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Shock waves in high-speed flows can drastically alter the nature of Reynolds stresses in a tur-
bulent flow. We study the canonical interaction of homogeneous isotropic turbulence passing
through a normal shock, where the shock wave generates significant anisotropy of Reynolds
stresses. Existing Reynolds stress models are applied to this canonical problem to predict
the amplification of the streamwise and transverse normal Reynolds stresses across the shock
wave. In particular, the efficacy of the different models for the rapid pressure-strain correlation
is evaluated by comparing the results with available DNS data. The model predictions are
found to be grossly inaccurate, especially at high Mach numbers. We propose physics-based
improvement to the Reynolds stress transport equation in the form of shock unsteadiness
effect [Sinha et al., Physics of Fluids, 15, 2003] and enstrophy amplification for turbulent
dissipation rate [Sinha. K, Journal of Fluid Mechanics, 707, 2012]. The resulting model is
found to capture the essential physics of Reynolds stress amplification, and match DNS data
for a range of Mach numbers. Numerical error encountered at shock waves are also analyzed
and the model equations are cast in conservative form to obtain physically-consistent results
with successive grid refinement. Finally, the proposed model for canonical shock-turbulence
interaction is generalized to multi-dimensional flows with shock of arbitrary orientation.

Keywords: RANS, turbulence models, shock waves, Reynolds stress anisotropy, shock
unsteadiness.

1. Introduction

Shock-wave/turbulent boundary-layer interactions (SBLIs) are typical in aircraft
propulsion systems, such as, scramjet engines. Interaction of the shock wave with
the boundary layer results in regions of high pressure and thermal loads. The flow
structure is altered due to the adverse pressure gradient created by the shock, and
the boundary layer separates in the presence of strong shock waves. Unstart and
severe structural damage, along with a reduction in vehicle performance are some
of the drastic effects of uncontrolled SBLI. Accurate prediction of such flows is a
challenging task and significant amount of research exists in literature [1-3].

In engineering predictions of SBLI problems, Reynolds-averaged Navier-Stokes
(RANS) approach is generally used. Zheltovodov et al. [1], Roy et al. [2], and
Gaitonde [3] reviewed the benefits and drawbacks of the numerical simulations.
Canonical configurations, such as, compression ramps, sharp fins and impinging
shock interactions have been extensively studied and the numerical predictions
have been compared with experimental data. Various turbulence models based
on eddy viscosity models, like, Spalart-Allmaras model, £ — ¢ and k — w models,
Reynolds stress models (RSM) and RANS/Large eddy simulation (LES) hybrid
methods have been employed in the simulations with varying degree of success.
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Morgan et al. [4] investigated the cause of modeling errors in two-equation tur-
bulence models and Reynolds stress models in prediction of the size of separation
bubble and turbulence quantities. Hamlington and Dahm [5] modified the standard
two-equation formulation to account for the flow history of the Reynolds stress ten-
sor. Some other improvements in modeling of the unclosed terms in RSM for SBLI
are reported in Vieira et al. [6] and Liu et al. [7]. Sinha et al. [8] modified the
turbulent kinetic energy equation with shock unsteadiness correction and showed
improvement over standard one- and two-equation turbulence models.

The canonical interaction of homogeneous isotropic turbulence with a nominally
normal shock wave has been widely studied for its simplicity and rich physics.
Compared to SBLI, complexities such as flow separation, streamline curvature, and
boundary-layer velocity gradients are not present in this model problem. Canonical
shock-turbulence interaction (STI) has been investigated using Direct numerical
simulation (DNS) [9-11] and theoretical analysis tools, such as linear interaction
analysis (LIA) and rapid distortion theory [11-14]. Physical insights obtained from
such studies have been used to develop advanced turbulence models [14-17] for
STI cases. When extended to SBLI problems, the models give better predictions
compared to conventional models [18, 19].

An essential feature of STI is the anisotropic nature of Reynolds stresses gener-
ated downstream of the shock wave. An initially homogeneous isotropic disturbance
field is converted into an axi-symmetric turbulence field by the normal shock. DNS
data of Larsson et al. [9, 10] show the anisotropy in Reynolds stresses for a range
of shock strengths. The Reynolds stresses in streamwise and transverse directions
are amplified differently across the shock wave. Two-equation turbulence models
like k — € and k — w cannot reproduce this shock induced anisotropy in Reynolds
stresses, as they model the total effect of the amplification in the form of turbulent
kinetic energy. On the other hand, models based on transport equations of indi-
vidual Reynolds stresses are ideally suited to capture the anisotropic turbulence
generated by the shock.

Compared to the two-equation models, RSMs have an extra pressure-strain cor-
relation term, which models the redistribution of turbulent fluctuations uniformly
in all directions. Earlier studies in second-moment closure models provide various
types of approximations for the pressure-strain correlation terms [20-23]. Rotta [20]
modeled the pressure-strain closure for decaying homogeneous turbulence without
any mean strain in the flow. Extending Rotta’s concept, Launder, Reece, and Rodi
[21] proposed a general closure for the pressure-strain correlation, which is linear in
the Reynolds stresses, and the model was referred to as Quasi-Isotropic (LRR-QI)
model. Later, they proposed a different model by retaining the dominant term in
the pressure-strain correlation; the simplified version is known as isotropization of
the production (LRR-IP) Reynolds stress model. The rapid pressure-strain term
tends to isotropize the turbulence production in this model.

Lumley [22] developed a nonlinear model for the pressure-strain correlation,
which reduces to the LRR-QI model when the nonlinear anisotropy tensor terms
are neglected. Using a different approach, Speziale, Sarkar, and Gatski (SSG) [23]
postulated a quadratically nonlinear anisotropy tensor model. Adopting the LRR-
IP model, Gibson and Launder [24] modified the pressure containing correlations
by adding wall correction for the fluctuating pressure field. Later, Launder and
Shima [25] proposed a new model extending the Gibson and Launder model to
incorporate near-wall viscous sublayer effects by optimizing the model coefficients.

The closure models discussed above are for incompressible flows. For compress-
ible flows, incompressible models are directly extended by replacing the Reynolds-
averaged Reynolds stresses with Favre-averaged Reynolds stresses. Gerolymos et al.
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[26-29] followed this approach for the Launder and Shima RSM by using modified
dissipation equation from Launder-Sharma [30]. They developed three different
models which are independent of geometry/wall topology. In [26] the coefficient
of the rapid pressure-strain correlation term is retained. In [27], the coefficient is
modified to provide a numerically robust model. Further improvements are made
in [27] and the model [28] includes specific modeling for pressure-diffusion, non-
linear inhomogeneous terms in the slow pressure-strain term model and a separate
model for the dissipation rate tensor anisotropy. The models are applied to various
flows, some of which are separated flows on supersonic compression ramps and
three-dimensional shock-wave/boundary layer interaction [26-29, 31-33].

Taking into account the compressibility effects, Lee et al. [34] modified the
pressure-strain correlation of the LRR-QI model and additionally considered
dissipation-dilatation and the mass-averaged fluctuations. They applied the model
to zero-pressure gradient supersonic turbulent boundary layers and to curved com-
pression surfaces. A good match is observed for measured quantities like skin fric-
tion, mean velocity, and turbulent energy profiles with experimental results. In a
similar approach, Ladiende [35] used the LRR-IP model with pressure-dilatation
and dissipation-dilatation correction. The model was applied to supersonic tur-
bulent boundary layers with adverse pressure gradient and found to give a good
match with experimental results.

Gnedin and Knight [36] developed a model by extending the Rotta’s model, with
an additional compressibility correction term in the dissipation rate, proposed by
Pantano and Sarkar [37], and Zeman [38]. Zha and Knight [39] adopted the Gnedin
and Knight model and simulated three-dimensional crossing shock-wave/turbulent
boundary-layer interactions. Heat transfer and pressure profiles are found to be
in better agreement than the two-equation model when compared to experimen-
tal results. Wilcox [40] proposed a stress-transport model based on the Launder,
Reece and Rodi’s pressure-strain closure and specific dissipation rate, w. The model
was applied to shock-wave/boundary-layer interaction in compression corner and
reflecting shocks, and the predictions are found to be better than standard two-
equation models.

The objective of the present work is to evaluate existing Reynolds stress models
in the canonical interaction of homogeneous isotropic turbulence with a nomi-
nally normal shock wave. The model predictions of the normal Reynolds stresses
is compared with existing data from DNS of Larsson et al. [9, 10]. We propose
improvements to the model transport equations based on the physics of the un-
steady shock oscillations induced by the incoming turbulence. Numerical error at
the shock waves is analysed and a robust conservative formulation is proposed.
The new Reynolds stress model is found to match the DNS data over a range of
Mach numbers. The effect of grid refinement and different numerical schemes on
the turbulence amplification is presented, and the model equations are generalized
to multi-dimensional flows with oblique shocks.

2. Governing equations

In the present work, Reynolds-averaged Navier—Stokes approach is adopted for
compressible flows, and Favre decomposition is used for all terms except density
and pressure. The transport equation for the Favre-averaged Reynolds stress tensor
is

OpR;; N opu R
ot ox;

2
= Pij + ¢ij + dij — peij + Kij + §¢p5ija (1)
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where p is the density, R;; = uj'u} is the Reynolds stress tensor, d;; is the Kronecker
delta, and u; is the mean Velomty Tilde and overbar indicate Favre and Reynolds
averaging, respectively, whereas double prime represents Favre fluctuation. The
term on the left-hand side of Equation (1) represents the convection term.

The terms on the right side of Equation (1) are in order, production, pressure-
strain correlation, diffusion, dissipation, direct compressibility effect, and pressure
dilatation terms. P;; = —pRjju;; —pR;uj; is the production of Reynolds stress due
to mean velocity gradients, where u;; represents 0u;/0x; and x; denotes Cartesian
space coordinates with [ = 1,2,3. Here, the production term is in terms of Reynolds
stresses and does not require modeling. The deviatoric part of the pressure-strain
correlation term is given by ¢;; = p/ (u;f it ug’ﬂ. -2/ 3u2” ,0i7), where p is pressure
and single prime indicates Reynolds fluctuation. It is decomposed into two parts
depending on the type of contribution, namely, the slow and rapid pressure-strain
terms. The slow pressure-strain term is also referred to as the return-to-isotropy
term and represents turbulence-turbulence interaction. It is modeled as ¢7; =
Ceaij [20], where C is a model coefficient and a;; = R;;/k—2/36;; is the anisotropy
in Reynolds stresses; k and € are the turbulent kinetic energy and its dissipa-
tion rate, respectively. This model is motivated from the homogeneous anisotropic
turbulence decaying without any mean velocity gradients in the flow. The rapid
pressure-strain term ( ;’j) responds directly to the change in mean velocity gradi-
ents. The importance of rapid pressure-strain term and its modeling is discussed
briefly in the subsequent section.

Diffusion term d;; = (—pul/u/ u;’ p’u}’ i — P'ul05 4+ pRijy)  includes turbulent

diffusive flux, pressure dlﬁusmn and viscous diffusion. The turbulent and pressure
diffusion terms are modeled by Daly and Harlow [41] using the generalised gradi-
ent diffusion hypothesis. Launder et al. [21] proposed an improved model for the

triple correlation tensor, which is given as u”u”u’k’ = —Cs(k/e)(RyRjr1+ RjiRii +
Ry R;j1), where Cy is 0.11. The viscous diffusion term is in the form of Reynolds
stresses and does not require modelling. Possible numerical problem at shock due
to Daly and Harlow [41] diffusion model have been discussed by Souffland et al.
[42], where they present methods to minimize the numerical error.

The dissipation of Reynolds stresses at the smallest scales of turbulence due to
viscous effects is represented as PEij = ajlul l+cmu L where o0 is the viscous stress.
According to Kolmogorov’s hypothesis, the smallest scales of motion are assumed
to be isotropic and the dissipation tensor is modeled as €;; = 36513.

Favre-averaging introduces new terms in the transport equation involving mass-
averaged velocity fluctuations and pressure-dilatation due to the deviatoric part
of pressure-strain correlation. These terms have no counterpart in incompressible
transport equations. Direct compre551b111ty effects through variation in the density
are represented by K;; = —ulD; — u pl + U o+ u 'oir;. Here, u_ is related

to the turbulent mass flux as —p’_u;/ﬁ. It plays an 1mportant role in problems
involving turbulent mixing [43, 44] and high-Mach number flows with significant
thermodynamic fluctuations upstream of the shock wave [17]. In cases, where the
upstream flow is dominated by vortical disturbances, as considered in this work, we
can assume u_;’ to be negligible. The last term, ¢, = WE’Z is the pressure dilatation
term, and is modeled in terms of turbulent Mach number (M;) by Pantano and
Sarkar [37]. The contribution of the pressure dilatation is small compared to the
production term for M? < 1, and can be neglected [14].
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The transport equation for the turbulence dissipation rate is modeled as

dpe  Opue € __ _é? _0 [k
e = —CuPRusiis — Cape + Cpae  ~Rucy ). 2
o1 + o7, 1P lku ) 20 2 + paxl c 1€ ( )

and this form is used by all the Reynolds stress models discussed below. The terms
on the right-hand side of this equation are, in order, production, dissipation, and
diffusion terms. Here, Cqqy = 1.44, Ceo = 1.92, and C, = 0.15 are the empirical
constants taken from Launder et al. [21]. The equation is analogous to Equation
(1) except for the pressure-strain, mass averaged velocity fluctuation and pressure
dilatation terms. Also, the diffusion term does not include the viscous and pressure
diffusion effects. According to [45], the turbulent diffusion has a negligible effect
across the shock, and it is neglected.

2.1. Models for rapid pressure-strain correlation term

The rapid pressure-strain term is directly proportional to the mean velocity gra-
dient and is of the same form as the production term in Equation (1). It tends
to redistribute the energy from the Reynolds stress component, where the produc-
tion is significantly large compared to other components, consequently reducing
the anisotropy in Reynolds stresses. The following are three turbulent closures
for the rapid part of the pressure-strain correlation, which have been applied to
compressible flows with shock waves.

The model proposed in Gerolymos et al. [26-28] is based on the isotropization
of production in turbulence [21], and is given as

2

i

Here P = Py /2, and the model coefficient Cy is 0.75v/A as per Gerolymos et al.
[26] model, where the flatness parameter, A =1 - %(AQ — As), with the anisotropy
tensor invariants Ay =a;,ak; and Az = a;pagjaj;. For isotropic turbulence, the value
of A is one as Ay and Az tend to zero.

The rapid part of the pressure-strain term in the Zha and Knight [39] model is
developed for isotropic turbulent flows subjected to sudden distortion (high mean
strain). As per the model,

¢ = CeapkSij, (4)

with Cep=0.17, and S;; = u; j + u;,;. The model closure is a direct extension of the
incompressible form, so the trace of ¢;; does not vanish for compressible flows.

Lee et al. [34] proposed a new formulation of the pressure-strain term, using
the Poisson equation for pressure fluctuations in varying density flows. As per the
model,

2 2
¢;nj = — CPQ(Pi‘ — g(ssz) — Cg(DZ’j — géwp)
_ 2 _em . _. om,
— C4kp (S’LJ - gSkk523> - CSpkama_l_l + CﬁpRmma_xl ij (5)

1
+ §C7Pk5ij>
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Figure 1. Schematic of homogeneous isotropic turbulence interacting with a normal shock wave distorted
by the turbulent fluctuations passing through it.

where Dl'j = —ﬁRikﬂk,j —_pRjkﬂk7i, Cpg =0.76, C3 = 0.10, C4y = 0.18, (5 = 0.14,
and Cg = 0.35. The first three terms are identical to the LRR-QI model, and the
following two terms are additional terms that arise due to mean dilatation. The last
term is the production term generated by compressibility effect and is neglected
[34].

All the above Reynolds stress closures use Rotta’s [20] model for the slow
pressure-strain term, where the model coefficient varies between different mod-
els. For Gerolymos et al. [26] model, the coefficient C; is given as 1 +

2.58 AA,1 [1 —exp [— (%2)” and the value is 1 for isotropic turbulence. The

coefficient of the slow pressure strain term for Zha and Knight [39] model is given
as Cep = 4.325 and the Lee et al. [34] model uses Cp; = 1.5. Here, Rer is the
turbulent Reynolds number.

2.2. Canonical shock—turbulence interaction

Canonical STI is the most fundamental problem where a one-dimensional mean
flow carrying three-dimensional homogeneous isotropic turbulence interacts with a
nominally normal shock (see figure 1). The shock wave amplifies the turbulence and
makes it anisotropic. It also generates acoustic energy and causes a sudden change
in the length scales of turbulence. The turbulent fluctuations passing through the
shock make it unsteady, about its mean position, as shown in the figure. Thus,
canonical shock turbulence interaction exhibits many of the important features of
high-speed flows with shock waves. In this work, the upstream disturbance field
is assumed to be purely vortical in nature, such that there are no pressure, den-
sity and temperature fluctuations in the incoming flow. This is the simplest model
problem to isolate the shock physics on the turbulence field. High-speed flows can
have non-negligible thermodynamic fluctuations, and their effect on the shock-
turbulence interaction has been studied earlier [11, 17]. Other works related to
shock-induced mixing can be found in [43, 44], where more general turbulence field
is considered upstream of the shock wave. Figure 2(a) reproduced from Sinha [15]
with permission shows the comparison of streamwise evolution of the turbulent
kinetic energy computed by different turbulence models with DNS data. A normal
shock wave with Mach number of 1.5 is located at = 3. At the inlet station,
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Figure 2. Amplification of turbulent kinetic energy in canonical shock turbulence interaction: (a) stream-
wise evolution in a Mach 1.5 interaction and (b) jump across shock waves for varying Mach numbers
(reproduced from Sinha [15] with permission).

the values of Taylor microscale based Reynolds number and the turbulent Mach
number are 6.7 and 0.17. The turbulent kinetic energy is normalized by its values
immediately upstream of the shock wave. Upstream of the shock, turbulence dis-
sipates from its inlet value due to zero mean velocity gradient and gets amplified
across the shock. As a result of an increase in the dissipation rate of turbulence,
the turbulent kinetic energy decays faster in downstream compared to upstream
of the shock wave. At the shock, the DNS data shows very high value of the tur-
bulent kinetic energy, which is due to unsteady motion of the shock and does not
represent turbulence fluctuations. There is a non-monotonic variation in the tur-
bulent kinetic energy immediately after the shock and the behaviour is due to the
acoustic decay described by Mahesh et al. [11]. The standard k — ¢ model and real-
izable k — € model overpredicts the DNS data, whereas the turbulent kinetic energy
predicted by the shock-unsteadiness model shows good match with the DNS. The
amplification of turbulent kinetic energy also matches well with linear theory for a
range of Mach numbers shown in figure 2(b). The shock-unsteadiness modification
has been incorporated into the k — w model of Wilcox [40] and in SA turbulence
model, and extended to SBLI problems. Two-dimensional SBLI flows, such as, su-
personic compression corner [8], oblique shock impingement on turbulent boundary
layer, and axisymmetric cone-flare [18, 19] were studied. In comparison with con-
ventional models, the shock-unsteadiness model shows a significant improvement
in predicting surface pressure, separation bubble size, and shock structure [18, 19].

2.3. Swimplified RSM for canonical shock—turbulence interaction

The transport equations for the Reynolds stresses are simplified to a steady one-
dimensional form applicable to the canonical STI problem considered in this work.
Note that the equation for Rgss is identical to that of Rgo for the current model
problem. For the Gerolymos et al. [26] model, equations for the shock-normal com-
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ponent Rj; and transverse component Rgo are given by

_OR11 ou 4 ou 2
— OR{q—m 1 = — _ _Zz
U RH@:U + 302R116$ Crean 36 (6)
_OR 2 ou 2
u 8;52 = _§CZR11% — Cieagn — 36 (7)

where © is the shock-normal mean velocity in the z-direction. For isotropic tur-
bulence, the coefficients reduce to C; = 1 and Cy = 0.75. The first term on the
right-hand side of Equation (6) represents production, the second and the third
term constitute rapid and slow parts of pressure-strain correlation, and the last
term represents turbulent dissipation. For the transverse Reynolds stress given by
Equation (7), there is no production mechanism, that is, Pay = P33 = 0 (mean
flow velocity gradient energizes the turbulence only in the axial component). The
first two terms on the right-hand side of Equation (7) therefore represent rapid
and slow parts of pressure-strain, and the last term represents dissipation. The
pressure-strain term redistributes energy from the stream-wise Reynolds stress to
the transverse Reynolds stresses, without affecting the turbulence kinetic energy.
For Zha and Knight [39] model, equations for Ry; and Rgs simplify to

_ORy i i 2

U = 2R118x + Ce2 (R11 + 2R22) o c1€a1 — 36 (8)
_O0R99 . 2

u el C.1€an §€' (9)

The Rj; equation has terms similar to those in Equation (6), except for the con-
tribution of both Rj; and Rso in the rapid pressure-strain term. Comparing with
Equation (7), the Rgo equation has no rapid pressure-strain term (since Sgo = 0).
Therefore, the transverse Reynolds stresses Roo and Rss are not directly affected
by the mean compression at the shock.

For Lee et al. model [34], the transport equations are given by

_OR ou ~ ~ ou 2

u 8{;1 = *2R11% + |:AR11 + BR22i| % - Cpleau — §€, (10)
_ORy» [ ~ 100 2

u 81} = |:CR11 + DR22i| al' — Cpleagg — 36. (11)

The coefficients of the rapid pressure-strain terms are grouped as, A= % 2 +

40320, — 205+ Cs,B=2C5 — 4C1,C = —2Cpp — 3C3 + 1Cy + 105 + Cg, and
D= 304 — %C5. Across a normal shock, the contribution of the production and
pressure-strain terms has the same form as in Equations (6) and (7), except for
the contribution of both the Reynolds stresses in the rapid pressure-strain terms.

In the following sections, we apply the simplified RSM equations to the one-
dimensional mean flow passing through a normal shock. The production and rapid
pressure strain terms are active in the region of the shock wave (nonzero velocity
gradient), while the dissipation rate and the slow pressure strain term determine
the evolution of the Reynolds stresses in the downstream flow. Canonical shock-
turbulence interaction thus provides a unique platform to assess existing turbulence
models, both in terms of the Reynolds stress amplification across the shock and
its downstream development. It brings out several key physics of the interaction,
as discussed in section 2.2, and it is important for the turbulence models to cap-
ture these phenomena. Also, shock waves are numerical discontinuities in a flow
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simulation and therefore can be source of large numerical error. The simplified one-
dimensional equations for the canonical STI are very useful in analyzing numerical
characteristics of the model equations and eliminate large error in shock-dominated
flows [15].

The objective of the paper is to develop a physically consistent and numerically
robust Reynolds stress model for the canonical shock-turbulence interaction. We
first isolate the physical modeling error in existing models (section 3) and propose
physics-based improvements (sections 4.1 and 4.2) at shock waves. The procedure
applied is such that it eliminates the numerical error from this evaluation. Once we
have a physics-based model, we tackle the numerical aspects (in section 4.3) and
develop a method to minimize numerical error at shock discontinuities. Finally, the
proposed model equations are incorporated in a CFD solver and both the physical
and numerical aspects of the new Reynolds stress model are assessed by detailed
comparison with DNS data. Extension of the model equations to a general three-
dimensional flow are described subsequently.

3. Model evaluation

3.1. DNS data

Larsson et al. [9, 10] present DNS data of the canonical STI problem for Mach
numbers from 1.27 to 6 for varying turbulent Mach number, M;, and Reynolds
number based on Taylor microscale, Rey. The case with M; in the range of 0.15—
0.22, and Rey = 40 are considered for the present study. The normalized inlet
values of the Reynolds stresses, turbulent kinetic energy, and dissipation rate are
calculated from the DNS data, by considering the values (k1 and €;) immediately
upstream of the shock. The non-dimensional values of ki, and €7 are calculated
from

M,;? 5M,°
—_— € = ————, (12)
\/glio)\*Re,\

with koA* = 0.84. The Taylor micro-scale is given by \* = /10v*k* /e* and the
Reynolds number based on A* is defined as Rey = A*u},,./v*. The turbulence
kinetic energy and its dissipation rate are normalized as k = k*/a’2, and ¢ =
€*/a*3ko. Here, a’, is the freestream speed of sound.

The shock-upstream values k1 and €] are extrapolated to the inlet station using
the relation of homogeneous isotropic turbulence decaying without any mean strain.
The relations are derived in [46], and given as

Tanreo]™ zonpeo "
o=k |1+ =2E0 | g =6 |14 =20 (13)
uinkg uinko

where, n = 1/(Ce — 1) is the decay exponent with Ceo = 1.2, and x4, = 6.83 is
the distance of shock from the inlet station, normalised with characteristic wave
number kg. Subscripts 0 and 1 represent the inlet location and the location just
upstream of the shock in the computational domain, which spans from the inlet at
xr = —7.6 to the exit at x = 29.6. For isotropic turbulence the Reynolds stresses
are given as,

2
R11 = R22 = gk‘, (14)
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M M; ko x 10° Ri1p0 x 107 Roop x 10> e x 10°
1.27 0.15 1.48 0.992 0.992 0.421
1.5 0.15 1.45 0.969 0.969 0.410
1.87 0.22 2.78 1.85 1.85 1.08
2.5 0.22 2.66 1.77 1.77 1.04
3.5 0.22 2.60 1.73 1.73 1.00
4.7  0.22 2.55 1.70 1.70 0.978
6.0 0.22 2.52 1.68 1.68 0.964

Table 1. Normalised values of the turbulent kinetic energy, streamwise and transverse Reynolds stresses and
the turbulent dissipation rate at the inlet location for varying shock strengths in the canonical shock—turbulence
interaction.
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Figure 3. Streamwise evolution of the turbulence quantities in a Mach 2.5 canonical STI. Numerical
solution computed for the baseline (dash-dot), baseline model without dissipation term (dashed) and
baseline model without the slow pressure strain and dissipation terms (dash-dot-dot) are compared with
the DNS data (symbol). The post-shock Reynolds stresses predicted by the linear interaction analysis
(LIA) are plotted in (c), where the LIA results are obtained using the procedure described in Quadros et
al. [47].

and the Reynolds stresses are normalized in a way similar to the turbulent kinetic
energy. The non-dimensional values of the Reynolds stresses and the dissipation
rate are calculated from the baseline inlet conditions and are tabulated in table 1.

Figure 3 show streamwise evolution of Rj; and Rso for the DNS data, where
the Reynolds stresses are scaled by the respective shock-upstream values. In the
unsteady shock region, the DNS data for R;; takes very high values and outside,
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it rapidly increases from a low post-shock value to reach a local maximum at x
= 4. This corresponds to the acoustic adjustment region in LIA (see figure 3(c)),
where Ri; increases due to the post-shock redistribution between the vortical and
acoustic fluctuations. In the absence of viscous and non-linear effects in LIA, the
Reynolds stresses reach asymptotic far-field values, whereas the DNS data shows
a monotonic decay far away from the shock (z > 4). The transverse Reynolds
stress Roo has a peak at the shock, followed by a rapid decrease in the acoustic
adjustment region to reach the far-field value.

The extent of the acoustic adjustment region in the shock-turbulence interac-
tion is about one wavelength of the most-energetic upstream wave number. This is
equivalent to the integral scale of turbulence upstream of the shock wave, approxi-
mately equal to one boundary layer thickness in a shock-boundary layer interaction.
In a practical application, this region is expected to be small and the far-field val-
ues away from the shock are important. We extrapolate the monotonic decay in
R11 and Ray (see figure 3) back to the shock center to obtain an equivalent far-field
value from the DNS. This value is shown by an open square at z = 0 and it serves
as a benchmark for model evaluation, as discussed in the subsequent section. The
extrapolated value includes the jump in Reynolds stresses at the shock as well as
the net effect of acoustic adjustment in the region immediately following the shock
wave.

The Reynolds stress model Equations (6) and (7) applied to a Mach 2.5 shock-
turbulence interaction, is shown in figures 3(a) and 3(b) for comparison with DNS
data. The model transport equations include the production and rapid pressure
strain terms that are active in the region of non-zero mean velocity gradient. They
lead to a jump in Ri; and Ray across the shock wave, as shown by the dashed-
dot-dot line in the plots obtained by neglecting the dissipation and slow pressure
strain terms in the model equations. The viscous dissipation results in a monotonic
decay both upstream and downstream of the shock. On the other hand, the slow
pressure strain term is responsible to make the post-shock field isotropic. It leads
to a decrease in R1; and an increase in Rao behind the shock; compare the dashed
lines in figures 3(a) and 3(b) with those obtained by neglecting the slow pressure
strain term. The effect is qualitatively different from the acoustic adjustment of
the Reynolds stresses observed in the DNS and LIA, where Ry; increases and Rgs
decreases with distance from the shock wave. In addition, the slow pressure strain
term acts over a much larger length scale than the acoustic adjustment region in
the STT and can be effectively represented as a modification of the viscous decay
rates of R1; and Ros in the post-shock flow. The effect of the viscous dissipation
and the slow pressure strain terms is therefore neglected in evaluating the model
capability in predicting the rapid changes in Rj; and Rgs in the vicinity of the
shock wave.

3.2. Reynolds stress amplification

Figure 4 compares the amplification of Ri; and Ros obtained from the DNS and
the RSM equations for a range of shock strengths. The DNS data corresponds to
the extrapolated shock values, and include the jump as well as the net effect of the
rapid acoustic adjustment immediately downstream of the shock wave. The model
predictions are obtained by considering only the production and rapid pressure
strain terms in the transport equations for R;; and Raso. Neglecting the dissipation
and slow pressure-strain terms do not affect the R;; and Ry amplifications pre-
dicted in 3(a) and 3(b). For the Gerolymos et al. [26] model, the equations can thus
be integrated to get a closed form solution for the Reynolds stress amplifications
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across the shock wave.
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with subscripts v and d denoting the locations upstream and downstream of the
shock respectively.

Neglecting the dissipation and slow pressure-strain terms, the Ri; equation of
the Zha and Knight [39] model reduces to,

_OR ou
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(17)

where the upstream value of the transverse Reynolds stress Ros,, is used in the above
equation, as it remains constant across the shock as per Equation (9) without the
dissipation and slow pressure strain terms. In the Lee et al. [34] model, the Reynolds
stress transport equations retaining the production and rapid pressure-strain terms,
are given as,
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with the constants A = —0.70, B = 0.14, C = —0.12, and D = 0.07. Across the
shock, Equations (17), (18), and (19) do not give closed-form solutions for the
amplification of turbulence quantities. We numerically integrate these equations
using 4" order accurate Runge-Kutta method for a specified mean flow profile
across the shock wave. It can be shown that the results of the integration does
not depend on the specified mean profile. The proof relies on switching from the
physical space to local compression space and is used in [44]. Figure 4 plots the
amplification of Reynolds stresses, dissipation rate, and the anisotropy in Reynolds
stresses obtained using different models. The DNS data shows that Rj; amplifies
across the shock upto Mach 2.5 and attains a peak amplification value of 2.15. For
Mach numbers greater than 2.5, the amplification reduces from the peak value and
saturates at a value of 2.0 across the shock. The amplification of the streamwise
Reynolds stress, R, from the Zha and Knight [39] RSM predicts very high values
for all Mach numbers. The R;; amplifications in the Gerolymos et al. [26] and Lee
et al. [34] models, show increasing values before asymptotically reaching a constant
value at high Mach numbers. Both the models have a good match with the DNS
data at lower Mach numbers up to 1.87, beyond which they overpredict by upto
a factor of 2.5. We note that the Gerolymos et al. [26] model results correspond
to Cy = 0.75, and the alternate forms of the model with Cy = 1 proposed by [27],
[28], would further overpredict the Ry amplification.

Similar to Ri1, the DNS data shows amplification in Ra2, which gradually in-
creases upto Mach 2.5 and saturates at a value of 1.7 for high Mach numbers. The
amplification in Ry is monotonic across the shock for varying shock strengths,
unlike Rj1, which decreases slightly at high Mach numbers. Unlike the DNS data,
the Zha and Knight [39] RSM predicts a constant value for all Mach numbers.
The Gerolymos et al. [26] model overpredicts the DNS data by upto a factor of 2,
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Figure 4. The amplification of R11, Ra2, € and anisotropy(R11/R22) across the normal shock for varying
Mach number, as obtained from DNS data [9, 10] and different Reynolds stress models.

whereas the Lee et al. [34] model underpredicts the Ry amplification; these two
models indicate a gain in Roo from Rji, due to redistribution of energy. The Zha
and Knight [39] model, on the other hand, yields no Rgg amplification because of
the reason mentioned earlier.

In figure 4(c), the amplification of the dissipation rate from the DNS data is
shown; it increases steadily with increasing Mach number. In contrast, for all of
the RSMs considered, the dissipation rate increases monotonically and saturates at
high Mach numbers. The Gerolymos et al. [26] model predictions are comparable
to the DNS amplification of € up to Mach 3.5. On the other hand, the Lee et al. and
Zha and Knight models underpredict and overpredict the € jump by large factors
for almost all the Mach numbers.

In the DNS data, the anisotropy of Reynolds stresses across the shock is seen to
increase upto Mach number 1.87 and then decrease significantly at higher Mach
numbers. For all RSMs, the anisotropy across the shock behaves similar to Rqq
amplification and does not reproduce the non-monotonic variation observed in the
DNS data. The Zha and Knight [39] RSM and Lee et al. [34] RSM overpredict
the anisotropy for all Mach numbers by factors larger than 2. The Gerolymos et
al. [26] model shows a good match with the DNS data upto Mach number 2, but
overpredicts for higher Mach numbers. Gerolymos et al. [26] model is considered
for further development and it will be referred to as the baseline model in the
subsequent sections.
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4. Physics based model improvement

Sinha et al. [14] studied the amplification of turbulence in a canonical shock-
turbulence interaction using linear interaction analysis (LIA). In this approach, the
inviscid shock wave is treated as a discontinuity and the upstream turbulence field
is decomposed into Fourier modes. The elementary interaction of a two-dimensional
plane wave with the deformed and unsteady normal shock wave forms the heart
of this theory. For a given upstream Mach number and plane wave incidence an-
gle, the theory predicts the disturbance waves generated downstream of the shock.
Superposition of the single wave results for a specified upstream energy spectrum
yields the downstream statistics for three-dimensional turbulence [11].

The fluctuating velocity field in a turbulent flow interacts with the normal shock,
making the shock oscillatory and unsteady in nature. Conventional RANS mod-
els do not consider the shock oscillations, and give a very high amplification of
turbulent kinetic energy at the shock wave. To incorporate the effect of shock-
unsteadiness, Sinha et al. [14] derived the transport equation for the turbulent
kinetic energy by linearising the governing equations about the unsteady distorted
shock wave. Here, the reference coordinate frame is attached to the instantaneous
shock, and the turbulent fluctuations are assumed to be small compared to the
changes in the mean flow quantities. The deviation of the shock wave from its
mean location is represented by = = (v, z,t), and the temporal derivative, &,
represents the instantaneous speed of the shock wave.

4.1. Streamwise and transverse Reynolds stress

In the inviscid framework, the transport equation of 4”2 for homogeneous isotropic
turbulence interacting with a normal shock is given by [14],

_ou” —ou _—0du —0p _ _op
ot = _99 "2 ___ oul’ €, — — 2T == — =,
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This is an exact transport equation for Ri; and it is derived for one-dimensional
flow through a oscillating normal shock. It is written in a frame of reference at-
tached to the unsteady shock wave. Additionally, non-linear and higher order terms
are neglected by assuming that the fluctuations are small in magnitude compared
to the jump in the mean flow quantities across the shock. The terms on the right
hand side of the equation are in order, the production due to mean compression,
the shock-unsteadiness effect, the production due to mean pressure gradient, and
the velocity-pressure correlation. The shock-unsteadiness term is found to be re-
sponsible for reduction in the amplification of the turbulent kinetic energy across
the shock [14].

The correlation u”&; represents the coupling between the unsteady shock motion
and the turbulent velocity fluctuations in the streamwise direction. The closure

model for the unclosed term u”¢; was proposed to be of the form bju”? based
on the assumption that shock-unsteadiness is caused by turbulent fluctuations.
Using linear analysis, the model coefficient, b1, is obtained as a function of the
upstream mean flow Mach number (Mj,,) with respect to the normal shock. The
model parameter b; is further modified to b} such that the turbulent kinetic energy
amplification across the shock matches the limiting behaviour as My, — 1 and
Mln — OQ.

b} = bioo (1 — €M), (20)
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where b1, = 0.4 is the high Mach number limiting value of b; as obtained from
LIA. Comparison of the shock unsteadiness model with the available DNS data
yields a good match for the amplification of turbulent kinetic energy across the
shock wave [14, 16].

In the present study, the shock-unsteadiness correction term is incorporated into
the streamwise Reynolds stress equation of the baseline model [26]. The modified
equation in written as,

4 ou 2
=(-2+ 2[)’1 + 502)R11% — Chearq — ge, (21)
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which is identical to Equation (6), except for the shock-unsteadiness damping term
with model coefficient b} given above.

We evaluate the model in two steps. First, we compare the model predictions
across the shock with the post-shock values of the DNS data extrapolated back
to the shock wave. For this, we consider the production and rapid pressure strain
terms that are effective in the shock region and obtain a closed-form solution for the
shock-jump in Rq1 and Ros. Comparison with the extrapolated DNS values assesses
the efficacy of the model in capturing the jump across the shock and the net change
in Ry1 and Rgs due to the rapid post-shock acoustic adjustment. As noted earlier,
the acoustic adjustment region is relatively small in size (for a realistic application)
and its effect can be combined with the shock jump in Reynolds stresses. Also, the
slow pressure strain term is neglected in this comparison, as it does not reproduce
the physical effects observed in the acoustic adjustment region.

As a second step, we solve the entire transport equations and compare the stream-
wise evolution of the Reynolds stresses with the DNS data (section 5.3). We also
assess the effect of numerical error at the shock (in section 4.3) and device ways
to eliminate them. We note that the shock-jump predicted by the complete model
equation (in section 5.3) matches the analytical results obtained by considering
only the production and rapid pressure strain terms. By comparison, the decay of
Reynolds stresses away from the shock (outside the acoustic adjustment region) is
governed by the dissipation rate and the slow pressure strain terms, which is mod-
eled in terms of €. The two stage evaluation of the Reynolds stress models, along
with the extrapolation of the DNS data to the shock-center location, thus isolates
the rapid effects at the shock wave from the slow decay and return to isotropy far-
ther away from the shock. A similar procedure is adopted for the dissipation rate
equation as well. Neglecting the slow pressure-strain and dissipation rate terms in
the Ri1 equation (cf. Equation 21), a closed-form solution for the amplification of
R;1 across the shock is obtained as

~ 12(1-b))—5Cs
Rig _ [%] ' (22)

Riw | ua
It is plotted in figure 5(a) as a function of the upstream Mach number and com-
pared with the DNS data and the baseline model [26]. The amplification of Ri;
obtained with the new model has a trend similar to the DNS data and saturates
to the value of 2.1 at high Mach numbers. The new model matches the DNS data
upto Mach number 2.5 and slightly overpredicts the post-shock R1; for higher Mach
numbers. The shock-unsteadiness damping term thus shows a significant improve-
ment, compared to the baseline model, in the prediction of post-shock streamwise
Reynolds stress.

In the new model, the value of the model coefficient, Cs, is reduced to 0.55 from
the baseline model coefficient of 0.75\/_A. This value compares well with Cy =
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Figure 5. Comparsion of the amplification in the Ri1, R22, €, and anisotropy (R11/R22) of the baseline
model (solid-line) and the present model (dash) with the DNS data (symbols) for varying shock strengths.

0.6 in the Launder et al. [21] model for isotropic turbulence subjected to rapid
distortion. Limiting the value of Cy improves the Rj; predictions and leads to a
close comparison with the DNS data for Ryo amplification across the shock wave,
as shown below.

The transverse Reynolds stress equation in the new model retains the same form
as Equation (7). The closed-form solution for the amplification of Rao across the
shock is thus given by

Rosd _ & [Rlld B 1} (23)

1
Roze 3(1-0,) =205 | Rir

Compared to the closed-form solution in Equation (16), the Rgy amplification ob-
tained from the above equation includes the effect of shock-unsteadiness (through a
model parameter b)). In comparison with the baseline model, the Roo amplification
of the new model shows significant improvement, in figure 5(b). The effect of shock-
unsteadiness damping factor in Rjp is also observed in the Ry amplification. The
transverse Reynolds stress has a good match with the DNS data upto Mach 1.87,
beyond which it overpredicts the amplification across the shock by about 10%. In
figure 5(c), the anisotropy of Reynolds stresses predicted by the new model shows
the non-monotonic behaviour observed in the DNS data, and is a significant im-
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provement from the baseline model. Comparison with the DNS data, shows that
the new model overpredicts the anisotropy of Reynolds stresses for lower Mach
numbers and underpredicts beyond Mach number 2.

4.2. Turbulent dissipation rate

The dissipation rate for any turbulent flow determines the rate of decay of the
turbulent quantities. In compressible flows, the dissipation rate is divided into
two parts, a solenoidal part, €, and a dilatational part, €;. For incompressible
homogeneous turbulence, the solenoidal dissipation rate € can be written in terms
of enstrophy and is given by €, = Dw/'w/, where v is the kinematic viscosity and
w; is the vorticity component in the x; direction. In the linear framework, the
difference between the Reynolds averaging and Favre averaging is negligible. Here
standard Reynolds averaging is used for compressible flows. Sinha et al. [16] derived
the enstrophy equation from the linearised Navier—Stokes equations. The equations
are written in a frame of reference attached to the unsteady shock wave, and are
modeled as

0 —  —300 o
T (W) = — AP = — eyl = (24)
T

71 8$ 11 83?

Here, the lower and upper limits of the model constant c¢,, is set by % <w/ 2<

ﬂ%‘]ﬁ, and a value of ¢, = 1.55 shows a close match with linear analysis results

[16].
The model equation for the solenoidal dissipation rate is thus written as,
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where the dynamic viscosity, 7 is a function of mean temperature i and is given

by @ o< T* with o= 0.76. Across the shock, the change in kinematic viscosity is
given as,
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Upon substitution of the change in kinematic viscosity in to the equation for
solenoidal dissipation rate, we get

s u u u T
ﬂae = fcwes@ + es@ + aesla—. (27)

ox ox ox T Ox

Using conservation of total enthalpy across the shock, the above equation is cast
in a form similar to that in the conventional turbulence model as,

_ Oes 2 _ Ou €2
pu O = _gcelﬂﬁs% - CeQP?v (28)

where, C¢ep =1+ 0.21M, and Ce2 = 1.2 taken from [16]. The closed-form solution
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for the amplification of € across the shock is obtained by neglecting the last term.
€d Uy §Ca
- = [A—’i} : (29)

The dissipation rate of the new model has excellent agreement with the DNS data
(see figure 5(d)), both qualitatively and quantitatively, for all the Mach numbers.

4.3. Numerical error at the shock

The new model equations of the Reynolds stresses and the dissipation rate are
not in conservative form. The non-conservative nature of the equations is due to
the product of the mean flow variable and the derivatives in the source terms, as
in Equation (21). The non-conservative source terms can lead to large numerical
error at a shock wave. The amplification of turbulent quantities can thus show a
non-physical trend.

Sinha and Balasridhar [15] studied the numerical issues in shock—turbulence in-
teractions using the shock-unsteadiness k — e turbulence model equations. The
convective terms in the k — ¢ equations are written in a conservative form, such
that the integrated error can be written in terms of the derivatives evaluated at
the cell interfaces. By taking all the cells spanning the region of shock together,
the error contribution gets cancelled at the common interface of adjacent cells. The
net error across the shock wave is thus given by the higher-order derivatives calcu-
lated outside the shock wave, where the flow solution is smooth. With successive
increment in grid points, the leading-error term vanishes, and the solution tends
towards the exact solution.

The leading truncation error for the production term exhibit a different be-
haviour. Their contribution from adjacent cells adds up and lead to non-physical
nature of the amplification of turbulent quantities. The leading error term for pro-
duction due to mean compression scales as 1/4%. Here, § is the shock thickness
and it depends on the grid cell size, such that grid refinement increases the error
further. A detailed analysis of numerical error at the shock wave is presented in
the appendix of Sinha and Balasridhar [15].

To minimize the numerical truncation error at the shock wave, Sinha and Balas-
ridhar [15] proposed an conservative form of the shock-unsteadiness k — e model,
obtained by transforming the turbulence variables to conserved quantities. New
conserved variables involving k and e are formulated, and the respective transport
equations for the model problem are derived. The new equations represent identi-
cal physics as that of the original shock-unsteadiness model and are free from the
numerical error due to the non-conservative source terms. The results of the con-
servative form of the shock-unsteadiness model, qualitatively and quantitatively
match with the analytically integrated solution, and also show a good match with
DNS data [15].

Similar to the k — ¢ model equations, Equations (21), (7), and (28), show non-
conservative nature. Following an approach similar to that of Sinha and Balasridhar
[15], the turbulent quantities are transformed to conserved quantities. Considering
the exact solution in the inviscid limit given by Equations (22), (23), and (29), the
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new transformed turbulent variables are framed as,

fi = Ry p?im DG/,

Jo = Ro2 — Ry3 [3 Co } ) (30)
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Here, the overbar on p is discarded to avoid potential conflict between Reynolds
averaging and the sign of the exponent. Using mass conservation across the shock
in the Ri1, Roo and e transport equations, we get the corresponding equations
for f1, fo and g that are devoid of non-conservative source terms, i.e., production
and rapid pressure-strain. The transport equations given below, however represent
identical physics as the original Equations (21), (7) and (28).
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where the fo equation is written in compact form in terms of 6’\1 =
[(3(1 = b)) — 2C2)(3a22C1 — 2) + 3C1Caa11 4+ 2C3)/(9(1 — b}) — 6C2)]. The model
constants for the pressure-strain closure are given as C1 = 1, and Cy = 0.55, re-
spectively. Here, a;; and age represents the anisotropy in Reynolds stresses, and
| is the shock-unsteadiness model coefficient given by Equation (20). The new
transformed turbulent variables f1, fo and g are conserved across the shock, if we

neglect the dissipation effect on the RHS of Equation (31), as discussed above.

5. Simulation results

5.1. Methodology

The mean flow is solved by the one-dimensional Reynolds-averaged Navier—Stokes
equations, and the f1, fo and g equations (31) are solved for turbulence closure.
All the equations are cast in non-dimensional form, where flow variables are nor-
malized by the mean density and the mean speed of the sound, a}, taken at inlet
station. The conservative form of the governing equations along with the turbulent
transport equations are solved using a finite volume approach, where the conserved
variables, U, inviscid fluxes, F', and source terms, .S are written in vector form as,

_ PN- - i il q 0
ou pu2+ﬁ+pR11 8
o |pE| 0 E+7p
9 |p v P b — 20 -D+3(Ca+20) [ . (32
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Here, E is the total mean energy and is given by ;le + % pt? 4 pk with v = 1.4. The
non-conservative form of the Reynolds stresses and the dissipation rate equations
given by Equations (21), (7) and (28) are also written in a similar form for numerical
implementation.

The equations consist of dimensionless and normalized quantities which are de-
fined as, @ = @'k, t = t°/(1/a%ero), p = p/ples u = u*/ate, T = T*/TL,
R = R*/(YR*), p = p*/(p5ail), Rui = Riy/ai2, Roo = Ri,/aXl, Ryy = Riz/a’l,
k = k*/a2, ¢ = ¢ /a*3ko, where (.)* represents the dimensional values of flow
variables and (.)s represents the shock upstream values. Here, t is time, T is
temperature, and R* is the specific gas constant and given as 287.1 J/Kg.K. The
characteristic length scale is taken from the incoming turbulence field with peak
wave number kg of 4.

The inviscid fluxes are evaluated at the cell faces using the Lax-Friedrich (LF)
scheme, and the turbulence source terms are evaluated at the cell centres. A fixed
CFL value of 0.2 is maintained for all the numerical simulations. The LF scheme
is first order accurate and more dissipative than the Steger-Warming (SW) scheme
used in [15]. However, The SW results can be matched by using larger number of
grid points in the LF simulations, as reported in [45, 46]. For the non-conservative
formulation, the mean flow gradients in the production and the rapid pressure-
strain terms are discretized using second order accurate central difference method.

The details of the domain, inlet, and boundary conditions are specified in Section
3.1. The initial conditions are given in table 1 for the non-conservative formulation.
These are transformed to the new variables fi, fo and g as per Equation (30). The
same inlet values are specified at the upstream boundary and Rankine-Hugoniot
jump relations of the mean flow quantities are used to set up the shock at x = 0. At
the exit boundary, Neumann condition is used, i.e., the gradient of the conserved
variables are maintained at zero. Explicit time integration is achieved using the
forward Fuler method with the given initial conditions.

5.2. Turbulence Amplification across the shock

Figure 6 shows the amplification of the Reynolds stresses, the turbulent dissipation
rate and the Reynolds stress anisotropy across shock waves for varying upstream
Mach number. Data for the baseline model are compared with the non-conservative
and conservative forms of the present RSM based on shock-unsteadiness correction.
The exact solution is obtained in the inviscid limit and the DNS data available are
also presented for reference. The numerical solutions computed using the Lax—
Friedrich scheme, where the mean flow variables across the shock are computed as
part of the solution, are prone to numerical error at the shock wave. Similar results
presented in figure 5, are obtained with hyperbolic tangent profiles prescribed for
the mean flow variables across the shock. They do not have numerical errors typical
of shock-capturing CFD simulations in figure 6, and isolate the physical modeling
error in the models.

The numerical solution of the non-conservative formulation of the baseline as well
as the present Reynolds stress model show a non-physical trend in the amplification
of Reynolds stresses (see figures 6(a) and 6(b)). The post-shock Reynolds stresses
for both cases are comparable to the DNS data and the exact integral solution for
low Mach numbers up to about 1.5, indicating that the numerical errors are low
for weak shock waves. In the range of Mach numbers from 1.5 to approximately
4.0, the models overpredict the Reynolds stresses, due to the large amplification of
turbulence attributed to the non-conservative formulation of production and rapid
pressure strain terms. There is a fall in Ry; and Ry amplification beyond Mach
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Figure 6. The amplification in turbulent quantities across the shock obtained from the numerical simula-
tion of the baseline model, the non-conservative and the conservative form of present model are compared
with DNS data and the exact inviscid solution, for varying upstream Mach number. Solution computed on
a 1000-point grid.

4, due to the excessively high turbulent dissipation rate predicted in the numeri-
cal simulation. For the strongest shock strengths (beyond Mach 4), the post-shock
Reynolds stresses are underpredicted by the non-conservative model. With increas-
ing Mach number, the non-monotonic trend of Reynolds stress amplifications is
entirely due to the non-conservative numerical error at the numerically captured
shock wave. The results obtained by numerically integrating the same model equa-
tions over pre-specified mean-flow shock profiles (see figure 5) are devoid of such
numerical errors.

The post-shock dissipation rate of the baseline model and of the non-conservative
form of the present RSM increases monotonically with increasing Mach numbers.
They are much higher than the DNS data and the exact solution for all but the
lowest Mach numbers. Similar results have been reported for the turbulent kinetic
energy and its dissipation rate in Sinha and Balasridhar [15]. The amplification
of the turbulent quantities computed using the conservative form of the present
Reynolds stress model qualitatively follows the same trend as the exact inviscid
solution. The results are also comparable to those presented in figure 5. Ry; am-
plification (see figure 6(a)) shows a good match with DNS data except for a slight
overprediction at high Mach numbers. The post-shock Ras of the conservative for-
mulation also overpredicts the DNS data for Mach numbers beyond 2, but it is a
significant improvement over the non-conservative results presented in figure 6(b).
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Figure 7. Effect of grid refinement on the amplification of the R11, R22, and € with varying grid points
for non-conservative and conservative form of the new RSM compared with exact integral solution.

The amplification of both the Reynolds stresses are marginally lower in magni-
tude than the exact inviscid solution, because of the dissipation effect in the shock
region.

In figure 6(c), the post-shock dissipation rates of conservative formulation show
a good match, both quantitatively and qualitatively, with the DNS data and the
exact solution, for all Mach numbers. The anisotropy of the Reynolds stresses
generated behind the shock shows the same qualitative behaviour for all the nu-
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Figure 8. Effect of numerical method on the amplification of the Reynolds stresses with grid refinement
for non-conservative form of the new RSM.

merical solutions, and it matches the non-monotonic trend in the DNS data (see
figure 6(d)). The conservative results underpredict Rj;/Ra2 for much of the Mach
number range, but is comparable to the DNS data for the strongest shock inter-
action. The non-conservative baseline and new model results appear to be closer
to the DNS data, but they are more sensitive to the numerical grid, as will be
discussed in the following text.

Figure 7 presents the numerical solutions computed using the non-conservative
and conservative formulations of the new Reynolds stress model obtained using
successively refined computational grids. Three grids with 1000, 2000, and 3000
points uniformly distributed over the computational domain have grid-cell sizes of
0.037, 0.018 and 0.012, respectively. The conservative results for Rj1, Ra2, and €
approach the exact inviscid solution as the shock gets thinner on finer grids and the
effect of turbulent dissipation decreases with shock thickness. Note that molecular
and turbulent diffusion terms are not included in the simulations, because their
effect is found to be small in the region of the shock wave [45]. The conservative
formulation also shows a converging trend towards a grid-independent solution. On
the other hand, the non-conservative results (figures 7(a), 7(c) and 7(e)) retain the
non-physical trends with successive grid refinement, and the numerical error is not
found to decrease even on the finest grid. The turbulent dissipation rate results,
plotted on a logarithmic scale, do not show a converging trend with successive grid
refinement.

Figure 8 plots the amplification of Reynolds stresses obtained using different
numerical schemes on much coarser meshes. The Lax-Friedrich method presented
earlier is compared with Steger-Warming flux vector splitting approach, and the
details of the method are presented in Sinha and Balasridhar [15]. Both the methods
give qualitatively similar results, where the Reynolds stresses increase with Mach
number, reach a maximum and then decrease for stronger shocks. The amplification
factors obtained for the Steger Warming method are higher than the corresponding
Lax-Friedrich results, and the increases further on grid-refinement. Application of
different numerical schemes to the conservative formulation shows very little effect
and is not presented here.
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Figure 9. Streamwise evolution of the turbulence quantities in a Mach 1.5 canonical STI. Numerical so-
lution computed using the Lax-Friedrich scheme for the baseline (dash-dot), the non-conservative form
(long-dash) and the conservative form (solid-line) of the present RSM are compared with DNS data (sym-
bol). The amplification in turbulent quantities obtained by extrapolation of the DNS data to mean shock
location is shown by O.

5.3. Streamwise evolution of Reynolds stressess

Next, the streamwise evolution of turbulent quantities for the newly proposed
Reynolds stress model and the baseline model are compared with the DNS data.
Both non-conservative and conservative formulations are used in the simulations
and the results are presented, along with DNS data, in figures 9-11. The turbulent
quantities decay on either side of the shock and amplify across the shock wave due
to a sudden change in mean velocity. The DNS data shows very large values of
Rq1 in the region of the shock wave. This does not represent actual amplification
of Ri11, and is not captured by the turbulence models. There is a non-monotonic
variation in the Rq; immediately after the shock. This non-monotonic behaviour
is due to the acoustic decay, as per by Mahesh et al. [11], and is not explicitly
modeled in the present work. The post-shock DNS data is extrapolated back to
the shock-center location (x = 0) to get an estimate of the effective jump (shown
by an open square) in the turbulent quantities across the shock.

Figure 9 shows the streamwise evolution of the Reynolds stresses and the dis-
sipation rate for Mach 1.5 shock-turbulence interaction. The amplification in Rj;
and Rso in all three solutions—baseline, non-conservative and conservative—are
comparable to the DNS data extrapolated to the mean shock location of x = 0.
The streamwise evolution of Reynolds stresses for non-conservative and conserva-
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Figure 10. Streamwise evolution of the turbulence quantities in a Mach 2.5 canonical STI. Numerical
solution computed using the Lax-Friedrich scheme for the baseline (dash-dot), the non-conservative form
(long-dash) and the conservative form (solid-line) of the present RSM are compared with DNS data (sym-
bol). The amplification in turbulent quantities obtained by extrapolation of the DNS data to mean shock
location is shown by O.

tive models decays monotonically and have an approximately same decay rate as
that of baseline model both upstream and downstream of the shock wave. The
models slightly underpredict the decay of the Reynolds stresses downstream of the
shock in comparison with the DNS data. Here, the non-conservative and conser-
vative RSMs show similar results indicating a small magnitude of numerical error
for interaction with weak shock waves. The turbulent dissipation rate predictions
show similar trends in figure 9(c), with the model results matching DNS data well.
The only exception is the baseline model that gives too high an amplification in e
across the shock. For the Mach 2.5 case shown in figure 10, the best predictions are
obtained using the conservative form of the new Reynolds stress model. The jump
in R11 matches the extrapolated shock value in the DNS data. The Ryo predictions
match the DNS data over the entire domain, except for a small region immediately
behind the shock. The turbulent dissipation rate matches the peak DNS value at
the shock wave, overpredicts € for 0 < z < 8 and overlaps with DNS data further
downstream. The trend is identical to that presented in Sinha [16], and this results
in a slight underprediction of R;; in the downstream flow. The non-conservative
simulation overpredicts R11, Ra2, and € at the shock wave and exhibits a sub-
stantially higher post-shock decay rate than that in the DNS. The baseline model
follows a similar trend, but the errors are higher than the non-conservative form
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Figure 11. Streamwise evolution of the turbulence quantities in a Mach 3.5 canonical STI. Numerical
solution computed using the Lax-Friedrich scheme for the baseline (dash-dot), the non-conservative form
(long-dash) and the conservative form (solid-line) of the present RSM are compared with DNS data (sym-
bol). The amplification in turbulent quantities obtained by extrapolation of the DNS data to mean shock
location is shown by O.

of the current RSM based on the shock-unsteadiness correction.

The non-conservative errors at the shock are even higher in the Mach 3.5 in-
teraction presented in figure 11. In this case, the amplification of € for the non-
conservative and baseline models is higher than the DNS data by about an order
of magnitude. It results in a rapid decay of the post-shock turbulence, which is
very different from the trend observed in the DNS. The conservative model (with
minimal numerical and physical modeling error), once again, is the closest to the
DNS data. The shock-jumps in Rj1, Roo, and € are reproduced well by the new
model, but the decay rate of the Reynolds stresses is overpredicted, due to the
turbulent dissipation rate being higher than DNS data in the range 0 < x < 8.

6. Generalization to multi-dimensional problems

The results presented above show that a physically consistent and numerically
robust Reynolds stress model is able to predict the changes across a normal shock.
For an oblique shock oriented at a angle 6 in the x — y plane (shown in figure
12), the proposed model equations for Rj;, Raa can be interpreted in terms of
the shock-normal R,, and transverse R¢e components. Equation (21) can thus be
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Figure 12. Schematic of an oblique shock at an angle 6 to the y-coordinate in the lab frame of reference.
written in a general tensor form as

ouy,

D ﬁRnn 7k
nm axk

4
P / — —

2
— Cipean, — gﬁev (33)

where a,,, is the anisotropy in the shock-normal Reynolds stress. Note that the
mean derivatives in the shock-transverse directions are assumed to be small such
that the shock-normal velocity gradient on the right-hand side is replaced by the
mean dilatation. Similarly, the shock-normal convection term on the left-hand side
is generalized to the material derivative.

Following identical procedure for the shock-transverse Reynolds stress Ree, we
generalize Equation (7) to

duy,

ox k

Dt

2 . _ _ 2_
_§C2PR1717 — Cpeage — 3P (34)
where age is the anisotropy in the transverse Reynolds stress. For the Reynolds
stress component Ri9, we start with Equation (1) written for a shock wave normal
to the x-direction,
8ﬁﬁR12 ou

u
e (Co — 1)FR12£ — C1peasa, (35)

and generalize it to an oblique shock to get the model transport equation for the
Reynolds stress component R,

DpRye _
Dt

ouy,

(02 - 1)pR"58_xk

- Clﬁeang. (36)

where a,¢ is the anisotropy in the Reynolds stress component ;.
The Reynolds stresses in the lab frame of reference (z,y) can be related to those
in the shock frame by the coordinate transformation

Ry1 = cos*0R,y, + sin20 Ry + sin0 Ree,
Roy = sinQHR,m — 5in20 R, + cosQGR&, (37)
Rig = (Ree — Rypy)cosfsind + (cos®0 — sin0) Ryye.
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The transport equations for Ri1, Roo and R1s can now be derived in terms of the
model equations for R,,, R¢e and R;¢ given above. On simplification, we get

DpR Oui 2

%tu = (AnpRi1 + A12pRos + A13pR12) C%CZ — Cipeays — 376 (38)
DpR Oui 2

%tzz = (A21PR11 + A22pRoo + A23ﬁR12)8_xZ — Cpeazs — 376 (39)
D?R _ _ _ ouy, -

gtm = (A319R11 + As2pRos + A33PR12)8—$Z — Cypeara, (40)

where the reverse transformation is used to express R,;,, R¢e and R,¢ on the right-
hand side in terms of Ri1, R22 and Ris. The model coefficients in the above equa-
tions are as follows,
4 2 Cy—1
Ay = (=2 +2b) + 502)00549 — 60251#29 + (2—2)8in220,

4 2 -1
A = (=14 + Ecg)sm%e - gcgsm‘le _ (Gl

sin?20,
4 2 -1
A3 = ((2 — 2V + §02)00329 + §Cgsin29) s5in20 + (02—2)31'7149,

4 2 -1
A9y = (=1 + 0} + 802)82’71220 — 50200549 _Goy

sin?20,
Agg = (=2 + 2V + %@)m‘*e - %C’gsin229 + (C2—2_1)sm229,
Agz = ((2 —2b) — gC’g)sinQO + 50200829) sin26 — (02—2_1>sin49,
Az = (1 — by — Cy)sin20cos*0 + (C+:1)sm49,
Azg = (1 — V) — Cy)sin20sin6 + L{l)smw,
Asz = (1 = by — Cy)sin?260 + (Cy — 1)cos*20
The Reynolds stress Rs3 is transverse to the oblique shock defined in figure 12. It

behaves akin to R¢¢ across the shock wave and the model transport equation takes
the form

DpR33
Dt

2 __ Oug _ 2_
= —§C2PRnn% — Cipeass — 3P

which is derived from Equation (34), and can be written as,

2 2
= —gCQﬁ (COSQHRH — sin20R19 + SiTLQ@RQQ) g% — C1peass — gﬁe, (41)
k

DpRs3
Dt

Finally, the dissipation rate Equation (28) is cast in general tensor form as,
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The above five Equations (38-42) represent a physically consistent Reynolds stress
model for flows with shock waves oriented at an angle 6 in the x — y plane. The
equations can be further generalized for shock waves with any arbitrary orientation
in a three-dimensional flow.

An existing CFD code can be modified to implement these equations in regions
of shock wave, identified in terms of large negative values of mean dilatation. A
shock detector function can be used [8, 18] such that the modifications are re-
stricted to high-compression regions, without altering the base model in the flow
outside of shock waves. The shock angle 6 can be calculated using the local mean
pressure gradient vector. The model coefficients depend on 6, which is physically
consistent with the directional nature of a shock wave. A shock alters the normal
and transverse Reynolds stresses differently and this information is retained in the
new physics-based RSM. The local pressure gradient can also be used to obtain the
shock-normal component of the Mach number. This has been successfully imple-
mented in SBLI flows with a single oblique shock [8] and with multiple shock waves
[18]. Newer approaches which eliminate the dependence of the model coefficient b}
on My, are also being explored [46].

We note that the above RSM equations (38-42) for a shock wave are in non-
conservative form. They are expected to give accurate prediction for shock with
M, upto 1.5 (see figure 9) and possibly as high as My, = 2. The corresponding
upstream flow Mach number can be much higher (up to M = 5) for weak oblique
shocks. For stronger shock waves, we need to employ a conservative formulation
to eliminate large numerical error at the shock discontinuity. This is achieved by
writing the conserved variables fi1, fo and g, in Equation (31), in terms of the
shock-normal and transverse Reynolds stresses.

fi = Ryyp™,

fo = Ree — Ry, (43)
f3 = Ryept =),

g=ep 2L,

where a; = 2(b) — 1) +4C%/3 and = 2C5/3aq, and a new conserved variable
f3 is defined for the Reynolds stress component R,¢. Here, the overbar on p is
discarded to avoid potential conflict between Reynolds averaging and the sign of
the exponent. The model transport equations for the conserved variables, Equation
(31) can be generalized to

% = —(Cramg + g)ngalJrQC“/gv (44)
% = —Cipgp*©/?, (45)
% = —Ciapepgp'=Cr+2Cal3, (46)
D(Dptg) __c, %92 PCaf3 (47)

where a is in terms of a,, and ag¢, and the diffusion terms are neglected at the
shock wave.
The Reynolds stresses R11, Roo, and Ryo available upstream of a shock wave can
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be rotated to the shock coordinate system (shown in figure 12).

R, = c0s*0Ry1 — sin20Rys + sinQGRgg,
Rgg = sin20R11 + sin20Rq9 + COSQQRQQ, (48)
R,e = (R11 — Ra2)cosfsind + (00829 — SinQG)ng,

which can then be used to arrive at the upstream values of the conserved variables,
as per Equation (43). The post-shock values obtained by solving Equations (44)-
(47) across the shock can then be converted back to Rj1, Ree, and Ryo by invoking
the reverse transformation.

The R33 equation not included in the above discussion can be transformed to a
conservative form by following a similar approach. The resulting RSM equations
can be used effectively for the entire range of Mach numbers. Application of the
generalized model to realistic flows like shock-boundary layer interaction is beyond
the scope of the current work.

7. Conclusion

In this work, we study the variation of Reynolds stresses when homogeneous
isotropic turbulence interacts with a nominally normal shock wave. The transport
equations of the existing Reynolds stress models are simplified for a steady one-
dimensional mean flow, and integrated to yield the jump in the normal Reynolds
stresses across the shock. Comparison with available DNS data shows significant
over prediction in the amplification of the streamwise and transverse Reynolds
stresses. This could possibly be because of the fact that the existing models do
not account for the damping effect of unsteady shock oscillations. Sinha et al. [14]
developed a model for the shock-unsteadiness effect based on theoretical analy-
sis of canonical shock-turbulence interaction. The model was found to predict the
amplification of turbulence kinetic energy across the shock accurately, and has
shown good potential in shock-boundary layer interaction flows. We incorporate
the shock-unsteadiness model in the Reynolds stress transport equation, and it
is found to significantly improve the post-shock Reynolds stress predictions. The
dissipation rate equation is also modified based on the variation of enstrophy and
mean kinematic viscosity across a shock wave, as per Sinha [16].

The new physics-based Reynolds stress model thus obtained is used to predict
canonical shock-turbulence interaction, for which DNS data is available in litera-
ture. The current predictions show significant improvement over existing models,
for both streamwise and transverse Reynolds stresses. The jump in the turbulence
quantities and their downstream evolution matches DNS data well for Mach num-
bers ranging from low supersonic to the hypersonic regime. Further, the model is
able to reproduce the non-monotonic variation of Reynolds stress anisotropy behind
the shock with increasing shock strength. The new model equations for the nor-
mal Reynolds stresses, along with the transport equations for the Reynolds shear
stress, are generalized to a tensor form that can be applied to multi-dimensional
flows with shock waves of arbitrary orientation.

The model equations, when implemented in a CFD code, exhibit large numerical
error at flow discontinuities like shock waves. This is due to the non-conservative
source terms in the transport equations, which take un-physical values in a shock.
We propose a novel transformation of the Reynolds stresses and the turbulent
dissipation rate into new turbulence variables that are conserved across a shock.
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This minimizes numerical error and gives well-behaved results, which converge to
closed-form analytical solution on successive grid refinement. The new Reynolds
stress model equations are thus physically consistent and numerically robust for
modeling high-speed turbulent flows with shock waves.
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