with flow parameters like the shock
strength (characterized by the upstream mean Mach number M;,), the tur-
bulence intensity (characterized by the turbulent Mach number M;;,), and
the Reynolds number Re (that characterizes viscous effects). We also consider
different types of inflow disturbance fields, namely, vorticity, entropy, acoustic
and their combination. Most importantly, understanding the physics that de-
termine R,7 and its variation downstream of the shock could provide crucial
insight towards developing closure models for the turbulent heat flux in the
shock region.

RuT =
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Fig. 1 Schematic of shock-turbulence interaction (STI), showing how incoming turbulence
is convected through a normal shock wave located at x = 0. The shock gets distorted about
its mean location, and the turbulence is amplified as it passes through the shock.

In this work, we study the evolution of R, 7 in a canonical shock-turbulence
interaction (STI), which consists of homogeneous isotropic turbulence passing
through a nominally normal shock wave as shown in figure 1. This is a sce-
nario where the effect of the shock wave on the turbulence can be studied in
isolation, while other effects important in SBLI (such as mean shear, flow sep-
aration and attachment, and streamline curvature) are eliminated. In spite of
the simplicity, the model problem exhibits a range of physical effects, includ-
ing turbulence anisotropy, generation of acoustic waves, baroclinic torques,
and unsteady shock oscillations. A significant amount of direct numerical sim-
ulation (DNS) data is also available [6, 20] for this canonical configuration for
various mean and turbulent Mach numbers as well as Reynolds numbers.

The current study relies on the linear interaction analysis (LIA), pioneered
by Ribner [17, 18], in which the turbulence is modelled as an infinitesimal
perturbation around an inviscid shock wave, and where the post-shock evo-
lution is assumed to be linear and inviscid. The accuracy of LIA has been
assessed in comparisons with high-fidelity computations since the early 1990s
[7, 8, 3, 12, 4]. In a particularly convincing study, Ryu and Livescu [20] showed
that the post-shock Reynolds stresses in DNS converge towards the LIA pre-
diction as the turbulence intensity (~ My in/Min) goes to zero, even at low
Reynolds numbers. In addition, Larsson et al [6] showed that the trace (but
not the anisotropy) of the post-shock Reynolds stresses in DNS agrees quite
well with the LIA predictions even for large turbulence intensities, provided
that the post-shock viscous decay in DNS was compensated for.

In a recent work, Quadros et al [16] studied the turbulent energy flux u’e”
in canonical shock-turbulence interaction, where ¢” is the fluctuation in the
internal energy. This correlation is proportional to W'T" for a calorically per-
fect gas. They presented detailed comparison of the LIA results with availﬁp_lfz
DNS data for the turbulent energy flux, and analyzed the budget of the u”e’”
transport equation behind the shock to elucidate the underlying physics. They
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found that the post-shock evolution of the turbulent energy flux is primarily
governed by the linear inviscid mechanisms, while direct effects of viscosity,
conductivity and turbulent transport are small.

The current work takes a different approach. The physics of the problem
is studied in terms of the three Kovasznay modes of vorticity, entropy and
acoustic disturbances that form the basis of the linear interaction analysis.
The contributions of the three modes to the velocity-temperature correlation
generated at the shock are computed from the linear theory. The LIA pre-
diction of the individual modes are also computed and compared to available
DNS data. It is found that the acoustic mode is predicted better than the
others, and the R, values determined by the acoustic mode are reproduced
well by LIA. Other aspects dominated by the vorticity and entropy modes
are not predicted correctly. The current results thus complement those pre-
sented in Quadros et al [16], and bring out a different aspect of the physics
involved in the shock-turbulence interaction. In addition, the extensive R,
data presented here are of direct relevance towards modelling turbulent heat
flux, specifically in terms of a variable turbulent Prandtl number.

2 Problem formulation and the linear interaction analysis (LIA)

Linear interaction analysis models the turbulence as a superposition of two-
dimensional planar waves (Fourier modes) with varying wavenumbers and fre-
quencies, each independently interacting with the shock. One such interaction
is schematically shown in figure 2, where the upstream vortical wave is charac-
terized by a wavenumber k, an angle of incidence ¥ and a complex amplitude
A,. Under the assumption of small disturbances and inviscid flow, the fluctua-
tions in the regions both upstream and downstream of the shock are governed
by linearized Euler equations. The description below follows the work of Ma-
hesh et al [11], with the parts that are directly relevant to the current work
presented for completeness. A different, more compact, formulation of LIA can
be found in Fabre et al [1].
The upstream velocity fluctuations are taken as

% = A, sin explik(x cosy + ysiny — Uyt cos )], (2a)
1
!/
% = —A, cos v explik(x cos ) + ysiny — Uyt cos )], (2b)
1

where u' and v’ are the velocities in the streamwise (z) and transverse (y)
directions, the subscript 1 corresponds to a state upstream of the shock, U
denotes the streamwise mean velocity, and ¢ is time. The incoming fluctuations
in pressure (p}), density (p}) and temperature (77) are related to the incoming
entropy and acoustic waves. The shock distorts from its mean position by a
distance x = £(y, t) upon interaction.

The interaction of an incident wave - vorticity, entropy or acoustic - gen-
erates waves of all three kinds behind the shock. The post-shock fluctuations
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Fig. 2 A single incoming vortical wave carried by a uniform mean flow velocity U; interacts
with a normal shock to generate vorticity, entropy and acoustic waves downstream of the
shock. The vorticity and entropy waves are carried by the downstream mean flow velocity
Us, and the acoustic wave is carried at the speed of sound as relative to the mean velocity.

are obtained by substituting the downstream waveforms in the linearized Eu-
ler and the linearized Rankine-Hugoniot equations, and solving the resulting
set of linear algebraic equations. The post-shock turbulent heat flux can then
be computed from the downstream fluctuations.

! [
uyTy =

N =

| T + T | (3)
where * indicates a complex conjugate and subscript 2 corresponds to the
post-shock state. Similar expressions for w2 and T7 can be written, and the
value of R, can thus be found using (1). Note that the difference between
Reynolds- and Favre-averaging is negligible in the linear framework.

Three-dimensional turbulence is modelled as a collection of two-dimensional
elementary waves satisfying a prescribed energy spectrum [18]. For an up-
stream isotropic spectrum consisting of vorticity /entropy waves, the down-
stream turbulent heat flux is

- w/2 poo
(uhT)sp = 4m / (uyT})2p K siney dk dip, (4)
$=0 Jk=0
where ¢ is the azimuthal angle, and (m)g p is the correlation obtained for
a two-dimensional planar wave given by (3). Similar results for (u4ub)sp and
(m)gp can be obtained to compute R,r. All the results presented in the
current work are for the three-dimensional interaction, and the subscript 3D
is avoided for convenience.
The amplitude of the upstream velocity disturbance |A,| is related to the

energy spectrum as

E(k)
2 _
[Ao]” = 4rk?’
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Fig. 3 Streamwise variation of turbulence kinetic energy as predicted by LIA for purely
vortical isotropic turbulence interacting with a M;, = 1.5 normal shock. The TKE is nor-
malized by its upstream value, and the streamwise distance is normalized by 27 /k,, which
is the wavelength corresponding to the peak upstream energy level. The shock is located at
z = 0, and the near-field, the far-field and the acoustic adjustment region L, are shown.

where E(k) is the three-dimensional energy spectrum taken as [15]

B(k) ~ Lﬁ (5)
() +#]

where kg is the wavenumber corresponding to the peak energy. The sensitivity
of the LIA predictions to the exact shape of the spectrum was studied in
Quadros et al [16]: provided that the spectrum had a broadband character,
the exact shape was not found to be crucial.

A representative three-dimensional LIA result for the streamwise variation
of the turbulence kinetic energy (TKE) is shown in figure 3, where the up-
stream turbulence is purely vortical. The point just across the shock (z = 07)
is referred to as the near-field. This is followed by an adjustment region of
length L, (about one large eddy scale), followed by the far-field in which the
LIA prediction is constant.

3 Post-shock R, 1 for purely vortical upstream turbulence

We start by studying the post-shock R, correlation coefficient generated
by the special case of purely vortical incoming disturbances. Therefore, in this
section only, the fluctuations in pressure, density and temperature are assumed
to be zero upstream of the shock.

The streamwise variation of R, obtained from LIA is shown in figure 4(a)
for a sample case. The shock is located at x = 0, and R, is zero upstream of
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Fig. 4 LIA prediction of R, for a purely vortical isotropic turbulence interacting with a
normal shock: (a) streamwise variation for Mi, = 1.5, and (b) near-field and far-field values
for varying upstream Mach number.

the shock due to the absence of temperature fluctuations in the incoming flow.
Just downstream of the shock, the correlation coefficient attains a negative
value, and rapidly rises to a positive peak followed by a constant far-field
value. The change in sign is similar to that observed by Quadros et al [16] for
the turbulent energy flux, and can be attributed to the decay behind a shock
wave.

The decay of the acoustic energy leading to a rapid rise in the turbulent
statistics, is an important aspect of shock-turbulence interaction. While this
decay leads to a non-monotonic increase in TKE behind the shock, it expo-
nentially decreases the value of thermodynamic fluctuations such as pressure,
density and temperature [12]. The acoustic wave generated at the shock will
propagate or decay exponentially depending on the upstream incidence angle
of each elementary wave [17].

Figure 4(b) shows the near- and far-field values of R,,r for varying upstream
Mach numbers. For any given Mach number, the far-field value is higher than
the near-field value. For upstream Mach numbers M;, < 2.6, the near-field
R, values are negative and steadily attain positive values for higher Mach
numbers, saturating at about 0.4. The far-field R, is positive for most Mach
numbers and saturates early to a value of about 0.7.

3.1 Comparison between LIA and DNS

Larsson et al [6] performed DNS of canonical shock-turbulence interaction
for 20 different cases spanning M;, = 1.05 — 6, M;;, = 0.05 — 0.38, and
Rey in (based on the Taylor-scale) of either 40 or 75; these cases are listed
in table 1. The incoming turbulence was largely vortical in DNS, with small
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Fig. 5 Comparison of the peak post-shock R, between LIA (line; purely vortical incoming
disturbances) and DNS (symbol) for varying upstream Mach numbers. The DNS cases in
(a) correspond to My i, = 0.22 and Re) i, = 40. Figure (b) shows the effect of M; i, for a
subset of Mj,.

Table 1 List of the DNS cases from Larsson et al [6] used in the present study. The values
correspond to location immediately upstream of the mean shock wave. The peak energy
wavenumber kg is used to normalize the dissipation length scale L.

M, My in Rey in Ry /(2U%) koLe
1.05 0.05 39 1.1 x 103 3.9
1.28 0.15 38 7.3 x 1073 3.9
1.28 0.22 39 7.3 x 1073 3.9
1.28 0.26 38 7.3 x 1073 4.0
1.28 0.31 38 7.3 x 1073 3.8
1.50 0.15 38 5.3 x 10~3 3.9
1.50 0.22 39 5.3 x 1073 4.3
1.50 0.31 39 5.3 x 1073 4.1
1.50 0.37 39 5.3 x 1073 4.2
1.87 0.22 39 6.9 x 1073 3.8
1.87 0.31 39 6.9 x 10~3 4.0
2.50 0.22 40 4.0 x 1073 4.3
3.50 0.16 40 2.1 x 103 4.1
3.50 0.23 41 2.1 x 1073 4.3
4.70 0.23 42 1.2 x 1073 4.3
6.00 0.23 42 0.7 x 10~3 4.4
1.50 0.14 73 4.7 x 1073 3.0
1.50 0.22 73 11 x 10—3 2.8
1.50 0.38 72 34 x 1073 2.8
3.50 0.15 74 0.9 x 10~3 2.9

thermodynamic fluctuations upstream of the shock. We compare the DNS data
with the LTA predictions to highlight the key physics of the interaction.
Figure 5(a) shows that the DNS post-shock peak R, follows the same
trend as in LIA. Starting from low values, it increases with Mach number to
reach an asymptotic level in the hypersonic limit. The linear theory predictions
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Fig. 6 Streamwise comparison of R, between LIA (line; purely vortical incoming distur-
bances) and DNS (symbols) at Mj, = 1.50. The DNS cases have M; i, = 0.15 and Rejy in
of 40 (triangle) and 75 (square). The vertical lines show the region over which the shock
oscillates.

are higher than the DNS data, with a maximum difference of about 30% at
high Mach numbers. The difference is highly dependent on the turbulent Mach
number M ;, (or, analogously, on the turbulence intensity ~ M, i, /My ), as is
clearly seen in figure 5(b). The fact that R,7 in DNS seem to converge towards
the LIA predictions is analogous to the situation in Ryu and Livescu [20],
although the present results do not actually reach the LIA result due to the
high turbulence intensities. It is also consistent with the observations about the
post-shock viscous decay in Larsson et al [6], specifically that viscous decay
appears more rapidly for higher M;;, when plotted versus a shock-normal
coordinate that is scaled by a large eddy size. In other words, the systematic
deviations at higher M, ;, in the figure may be due to larger relative viscous
effects.

To assess the importance of the Reynolds number, the streamwise profiles
of Ryr at fixed M;, and M, but different Reynolds numbers are shown in
figure 6. The DNS results clearly approach the LIA prediction at the higher
Reynolds number, and the far-field value of R,r is clearly affected by the
Reynolds number in DNS. In contrast, the post-shock peak is barely different
between the two cases; this could suggest that there is little Re-effect on the
peak value, but could also be due to the rather different energy spectra in
the two DNS cases. Either way, we conclude that LIA predicts the post-shock
peak of R, rather well for purely vortical incoming disturbances.

We note that the streamwise coordinate is normalized by the dissipation
length scale L. in this figure (and in other figures below). This is calculated
just upstream of the shock as

Le = (R /2)* /e,

where Ry /2 is the turbulence kinetic energy and € is the turbulence dissipa-
tion rate. The values of L. used for normalization are listed in table 1. Due
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to the absence of viscous dissipation in the linear theory, the most energetic
wavenumber (kg) in the upstream turbulence is used to obtain the character-
istic length. It is converted to an equivalent dissipation length scale for LIA
using the value of k,L. ~ 3 — 4 found in the DNS data (Larsson et al. 2013).
The rather low value (compared to a von Karman spectrum, for example) is
likely due to the limited computational box size and the low Reynolds number.

3.2 Modal analysis

To analyze the post-shock R, results more deeply, we study the individ-
ual contributions to the correlation from the different Kovasznay modes. In
the LIA formulation, the post-shock velocity fluctuations have contributions
from the acoustic and vorticity modes, while the post-shock temperature and
density fluctuations have contribution from the acoustic and entropy modes.
The pressure fluctuations are purely acoustic. The downstream waveforms can
therefore be expressed as

;j_—'i — A, {Fexp(ifm) + Cexplikra cosw)} explik(ysin g — Urt cos )],

(6a)
;}—/21 - p(ikz) + I exp(ikra cosw)} explik(y siny — Uyt cos )],

(6b)

K exp(ikz) — Q exp(ikrz cos w)} explik(ysiny — Uyt cos )],

S5
||
\g
2

(6c)
;—i = % (ikz) + O exp(ikra cos ¢)} explik(y sin v — Uyt cos )]

(6d)
%/22 = A, { K exp(ika) } explik(ysiny — Urt cos )], (6¢)

where P, T and 7 are the mean pressure, temperature and density, respectively,
and =y is the ratio of the specific heats (7 = 1.4 in this study). The mean density
ratio across the shock is r, and k denotes the streamwise component of the
acoustic mode wavenumber The complex coefficients F,Hand K correspond
to the acoustic mode, G and I correspond to the vortical mode and Q is
associated with the entropy mode.

The velocity-temperature correlation coefficient has contributions from all
three modes. The post-shock heat flux can be written in terms of its compo-
nents using (3) and (6) as

T = (1) +(wh;) +(wh) +(wh) . (7)
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where the subscripts aa, ae, va and ve correspond to acoustic-acoustic, acoustic-
entropy, vortical-acoustic and vortical-entropy components, respectively. The
individual contributions are

(m) - ;77 (FK* + KE*) expli(k — k)a], (8a)
(m)ae =5 {FQ expli(k — kr cos¢)x] + QF* expli(kr cosh — k*)z ]} ,
(8b)
(m)m = %Fy 'y [KG* expli(k — krcos¢)z] + GK* expli(kr cosp — k*)x ]}
(8¢)
), - e o] <8d>

Similarly, the post-shock values of w2 and 772 can be written in terms of their
Kovasznay mode components as

= (), (), +2 (), ®

and

T = (Ti) +(TT) +2(Tim) (10)

ee ae

where the subscripts vv and ee correspond to vortical-vortical and entropy-
entropy components. Similarly to (8), the expressions for each of these modal
components can be derived from (6).

Figure 7 shows the modal contributions to @77, u’? and T* for an upstream
Mach number M, = 1.5 as predicted by LIA. For each of the correlations, the
components associated with the acoustic mode have significant contribution
in the region close to the shock. This is most prominent for T72, which takes
large values immediately behind the shock and decays rapidly to low levels
in the far-field. The temperature fluctuations thus clearly follow the acoustic
components in figure 7(c). For the streamwise Reynolds stress, the acoustic
and vorticity contributions are negatively correlated. A decay of the acoustic
mode therefore results in a rise in w2, as shown in figure 7(b). A similar
trend is observed for w17, where competing effects between the acoustic mode
correlations results in a local peak in the turbulent heat flux correlation.

Figure 8 quantifies the percentage contribution of the Kovasznay modes to
the near-field R, at varying upstream Mach numbers. At low Mach numbers,
the acoustic-acoustic component has a large contribution to w1’ and T2, By
comparison, the vortical-entropy component of w1’ shows a steady buildup
from zero at M, = 1 to being the largest contributor beyond Mach 3. The
entropy-entropy component of 772 exhibits a similar variation for higher Mach
numbers (M, > 5.5).

The modal decomposition of the velocity variance shows a slightly different
trend. The vortical-vortical component of w2 is the largest contributor at low
Mach numbers, being the only contributor at M;, = 1. This is because the
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Fig. 7 Kovasznay mode decomposition of (a) wT, (b) w2 and (c) T2 plotted along the
streamwise direction for M;, = 1.50. The upstream turbulence is purely vortical. The veloc-
ity fluctuations are normalized by the upstream mean velocity, and the temperature fluc-
tuations are normalized by the downstream mean temperature. All correlations are further
normalized by the upstream TKE.

upstream turbulence is purely vortical and remains unchanged across a very
weak shock. The contribution of the vortical-vortical component decreases
with Mach number, but remains one of the main contributors to w2 at high
Mach numbers. The acoustic-vortical part has a large contribution at the shock
wave for M;, > 1.5, and represents the correlation between the dilatational and
solenoidal components of the streamwise velocity fluctuations. The acoustic-
acoustic part of w2 is comparatively lower for high Mach numbers, as observed
for the w'T7 and T"2 correlations.

In summary, it is clear that R,r has significant contributions from the
acoustic mode at low Mach numbers. By comparison, the vorticity and entropy
modes are the dominant contributors to R, for strong shock waves. Note that
the results presented in figure 8 corresponds to the x = 0 location, immediately
behind the shock. The energy in the acoustic mode decays to low values farther
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Fig. 8 Percentage contribution of the Kovasznay components to the near-field (z = 0)

values of (a) w17, (b) w2 and (c) 1’2, as predicted by LIA for purely vortical incoming
disturbances.

away from the shock, and thus the far-field values of /1", W, T2 and Ryr

are primarily composed of the vortical and entropy components, at all Mach
numbers.

3.3 Comparison of individual modes

For a given upstream turbulence that is purely vortical, we now know the
dominant downstream modes that contribute to R, 7, both a function of Mach
number and distance from the shock wave. We compare the individual down-
stream modes between LIA and DNS to explain the similarities and differences
between the LIA and DNS R, values presented in section 3.1.
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Fig. 9 Streamwise evolution of the enstrophy m as predicted by LIA (line; purely vortical
incoming disturbances) and DNS (symbols) for the case of M;, = 3.5. The DNS data
corresponds to Rey i, = 40 and M;;, = 0.15, and the two vertical lines show the region
of shock oscillation in the simulation. The correlations are normalized by their respective
values just upstream of the shock.

3.3.1 The vorticity mode

For incident isotropic disturbances, the upstream enstrophy is given by [11]

(2 — sin 7)) sin ¢ dop

=0 k=0

(W;OJ;) /2 e8] kQE k

—r1=3 / ( )dk, (11)
2

where w’ is the fluctuating vorticity, and E(k) is given by (5). The shock-

normal vorticity variance remains unaffected across the shock, but the shock-

transverse components get amplified. The post-shock value of the enstrophy
can be computed using

Y
(50,

1w /2 a2 12
Uz 3 U2 +2/ <T2 COSQ?’D’I‘ +sin® e ‘G’ -
Jr

2r cos sin ’z,/}(fré’r dk,

(12)

00 1.2
I,Gy) + r? cos® 1,[)) sin ) di) x / kB (k)
k=0 2

where G and I represent the complex coefficients in (6), and subscripts r and
i correspond to their real and imaginary parts.

A sample result is shown in figure 9, where the post-shock enstrophy is con-
stant as per the linear inviscid theory. The DNS data, on the contrary, shows
a rapid viscous decay behind the shock. The near-field values (extrapolated to
the mean shock location in DNS [22, 5]) are compared in figure 10, showing
an excellent match between LIA and DNS. Similar results were presented by
Sinha [21]; an exception is the Mach 3.5 case at Rey i, = 75, which may require
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Fig. 10 Post-shock enstrophy in the near-field (at * = 0) by LIA (line; purely vortical
incoming disturbances) and DNS (symbols), normalized by the upstream value. The DNS
cases are grouped into Rey i, = 40 (square) and Rey j, = 75 (triangle).

further grid refinement in the simulation. Thus the change in enstrophy across
the shock is governed by a linear inviscid mechanism, while the downstream
evolution is clearly strongly affected by some combination of nonlinear (e.g.,
vortex stretching or return-to-isotropy of the vorticity vector) and viscous ef-
fects. At high Mach numbers, the post-shock peak R, observed in the region
0 < /L. < 1 has large contribution from the vortical mode (see figure 8). The
discrepancies between DNS and LIA due to the missing nonlinear and viscous
effects could then lead to potentially significant differences in the predicted
peak R,r, as well.

3.3.2 The entropy mode

The linearized expression for the normalized entropy fluctuation is

8/ / /

— =L (13)
¢p VP P

where ¢, is the specific heat at constant pressure. In LIA, an expression for
the downstream entropy variance for incoming isotropic turbulence is

_ 00 /2 )
s = 47r/ / s2)  k®sinvydy dk, (14)
2 k=0 Jp=0 ( 2 )2D

where (5’22) = shsh represents the entropy variance obtained for a two-
2D

dimensional interaction, which can be computed using the p} and pf, expres-
sions given in (6).

The DNS and LIA results for the entropy variance in figure 11 are quali-
tatively similar to the enstrophy data presented previously. The rapid viscous
decay in DNS is not captured by the LIA predictions, but there is a close
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Fig. 11 Streamwise variation of the entropy variance 2 for the case of Mi, = 3.5 as

predicted by LIA (line; purely vortical incoming disturbances) and DNS (symbols), where
DNS has Re) in = 40 and My ;, = 0.15. The entropy fluctuations are normalized by c;, and
the velocity fluctuations are normalized by the upstream mean velocity. The correlation is
further normalized by the upstream TKE.
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Fig. 12 Amplification of 2 across the shock for varying upstream Mach number as pre-
dicted by LIA (purely vortical incoming disturbances) and DNS (symbols). The DNS cases
correspond to the lowest M; ;, value for a given upstream Mach number. Normalization as
described in figure 11.

match between the LIA near-field value and the DNS data extrapolated to the
shock wave. This is true for Mach numbers up to 3.5 (see figure 12), beyond
which the DNS entropy variance is higher than the theoretical prediction. A
possible reason is that the incoming turbulence in DNS is not purely vortical,
but has finite thermodynamic fluctuations [5]. These fluctuations could affect
the downstream correlations especially at higher Mach numbers [11, 4].

The data suggests that the generation of the entropy mode across the
shock is governed by linear mechanisms, while the downstream evolution is
significantly affected by viscous and nonlinear mechanisms. This is similar to
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the vorticity mode, and can directly lead to the LIA-DNS mismatch in the
peak R,r at higher Mach numbers, where there is a significant contribution
from the vorticity-entropy components.

3.3.83 The acoustic mode

As modelled in LIA, the pressure fluctuations have contributions solely from
the acoustic mode. We compare the pressure-variance between LIA and DNS
to comment on the acoustic mode behaviour. The pressure variance for three-
dimensional incoming turbulence can be written as [11]

0o w/2
/2 __ /2 2 o
o 747r/k:0 /w_o (p2)2Dk sin 1 dap dk, (15)

where (p'22> = php5* represents the pressure variance obtained for a two-
2D

dimensional interaction, and can be computed using the expression given in
(6).

We use the linearized Euler equations to derive a transport equation for
the pressure variance downstream of the shock.

D F o',
— | = | = 25 p—2 16
D ( 5 ) e (16)

where the left-hand side represents the material derivative and du};/Jx; is the
fluctuating dilatation. The pressure variance thus varies along the streamwise
direction in the linear limit, unlike the vorticity and entropy variances, and its
rate of change is governed by the pressure-dilatation correlation.

Figure 13 shows the streamwise evolution of the pressure variance obtained
from DNS and LIA for two Mach numbers. There is an exponential decay
immediately behind the shock that is well predicted by LIA. In the far-field, the
linear theory gives a constant level associated with the propagating acoustic
waves. The DNS results are in good agreement with this, but with a slight
decay. The decay is much less pronounced compared to the vorticity- and
entropy-results, which must be due to the much larger length scales for the
acoustic waves. Note that there is a clear increase in the far-field value at the
higher Mach number.

The DNS data shows an excellent match with the LIA far-field predictions
for the entire range of Mach numbers (figure 14). The near-field results also
compare well, within the constraints of accurately extrapolating the DNS data
back to the shock center, due to the extremely rapid decay behind the shock
(and the finite region of shock oscillation). This was found to be particularly
difficult at low Mach numbers, which is why those cases are absent in the
figure. Overall, it is found that LIA can accurately predict the generation of
acoustic energy at the shock, its decay behind the shock, and the propagation
of sound waves into the far-field. At low Mach numbers, the rapid variation in
R.r close to the shock is governed by the acoustic mode (see figure 8). This
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Fig. 13 Streamwise variation of F as predicted by LIA (line; purely vortical incoming
disturbances) and DNS (symbols) for the case of (a) Mi, = 1.50 and (b) Mi, = 3.5. The
DNS data correspond to Rey i, = 40 and M;;, = 0.15. The pressure fluctuations are
normalized by the downstream mean pressure and the velocity fluctuations are normalized
by the upstream mean velocity. The correlation is further normalized by the upstream TKE.
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Fig. 14 Near-field and far-field values of ]ﬁ for varying upstream Mach number in LIA
(lines; purely vortical incoming disturbances) and DNS (symbols). The lowest M, i, values
at each Mach number and Rej i, = 40 are considered for the near-field comparison, whereas
all DNS cases listed in table 1 are considered for the far-field comparison, with Rey j, = 40
(triangles) and Rey i, = 75 (circles). The DNS far-field data is averaged over 4 < x/Le < 6.
Normalization as described in figure 13.

may explain the good match in the DNS and LIA values of peak post-shock

R,1 at low Mach numbers.
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Fig. 15 Streamwise variation of R, when vorticity-entropy upstream turbulence interacts
with a Mach 2.5 shock wave for (a) varying R,r in values: -1 (solid), -0.5 (dashed), 0 (dash-
dotted), 0.5 (dash double-dotted) and 1 (dotted), with the amplitude ratio A7 i, = 0.56,
and (b) varying amplitude ratio for Ry,7in = —1.

4 Post-shock R, for entropic and acoustic upstream turbulence

The LIA results presented so far are for purely vortical upstream turbulence.
However, practical high-speed flows can have significant levels of entropy and
acoustic fluctuations. In this section, we study the variation of R,7 across a
shock when the upstream turbulence has entropy and acoustic fluctuations.

4.1 Combined vorticity-entropy upstream turbulence

We consider a field of vorticity and entropy waves interacting with a normal
shock. The thermodynamic field is related to the velocity fluctuations by [24]
T u’

=== Azin exp(i(ﬁ:r,in)ﬁ’

NIEE

and the pressure fluctuations are neglected. Here, A7, can be interpreted
as the ratio of the normalized temperature and velocity fluctuations in the
incoming flow, and ¢, is the corresponding phase difference. The velocity-
temperature correlation coefficient in the incoming flow is thus given by Ryrin =
— cos ¢r,in. Morkovin’s hypothesis corresponds to taking Ar i, = (y — 1) M2
and R,7in = —1. The procedure for calculating the downstream disturbance
field is similar to that described in section 2 with details available in Ma-
hesh et al [11]. Note that amplitude and phase difference are applied to each
elementary wave, which results in an axisymmetric incoming entropy field.
Figure 15(a) shows the streamwise variation of R, for the upstream values
of the correlation ranging from -1 to +1. The case with R, i, = 0 results in a
positive velocity-temperature correlation behind the shock, and the streamwise
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Fig. 16 Kovasznay mode decomposition of (a) w 1" and (b) T'2 for a vorticity-entropy
disturbance field interacting with a shock wave at M;j, = 2.5. The shock is located at z = 0.
The upstream turbulence is characterised by A7 ;, = 0.56 and R, iy = —1. Normalization
as described in figure 7.

variation is akin to that presented in figure 4(a). The post-shock values are
relatively lower for negative R,rin, whereas higher values are attained for
positively correlated velocity-temperature fluctuations in the incoming flow.
All the cases exhibit a rapid variation of R, downstream of the shock wave
similar to the purely vortical interaction (see figure 4(a)).

The effect of varying upstream amplitude ratio on the correlation coefficient
is presented in figure 15(b). As Ar;, increases, the post-shock R, decreases
and takes negative values for high levels of upstream entropy fluctuations. This
is true for R,rin = —1. An opposite trend is observed for R, 7, > 0, and we
find positively correlated velocity and temperature fluctuations behind the
shock. Note that the sign of the correlation determines the direction of heat
transfer due to turbulent mixing. Positive values of R, indicate heat transfer
away from the shock, whereas a negative correlation coefficient implies that
the turbulent heat transfer is directed towards the shock wave.

Figure 16 shows the Kovasznay mode decomposition of w/T" and T7 for
M, = 2.5, Arin = 0.56 and R,rin = —1. The acoustic contributions to
WT" are qualitatively similar to those in figure 7(a), with large post-shock
magnitudes and a decay within kox /27 = 0.5. The vortical-entropy component
in this case is negative, unlike that in the purely vortical interaction, and
it leads to a negative far-field value of wI". The rapid post-shock variation
and the local peak in w/T” is a result of the acoustic adjustment behind the
shock wave. Similar observations can be made for 772 in figure 16(b), where
the acoustic contributions are large immediately behind the shock, and the
far-field is dominated by the entropy mode. The modal decomposition of u2
exhibits identical trends to that in figure 7(b), and is not shown here. Overall,
the three turbulent correlations contributing to R,r are dominated by the
acoustic mode in the vicinity of the shock wave. The linear theory is therefore
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Fig. 17 Near-field and far-field R, as predicted by LIA for varying upstream Mach
number. The upstream turbulence has vorticity-entropy fluctuations with amplitude ratio
AT,in = 0.56 and R.,J,T’in = —1.

expected to well predict the near-field R, and its rapid variation behind the
shock.

The LIA predictions of the near-field and the far-field R, are plotted in
figure 17 for a range of upstream Mach numbers. As expected, the downstream
R, is close to its upstream value of -1 for very weak shock waves (M, — 1).
The correlation coefficient increases with Mach number to take positive values
for strong shock waves. The far-field R, is primarily due to the vorticity-
entropy contribution, while the near-field value is dominated by the acoustic
mode. The difference between the far-field and the near-field R, is the net
acoustic contribution to the correlation coefficient. A large difference at high
Mach numbers thus indicates a higher acoustic contribution close to the shock,
as compared to the low Mach number interactions.

4.2 Purely acoustic upstream field

We next study the interaction of a field of acoustic waves with a normal shock
by following the procedure outlined by Moore [13]. The acoustic and the vor-
ticity /entropy waves travel at different speed upstream of the shock and are
not correlated to each other. Therefore, R, generated by the combined field
of the acoustic and vorticity /entropy waves can be analyzed by first studying
the independent interaction of the acoustic waves with the shock. The com-
bined value of R, can then be calculated based on the ratio of dilatational
turbulence kinetic energy associated with the acoustic mode to the total tur-
bulence kinetic energy in the flow field. Details are provided in Mahesh et al
[10].
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Fig. 18 R, values obtained by the interaction of a purely acoustic disturbance field with
a normal shock. (a) Streamwise variation of R, 7 for three Mach numbers, with z = 0 rep-
resenting the shock location. (b) Near-field and far-field values of R, 7 for varying upstream
Mach numbers.

An acoustic wave interacting with a stationary shock wave is given by

!

% = fz(j\zjﬁ Apexplik(z cosy + ysiny — (U cos ¢ + a1)t)], (17a)

vy sin ) .

711 = Pquf A, explik(z cosp + ysiny — (Uy cos ¢ + aq)t)], (17b)
/ —

% = LlAp explik(z cosp + ysiny — (U cos + aq)t)], (17¢)
1 v

where A, represents the amplitude of the upstream pressure fluctuations. The
LIA procedure is similar to that presented in section 2. The downstream so-
lution is more involved, and is given in Mahesh et al [10]. Three-dimensional
results obtained by integrating the two-dimensional results over the von Kar-
man spectrum given in (5) are presented below.

Figure 18(a) shows the LIA predictions for different upstream Mach num-
bers. It is found that the downstream variation of R, generated by the up-
stream acoustic field is qualitatively different from those in the purely vortical
and the vorticity-entropy cases. Specifically, R, takes a large positive value
immediately behind the shock and rapidly decays to lower asymptotic values in
the far-field. The near-field and the far-field values also show a non-monotonic
variation with Mach number, unlike earlier cases (figures 4(b) and 17). Also,
the far-field R, values are lower than the near-field values for all Mach num-
bers indicating a net positive contribution of the decaying acoustic component
behind the shock wave.

The modal decomposition of w17, u’? and T72 (figure 19) shows interesting
trends. The post-shock ﬁ, both near-field and far-field, are determined by
the acoustic components. Same is true for WT and 2. Also, the streamwise
variation of w17 and w2 for this case is qualitatively different from those
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Fig. 19 Kovasznay mode decomposition of (a) u’T”, (b) w? and (c) T72 for a purely acoustic
disturbance field interacting with a normal shock. The upstream Mach number is M;, = 1.50,
and the shock is located at x = 0. Normalization as described in figure 7.

observed in figure 7 and 16. Overall, all the turbulent correlations contributing
to the post-shock R,7 are dominated by the acoustic components, and hence
are expected to be predicted well by LIA. This is true for acoustic disturbance
field interacting with weak shocks. A similar decomposition carried out for
stronger shock waves (data not shown) reveals that the vorticity and entropy
modes can have significant contribution to post-shock R, at higher Mach
numbers.

5 Summary

In this work, we investigate the correlation coefficient R, between the stream-
wise velocity and the temperature in a canonical shock-turbulence interaction.
Linear interaction analysis (LIA) is employed to predict the post-shock values
for vortical, acoustic and entropic upstream turbulence field. The predictions
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Fig. 20 Summary of LIA predictions for the R, correlation coefficient in the (a) near-
field at z = 0 and (b) far-field at x — oo. The grey region shows the bounds (for different
phase angles) for combined vorticity-entropy incoming disturbances for an amplitude ratio
of Arin = 0.56. The hatched region corresponds to different amplitude ratios of incoming
vorticity and acoustic disturbances having the same spectrum. The DNS results in the far-
field (averaged over 2 < z/L. < 6) are for the lowest My i, at each Miy,, at Rey i, of 40
(squares) and 75 (triangles). Note that the DNS results are known to be low due to the low
Reynolds number, as evidenced in Fig. 6.

are then compared to available DNS data for which the incoming turbulence
was mostly vortical. The results are summarized in figure 20.

For purely vortical upstream turbulence, LIA predicts a far-field R, that
increases with the shock strength. The DNS data is in qualitative agreement
but with lower quantitative values. This is most likely due to the known effect
of the Reynolds number: e.g., note that the Rey i, = 75 results are consistently
higher than those at 40. The addition of acoustic incoming waves increases the
near-field R, but generally (for M, 2 1.2) decreases the far-field R, 7. The
addition of incoming entropy waves can increase or decrease the R, values
depending on their correlation with the incoming vorticity. For the important
special case of Ryrin = —1 (which corresponds to each elementary wave sat-
isfying Morkovin’s hypothesis), the addition of incoming entropy waves leads
to decreased post-shock R, values.

The downstream R, obtained for purely vortical upstream turbulence
is decomposed in terms of the Kovasznay modes of vorticity, entropy and
acoustics. The vorticity-entropy downstream mode has a large contribution to
the velocity-temperature correlation generated by strong shock waves. These
modes are strongly influenced by viscous and non-linear effects, which explains
the mismatch between LIA and DNS at high Mach numbers. At low Mach num-
bers, the acoustic downstream mode dominates the disturbance field behind
the shock, and the peak R, value is determined by the acoustic decay in this
region. There is a close match between the LIA prediction and the DNS data
in terms of the generation and downstream evolution of the acoustic mode,
and thus the peak positive R,7 generated by the vortical disturbance field
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interacting with relatively weak shocks is well predicted by LIA. The acoustic
mode is also found to be dominant for weak shock interactions of upstream
turbulence with entropy and acoustic disturbances, and thus LIA is expected
to provide reasonably accurate predictions of R, in such cases. Well-validated
LIA predictions, along with DNS data, can thus be effectively used to propose
new models for the turbulent heat flux in shock-dominated flows.
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