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Classical approaches to model the turbulent heat flux rely on the gradient diffusion hypoth-
esis which assumes an alignment between the temperature gradient and turbulent heat flux.
This assumption is generally valid but breaks down in the vicinity of shocks. Particularly in
shock-turbulence boundary layer interaction (STBLI), the anisotropy of the post-shock turbu-
lence imparts an anisotropic heat flux to the wall that is not aligned with the mean thermal
gradient. We derive a turbulent heat flux model that can be implemented into a Reynolds
Stress Model (RSM). It models the turbulent heat flux with the information provided from
the Reynolds stress components of RSM. The heat flux model is first validated against DNS of
a planar shock turbulence interaction problem. Afterwards, the model is implemented into
a full Navier-Stokes solver, CFL3D, in order to simulate a shock-boundary layer interaction

problem.
I. Nomenclature

M = Mach number
Cp = Specific heat at constant pressure
p,p, T = density, pressure, and temperature
(®)'/(®)” = Reynolds/Favre fluctuations of variable ®
@/@5 = Reynolds/Favre average of variable ®
(?),/ (®); = upstream/ downstream quantities of variable @
JTY = kinematic and dynamic viscosity
Uiy Ve = kinematic and dynamic turbulent viscosity
Pr, Prp = Prandtl and turbulent Prandtl number
k = turbulent kinetic energy
€ = specific dissipation
Cu, G = model constants
& = mean position of the shock
by = closure coefficient
1) = estimator of flow compressibility
R;; = Reynolds stresses

In high-speed flow applications, shock-turbulence boundary layer interactions (STBLI) are responsible for a localized
peak in the wall heat transfer in the post-shock region. From an engineering perspective it is critical to accurately predict
the location and magnitude of this peak thermal load as it dictates the parameters of the needed thermal protection
system. The localized heating is directly tied to the mean flow pressure/temperature rise through the shock but-more
importantly near solid walls—to the increased turbulent heat flux impinging on the surface. Whereas the mean flow
properties through a shock are rather simple to predict, the turbulent heat flux remains more difficult to estimate as
both the jumps in turbulent kinetic energy and thermal fluctuations through the shock must be accurately predicted.
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Furthermore, the strong anisotropy of the post-shock turbulence in STBLI results in a highly-directional turbulent heat
flux. In other words, the modelling of the post-shock turbulence anisotropy is needed, at a minimum, to accurately
capture the peak thermal loading in shock-wave boundary layer interactions. This anisotropic heat flux modelling in the
context of Reynolds-Averaged Navier-Stokes (RANS) equations is the focus of the present work.

As the turbulent stresses are important contributors to the turbulent heat flux in the STBLI, classical, two-equation
RANS turbulence models prove to be inadequate in determining the maximum surface heat loading. Although corrections
may be applied to accurately capture the turbulent kinetic energy jump through the shock [1]], the two-equation models
are unable to provide quantitative estimates of the local turbulence anisotropy. Reynolds-stress equation-based models
(RSM) resolve the full Reynolds stress tensor but require modifications to capture the changes to the off-diagonal terms
when passing through a shock. Recent works have proposed different approaches to account for the Reynolds stresses
increase in a shock-turbulence interaction [2, [3]].

Despite the observable anisotropy of the turbulent heat flux, most existing RANS-based models rely on the gradient
diffusion hypothesis (GDH) to relate the turbulent heat flux to the known turbulence quantities. The introduction of
this model is often attributed to [4], although ideas had been presented prior. The typical GDH model-used for both
two-equation and RSM-reads [5]]:
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Despite the prevalence of this turbulence heat flux assumption, this model does not account for the anisotropy of the
turbulent stress and only the turbulent kinetic energy is used in modelling the eddy viscosity term. Of note, some of the
seminal works (see e.g. [6]) actually consider the individual Reynolds stress components before making a simplifying
assumption of isotropic thermal diffusivity.

A further limitation of the above model lies in the use of the turbulent Prandtl number which is known to vary
greatly across the shock [7]. The turbulent Prandtl number is often selected independently from the Mach number of the
problem, thus greatly impacts the turbulent heat flux prediction in the post-shock region. The importance in defining a
turbulent Prandtl number in hypersonic flows calculations was presented in [§]].

The gradient diffusion hypothesis assumes that the maximum turbulent heat flux must be aligned with the maximum
mean temperature gradient. This hypothesis has been questioned in very simple flows. Experimentally, it has been
shown that the turbulent heat flux in the axial direction of a fully turbulent pipe is three times larger than in the wall
normal direction [} [I0]]. The under-prediction of the u’T" due to the gradient diffusion hypothesis has been observed in
a number of simulations [[11]. Other workers [[12,|13]] used a higher order turbulent heat flux model which decomposes
the eddy diffusivity tensor into symmetric and anti-symmetric parts. This approach permitted improved predictions in a
number of canonical turbulent heat transfer cases.

The gradient diffusion hypothesis has been questioned in [[14] for supersonic flows. As the turbulent heat flux relies
on the mean temperature gradient in GDH based models; it attains a zero value upstream and downstream of a shock
wave due to the uniformity of mean temperature. Whereas, direct numerical simulation (DNS) data clearly shows a peak
positive value of turbulent heat flux just downstream of the normal shock wave due to the generation of anisotropy across
the shock wave. Quadros et al. [14] proposed an alternative formulation of turbulent heat flux based on linear interaction
analysis (LIA) which improves the post-shock prediction of heat transfer for a given range of freestream Mach numbers.
But, being a differential equation based model, it will invariably increase the computational cost of the simulation.

In the present work, we present a novel approach to model the anisotropic heat flux in shock-turbulence interaction
(STI) and shock-turbulent boundary layer interaction (STBLI) problems. The proposed turbulent heat flux estimation is
developed within the context of Reynolds stress model (RSM) without the reliance on GGHD. The model and modelling
assumptions are presented in the following section. The application of the model to STI is done to assess the normal
component of the turbulent flux, the results are presented in Section 3. The applicability of the model to more complex
two dimensional flows is investigated in Section 4. To this end, the model is integrated into CFL3D and a STBLI
problem is investigated. In Section 5, the conclusions are drawn.

(D

" o~
cppu”’T" ~

I1. Anisotropic turbulent heat flux modelling
The peak wall heating observed in shock-turbulence boundary layer interactions (STBLI) is very important to tackle
from a design perspective. An inaccurate prediction of the location and magnitude of this wall heat flux leads to severe
structural damage along with a reduction in vehicle performance. Reynolds averaged Navier-Stokes (RANS) turbulence
models are often used to model the complex flow physics in STBLI, owing to their low computation cost.



The gradient diffusion hypothesis (GDH) and the Reynolds analogy are used to model the turbulent heat flux:

— vr OT
u'T’ =——— 2
GDH = =5 57 (2)
where vr is the turbulent kinematic viscosity. It is related to turbulent kinetic energy via the dissipation rate € in the
standard k-€ turbulence model.
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The strong Reynolds analogy relates the turbulent heat flux to the Reynolds stress (in terms of kinematic eddy viscosity
vr) via a constant value of turbulent Prandtl number. The gradient diffusion hypothesis assumes isotropic turbulence
and the heat flux vector is aligned with the corresponding mean temperature gradient. But this simple assumption breaks
down in cases where the heat flux is not aligned with the mean temperature gradient, such as shock waves with highly
anisotropic downstream flow. As a result, the GDH is known to inaccurately predict turbulent effects in such flows.

A more general rigorous approach was proposed by Daly and Harlow [4]. They modeled the turbulent thermal

diffusivity, ar = EKTT in terms of Reynolds stresses to account for the anisotropy.
P
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Here Cy = 0.3 is a model constant, k is the turbulent kinetic energy and e is the dissipation of turbulent kinetic
energy. This model has been used for pipe and duct flows where it overcomes one of the shortcoming of GDH due
to misalignment of the turbulent heat flux and mean temperature gradient but gives wrong results of heat flux in the
normal direction to mean temperature gradient [[15]. The above model is often known as general gradient diffusion
hypothesis (GGDH).

Both models will give a peak negative value of turbulent heat flux at the shock wave whereas they will attain a
zero value upstream and downstream of the shock. The models are also highly grid dependent because of the mean
temperature gradient and they will increase the magnitude with grid-refinement (without temperature gradient clipping
or limiters). The only difference between the two models lies in the peak magnitude of the turbulent heat flux such that
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Both models are unable to capture the downstream peak positive heat flux value observed in DNS data. In short, the
current approaches to model the turbulent heat flux cannot give accurate prediction downstream of a shock wave where
the flow is highly anisotropic.

Here, we consider a different approach to model the turbulent heat flux across a normal shock wave. We assume that
the GDH assumption is valid upstream of the shock wave where the flow is almost isotropic and model the upstream
turbulent heat flux vector defined as in Eq. (2). Downstream of the shock, where the turbulence is most anisotropic, the
gradient diffusion hypothesis breaks down and we used the method prescribed by Roy et al. [7] to model the downstream
heat flux vector. The conservation of total enthalpy is used to model the turbulent heat flux behind the shock wave. The
shock wave undergoes unsteady motion in response to the fluctuations of the turbulent flow. The deviation of the shock
from its mean position is taken as &(y, z, 1), such that the temporal derivative & represents the instantaneous shock speed
in the streamwise direction, Figure (1). The total temperature in the shock reference frame is written as
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Here, u,v,w are the velocity components, overbar represents mean flow quantity and primes denote turbulent fluctuations.
Assuming the shock speed and fluctuations to be small compared to the jumps in the mean flow quantities across the
shock, the linearized total temperature conservation across the shock is given as:
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Fig. 1 Schematic of a distorted shock while interacting with upstream turbulent fluctuations

where the subscripts u and d denote the shock upstream and downstream location respectively. The left-hand side of the
above equation represents the linearized form of the total temperature fluctuations upstream of the shock wave. We
assume that the total temperature fluctuation in the upstream flow is negligible as per Morkovin’s hypothesis [[16] and
the simplified form of the above equation is given as

uqu’
T, + a_ S ) (8)
Cp Cp

which gives an expression for the turbulent heat flux behind the shock wave:
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where r is the mean density across the shock wave. Next, we employ the shock unsteadiness model of Sinha et al. [1]],

where the unclosed u/,&; correlation is written in terms of shock-normal Reynolds stress component:

52
6—r) (10)

This is based on the assumption that the unsteady shock motion is caused by the incoming turbulent velocity fluctuations
and the closure coefficient b; is obtained from linear interaction analysis. We thus get

T = =Ry (1 +bi(r - 1) (11)
‘p

where Ry| = u”? is the shock-normal Reynolds stress. Similarly the expressions for v/, 77 and w/, T, are
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where Ry, = u’v’ and Rj3 = u’w’. Clearly, across a normal shock these two terms will equal zero; but within a turbulent
boundary-layer or sheared turbulence, these terms will have a finite value through a shock wave. In the above expressions,
we also assume that

%:wéé—} ~ (), (14)

i.e., the shock-speed has a very weak correlation with the transverse velocity fluctuations. Now the upstream components
of turbulent heat flux vector are modeled as per gradient diffusion hypothesis, so we introduced a blending function f(r)

f(r) = exp[1000(1 — r)] (15)



The value of f(r) = 1 in the upstream flow where r = 1 and f(r) = 0 in the downstream flow where r has a finite value.
Thus the heat flux components are given as

T =~ LRy (L by = D)1 - 7] - “”an(> (16)
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The above models account for the local turbulence anisotropy downstream of the shock yet revert back to a classical
GGDH model elsewhere. This local turbulence anisotropy is accounted for by incorporating the RSM terms of the
Reynolds stress tensor.

II1. Planar shock turbulence interaction (STI)

The Reynolds stress model (RSM) can be used to compute different component of turbulent heat flux vector across a
shock wave. Also, the assumption of upstream negligible total temperature fluctuation needs to be modified for the
canonical shock-turbulence interaction case. Most of the canonical STI problems consider purely vortical turbulence
upstream and thus only 7, = 0 in Eq. (6)) and the contribution of u/, needs to be retained in the derivation, which leads
to a slightly different velocity-temperature correlation for STI problem:
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where the model parameter « relates the upstream and downstream velocity fluctuation; m ~ au’dz. Here
a = max(0.6, exp(0.25(1 — My))), note that for higher freestream Mach number (M; > 3) the value of @ — 0.6, which
is consistent with Roy et al. [[7]. The value of @ = 0.6 gives a negative peak heat flux value at lower Mach number and
we put a lower Mach number correction to avoid the negative peak heat flux. The value « is equal to 1 for sonic flow.
Hence the heat flux equation for STI problem

,uT paT

T = LRy (r— 1= bi(r = D) [1 = £()] -
Cp

27" (20)

We have solved the mean flow by one-dimensional inviscid Reynolds—averaged Navier—Stokes equations and the
model prescribed by Babu and Sinha [3]] is used to find the unclosed Reynolds stresses. The Lax-Friedrich scheme is
used to evaluate the inviscid fluxes at the cell faces and the turbulence source terms are calculated at the cell centers.
Although the first order accurate Lax-Friedrich method is highly dissipative in nature compared to other higher order
schemes but it can match those higher order results by using a large number of points [17]. A much higher grid count
can be used in these one-dimensional flows. A constant Courant-Friedrichs—Lewy (CFL) number of 0.4 is used for all
the simulated results presented here.

Fig.[2 shows the model comparison with the DNS data of Larsson et al. [[18] for a Mach number range of 1.5 to
6. The standard GDH model predicts a large negative value of the turbulent heat flux across a normal shock wave
whereas the current model matches the DNS data for all the cases considered here. The center of the mean shock is
located at x/L. = O for all the cases and the vertical dashed lines represent the mean shock thickness. Note that, the
mean shock-thickness reduces with increased free-stream Mach number. Here the velocity fluctuation is normalized
by upstream mean velocity and the temperature fluctuation is normalized by downstream mean temperature. The
correlation is further normalized by the upstream normalized turbulent kinetic energy. Also, the streamwise distance is
normalized by the dissipation length scale L.

IV. Shock-turbulence boundary layer interaction (STBLI)
For completeness, we integrate the turbulent heat flux model into a full Navier-Stokes solver and solve a well-defined
shock-turbulence boundary-layer interaction (STBLI) problem. One of the relevant cases of study is the supersonic
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Fig. 2 Streamwise variation of u’7T’ for different freestream Mach numbers. The computed results are com-
pared with the DNS data of Larsson et al. [18]]



wedge compression corner [20], for which experimental data are available. In order to implement this model, we define
a parameter to assess the proximity to the shock, r. This function is needed for the calculation of the blending function
f(r), is generally not straightforward to obtain without the implementation of an additional transport equation. To
overcome this difficulty, we use an algebraic expression based on previous works of Sinha ez al. [19] to locally compute
the shock proximity. The flux equation for the STBLI problem is thus slightly different from the STI case. For instance,
in the streamwise direction, the heat flux reads:

/JT paT

W = ——R11(1 +bi(1= @)1 = f(9) = 5L =~ (4) D
T = __Rlzu - o) - B 6Tf(¢) (22)
T = ——R13(1 ~ oy - e 8Tf(¢>) (23)

where ¢ is given by equation (24)), an estimator of the flow compressibility; ¢ = 0 in high-compressibility regions and
¢ = 1 otherwise. It is algebraically defined as

¢=3

1 Sii 1

tanh(lOS+500+3) 5 (24)
The anisotropic heat flux correction was implemented into CFL3D, an open-source, structured-grid Reynolds-averaged
Navier-Stokes (RANS) code [21]]. The code solves the compressible Navier-Stokes equations on a multi-block structured
grid using standard second-order finite volume approximations. The solver speed greatly benefits from a multi-grid
implementation. We use the well-documented SSG/LRR RSM turbulence model [22]; we make the modifications to the
turbulent heat flux implementation of this RSM model and compare to the standard GGDH model.

For the STBLI test case, we consider a flat plate/wedge configuration with a 36° inclination as per in the report
by [24]]. The operating condition is set to a free-stream Mach number of 9.22 and Reynolds number of 26.2 million.
The domain size is selected to study the compression corner shock turbulence interaction. All the simulations are
fully wall-resolved using a fully structured, two-dimensional mesh with over 1.3 million cells (975 x 663 x 2). The
geometrical configuration and additional experimental details can be found in [23],[26] and [25]. At these selected
operating configurations, a separation region appears in the corner and a peak heat flux is observed on the ramp in the
immediate post-shock region.

The overall organization of the shock structure remains almost unchanged with the integration of the new anisotropic
heat transfer model in Figure ] (a) and (b). This observation is consistent with the expected modest influence of the
turbulent heat transfer on the general flow features. Furthermore, away from the shocks, we expect both heat transfer
models to deliver identical results, as a result the differences arise only in the vicinity of the shock. A closer inspection
of the near wall temperature field in figure [5|reveals some slight variations between both cases, although most of the
variation is located away from the wall near the shock wave. Figures[/|show the wall normal profile of temperature and
density at the location of the maximum heat flux. Both models provide a similar estimate of the near wall thermal layer
although slight differences are observed at other locations in the profile. When comparing with experimental results, the
normalized pressure distribution on the wall, in Figure [f] (b), is only very slightly impacted by the turbulent heat flux
model. The corrected model produces a slightly longer separation region (~ 10% longer) than the Generalized Gradient
Diffusion Hypothesis (GGDH) and the surface heat flux is slightly reduced with the new model.

V. Conclusion

A model to account for the anisotropic turbulent heat transfer of supersonic flows with shock waves is developed.
The model blends a newly developed algebraic model in the vicinity of the shock wave with standard gradient diffusion
hypothesis away from the shock. The model is then assessed against classical cases of shock turbulence interaction
(STI) and shock-turbulence boundary layer interaction (STBLI). The STI results shows good agreement in both the
peak value and decay of the turbulent heat flux. The STI cases presented here only considered a single turbulent Mach
number (M;) and Reynolds number based on Taylor micro scale (Re,;). The generalizability of the model to account for
a greater range M, and Re, values will be left for future work. The model was also implemented into a compressible
Computational Fluid Dynamic solver, CFL3D. More specifically, the turbulenct heat transfer model was integrated into
the existing SSG/LRR framework for the RSM turbulence model. The CFD framework was used to study the more



Fig. 3 Compressibility indicator ¢ for the case of the hypersonic wedge flow
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Fig. 4 Qualitative comparison of the pressure distribution using the GGDH (a) and the newly implemented
model (b). The color scales of the respective figures are identical.

Fig.5 Temperature color plot (identical scale) for the GGDH (left) and corrected heat flux model (right).
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complex setup of STBLI, generated from a planar wedge, in which the mean temperature gradient and turbulent heat
flux are not aligned. In the STBLI, the anisotropy of the post-shock turbulence imparts an anisotropic heat flux to
the wall. Although the present CFD results are fully grid converged, the numerical results do not capture the correct
separation bubble in the compression corner and present a slight departure from the experimental data. Nonetheless, the
integral flow structures (shock position, wall pressure distribution etc.) remain unaffected by the turbulent heat flux
model while the turbulent heat flux at the wall is reduced with the new model and shows a better agreement.
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