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Nomenclature

cp = Specific heat at constant pressure, J/kg.K

M = Mach number

PrT = Turbulent Prandtl number

qw = Wall heat flux, W/cm2

r = Mean density ratio

Re = Reynolds number

T = Mean temperature, K

u = Mean velocity in x-direction, m/s

αT = Turbulent thermal diffusivity, m2/s

δ0 = Boundary layer thickness upstream of interaction, m

ρ = Mean density, kg/m3

k = Turbulent kinetic energy, m2/s2

νT = Turbulent kinematic viscosity, m2/s

ω = Specific dissipation rate, s−1

Subscripts

∞ = Free-stream condition

w = Wall condition
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I. Introduction

Predicting turbulent heat transfer in high-speed flows dominated by shock waves poses sig-

nificant challenge to computational fluid dynamics (CFD) methods [1, 2]. The majority of the

turbulence models are based on the gradient diffusion hypothesis, where the turbulent heat flux

is modeled in terms of turbulent conductivity and turbulent Prandtl number (PrT ). Conventional

turbulence models in Reynolds-averaged Navier-Stokes simulations use a constant PrT value of 0.89;

they often overpredict the wall heat transfer in shock-boundary layer interaction (SBLI). A few vari-

able PrT models proposed in literature improve the heat flux prediction, but are computationally

intensive [3, 4].

In a recent work, Quadros et al. [5] propose a new model for the turbulent heat flux based on

the interaction of turbulent fluctuations with a normal shock [6]. The unsteady oscillations of an

otherwise steady (in the mean) shock wave are found to have a dominant effect. It is modeled using

the shock-unsteadiness model of Sinha et al. [7], which is based on linear interaction analysis of

shock-turbulence interaction. The model is found to match DNS data for the peak turbulent heat

flux generated by shock waves [5].

Roy et al. [8] cast the physics-based turbulent heat flux model in a variable PrT form, so as to

readily integrate it into existing CFD codes. As per the new model, the turbulent Prandtl number

is a function of the shock strength and the shock-unsteadiness parameter [7]. It takes a value

lower than the conventionally accepted value of 0.89 and the value decreases for stronger shock

waves. A lower PrT results in a higher turbulent conductivity and a higher turbulent heat flux

than conventional models. More heat convected away from the wall by fluid turbulence leads to a

lower peak heat transfer to the wall. The results match the peak heating measured in oblique shock

boundary layer interaction for a range of shock strengths [9].

The primary advantage of the new variable PrT model is its algebraic form that makes it

computationally efficient and numerically robust. It is applied in the region of shock waves and the

model reverts back to the constant PrT version other wise. The model correction increases with

the strength of the interaction, such that the significant improvements are obtained in predicting

the peak heat transfer rate for strong shocks. In the limit of Mach 1, the model is calibrated to give
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vanishing small correction, so as to revert back to standard model in the absence of shock waves.

A limitation of the model is in the fact that it uses the shock-unsteadiness parameter for purely

vortical turbulence upstream of the shock [7]. This is representative of low supersonic flow interacting

with shock waves, where the thermodynamic fluctuations are expected to be small. This is not the

case in hypersonic flows, where the temperature fluctuations can be appreciably large compared to

the velocity fluctuations. In fact, the normalized rms temperature fluctuations scale with the square

of the flow Mach number relative to the normalized rms velocity fluctuations, as per Morkovin’s

hypothesis [10].

In this paper, we extend the validity of the previous variable PrT model to high Mach number

flows by including the effect of upstream temperature fluctuations. The shock-unsteadiness param-

eter in the previous version is replaced by its counterpart [11] that includes the effect of upstream

temperature fluctuations. Otherwise, the earlier variable PrT framework is retained, so as to take

advantage of its simple algebraic form and its computational efficiency. The new model is tested over

a wide range of Mach numbers for different SBLI configurations. It shows significant improvement

in hypersonic cases, while collapsing back to the earlier model for lower Mach numbers.

II. Model development

The current heat flux model for hypersonic flows builds upon the variable PrT model presented

by Roy et al [8]. We describe the key steps in the development of the earlier model, which is based

on the conservation of total enthalpy fluctuations across an unsteady oscillating shock wave.

T ′1 + u′1
ū1
cp

= T ′2 + u′2
ū2
cp

+ ξt
(ū1 − ū2)

cp
(1)

where subscript 1 and 2 represent shock upstream and downstream locations and ξt is the un-

steady shock speed. Overbar is used to denote mean quantities, while prime represents turbulent

fluctuations.

The above equation is written by neglecting higher-order terms involving squares of velocity

fluctuations, such that the left-hand side represents the total temperature fluctuations in the up-

stream of the shock. This can be taken to be zero, assuming that Morkovin’s hypothesis [10] is

valid in the incoming flow. Taking a moment of Eq. (1) with u′2 gives a relation for the downstream
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turbulent heat flux

cpu′T ′ = −ū
(
u′2 + u′ξt(r − 1)

)
(2)

where r is the mean density ratio across the shock and subscript 2 is dropped for convenience. The

unclosed correlation between the shock speed and the velocity fluctuations is modeled in terms of

the stream-wise Reynolds stress u′ξt = b1u′2, as per the shock-unsteadiness model of Sinha et al. [7].

We next convert Eq. (2) into an equivalent PrT formulation by evaluating the thermal diffusivity

and eddy viscosity in terms of the turbulent transport in the shock-normal direction.

PrT =
νT
αT

=
3/4

1 + b1(r − 1)
(3)

The intermediate steps are delineated in section IV of Roy et al. [8], where it is argued that the

normal shock analysis can be extended to the shock-normal direction of oblique shocks in SBLI

flows. The above variable PrT model can be applied to any turbulence model. We choose the shock-

unsteadiness k-ω model [12], which is known to improve separation prediction, and the associated

surface pressure distribution in SBLI flows. The shock-unsteadiness parameter b1 is obtained from

linear interaction analysis [7], and is given by

b1 = 0.4 + 0.6

(
6ψ − 1

5ψ

)5.2

(4)

where ψ is a shock function computed using the mean dilatation at a shock wave [8]. It is set to 1

in the undisturbed boundary layer and takes a value 1/r at shock waves.

The shock-unsteadiness model parameter b1 corresponds to purely vortical turbulence upstream

of the shock wave [7]. This limits the applicability of the model to supersonic flows up to Mach 5.

For hypersonic flows, we need to account for additional fluctuations in the thermodynamic variables

in the boundary layer upstream of the shock interaction. Morkovin’s hypothesis [10] predicts that

the temperature fluctuations in high-speed boundary layers are related to the velocity fluctuations

as per

T ′

T̄
= −(γ − 1)M2u

′

ū
(5)

Veera and Sinha [11] extend the original shock-unsteadiness model of Sinha et al. [7] to include the

effect of upstream temperature fluctuations. They found that the shock-unsteadiness parameter is
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enhanced in the presence of temperature fluctuations, and is given by

b1 = 0.4 + 0.6

(
6ψ − 1

5ψ

)5.2

+ 0.2(γ − 1)M2
1 (6)

The production of turbulent kinetic energy is also modified to include the effect of entropic produc-

tion at shock waves. The model parameter b′1 in TKE equation is given by [11]

b′1 =
[
0.4 + 0.2(γ − 1)M2

1

](1− ψ
5ψ

)0.3

. (7)

We use the shock function ψ to compute the upstream shock-normal Mach number and it is used

instead of local Mach number in the upstream boundary layer. This reduces the computational

effort significantly and gives up to 10% error in the shock-unsteadiness parameters b1 and b′1 for the

present cases.

Otherwise, the implementation of the variable PrT model remains identical to that in [8].

In particular, the shock-detecting function fs is computed using the boundary layer thickness δ0

upstream of the interaction, and the values are is listed below. Also, PrT in Eq. (3) is used with

a blending function ζ to transition smoothly to PrT = 0.89 in regions without shock waves. The

sensitivity of the solution to the blending parameter χ is reported in [8] SBLI at Mach 5. At higher

Mach numbers considered in this work, we find a lower sensitivity (less than 6%) of the wall heat

flux to the variations in the blending parameter.

III. Results

The variable PrT model presented above is implemented in a Reynolds-averaged Navier Stokes

code based on the k-ω framework. The k-ω model of Wilcox [13] is used as the baseline model and

all the corrections are applied with respect to it. The shock-unsteadiness modified k-ω models of

Sinha et al. [7] and of Veera and Sinha [11] are also used for turbulence closure. The models do

not include any compressibility correction, as they are found to deteriorate model predictions in

the undisturbed boundary layer upstream of the interaction [14, 15]. The finite volume formulation

is identical to that used in the previous work [8], where the inviscid fluxes are computed using a

low-dissipation Steger Warming flux splitting method [16]. The viscous fluxes and the turbulence

source terms are computed via central difference. The code is second-order accurate in space, and
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Table 1 The freestream and wall conditions in the SBLI experiments [18] and the computed

boundary-layer thickness (δ0) at upstream location xup.

Deflection ρ∞ T∞ Tw Re∞/m δ0 xup k∞,10−3 ω∞,104

angle M∞ (kg/m3) (K) (K) ×106 (mm) (m) (m2.s−2) (s−1)

36◦ 11.3 0.0825 61.0 300.0 36.00 21.0 −0.2 8.50 1.70

36◦ 8.20 0.4990 70.0 298.0 145.0 17.0 −0.2 1.31 1.38

Ramp 33◦ 8.10 0.4910 71.7 297.0 139.0 16.5 −0.2 1.37 1.38

30◦ 8.30 0.5060 68.9 296.0 149.0 15.0 −0.2 1.27 1.38

27◦ 8.20 0.5090 71.1 296.0 147.0 15.0 −0.2 1.30 1.41

33◦ 8.21 0.0437 60.4 306.5 14.30 20.0 −0.1 5.00 0.54

Cone- 33◦ 7.18 0.0572 66.6 302.5 15.60 19.0 −0.1 3.90 0.50

flare 33◦ 6.17 0.0737 56.7 297.4 18.90 17.5 −0.1 1.97 0.40

33◦ 5.10 0.2840 75.8 294.6 50.20 15.0 −0.1 0.69 0.38

uses the data parallel line relaxation method [17] for implicit time integration to reach steady state

solution.

A. Compression ramp

We compute two-dimensional compression corner cases presented by Holden et al. [18], with

a 1.02 m long plate followed by a 0.3 m ramp. A series of tests were conducted with the ramp

angle varying between 27◦ and 36◦ at free stream Mach number around 8 and a 36◦ ramp at Mach

11.3 (table 1). The plate length is long enough to have a fully developed turbulent boundary

layer upstream of the interaction [18]. This eliminates any potential uncertainty in the RANS

computations due to laminar to turbulent transition. The highest temperature encountered in the

simulations is around 850 K, thus justifying the perfect gas assumption employed in the governing

equations. The wall temperature is reported for each case, and it is specified as an isothermal

boundary condition, along with velocity no-slip, on the compression ramp. The boundary conditions

on the turbulence variables are specified as per [19], where the length of the plate (1.02m) and cone
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(2.35m) are taken as the characteristic lengths for calculating ω∞ for the compression ramp and

cone-flare cases. The computational domain extends from the tip of the plate to the end of the ramp,

where an extrapolation condition is used at the flow exit boundary. The subsequent expansion is

not simulated, as it is expected to have negligible effect on the surface properties in the interaction

region.

The computational grid consists of 600×250 points, with exponential stretching in the wall-

normal and wall-parallel directions. The first cell height is 1x10−6 m next to the wall, which is

equivalent to 0.4 wall units or less along the compression ramp geometry. A rigorous grid refine-

ment study is done for the strongest interaction at Mach 11.3, with three successively refined grids

(400×150, 600×250 and 900×400) and the near wall spacing was reduced by a factor of 2 each time.

The peak wall heat transfer showed a converging trend; the difference is less than 3% between the

two finer meshes and the solutions are otherwise identical. Further refinement to 1300×600 grid

points gives close to 1% variation in the peak heating rate.

Figure 1 shows the computed surface pressure and heat transfer rate for the strongest interaction

at Mach 11.3. The results are compared with experimental data measured along the model center

line, where three-dimensional effect are found to be negligible [18]. The pressure rise at x = – 0.08

m corresponds to the separation point and it is well predicted by the current model (denoted by

SU k-ω 2009) based on the shock-unsteadiness correction of Veera and Sinha [11]. The original

shock-unsteadiness model (denoted by SU k-ω 2003) of Sinha et al. [7] over-predicts flow separation,

because of excessive damping of turbulence kinetic energy at hypersonic Mach numbers. The baseline

model suppresses flow separation, and results in a pressure rise close to the corner (x = 0). The

current model matches the pressure plateau in the separation region, predicts a small peak at

reattachment and overlaps with the pressure data measured on the ramp. The SU k-ω 2003 model

also predicts a local pressure peak on the ramp, but its location is shifted downstream, because of

a larger recirculation region.

The wall heat flux data (Fig. 1b) shows a modest increase at the separation point, and a steep

rise at the corner. The present calculation using SU k-ω 2009 model, with variable PrT Eq. (3),

reproduces the experimental measurements closely. It also matches the narrow peak in wall heat
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Fig. 1 Comparison of (a) surface pressure and (b) wall heat flux for 36o compression ramp at

M∞ = 11.3 using baseline and shock-unsteadiness modified k-ω models with the experimental

data of Holden [18].

flux near reattachment and the subsequent decrease in the surface heating rate on the ramp. The

SU k-ω 2003 model, along with earlier variable PrT model [8], predicts a lower peak heat transfer

rate and its location is shifted downstream compared to the experiment. The baseline k-ω model

completely misses the separation bubble, and gives a single rise in heat flux at the corner. The

wall heating is over predicted by 25-30 % along the entire ramp surface. It is important to predict

the correct separation point and the size of the separation bubble, as it determines the strength

of the separation shock and the resulting shock-shock interaction at reattachment [20]. This has a

first-order effect on the peak heat transfer rate and its location on the ramp.

Figure 2 is a composite figure of all the Mach 8 compression corner cases, with the ramp angle

varying from 36◦ to 27◦, computed using SU k-ω 2009 model. The heat flux data plotted in Fig. 2b

are normalized by the respective values at upstream location xup; see table 1. The data is offset by

9, 23 and 36 units for the 30◦, 33◦ and 36◦ cases, respectively, and the peak values are marked for

easy comparison. Also the pressure axis is multiplied by a factor of 5, 30 and 100 for the 30◦, 33◦

and 36◦ cases, respectively, and the normalized ramp pressure is noted in Fig. 2a.

As expected, the separation bubble size, identified by the pressure rise upstream of the corner,

moves closer to the corner as the ramp angle decreases. The weakest interaction for the 27◦ ramp
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Fig. 2 Compression ramp (a) surface pressure and (b) wall heat flux for different deflection

angles at M∞ ' 8. Computations using SU k-ω 2009 model are compared with experimental

data [18].

has incipient separation. The computations match the separation location well for all the cases,

except the 33◦ interaction. The pressure plateau in the separation bubble is over-predicted, but the

peak pressure and the ramp pressure are reproduced closely. A similar trend is observed for the wall

heat transfer rate (Fig. 2b), where the current model matches the experimentally measured peak

heat flux. The only exception is the 27◦ case, where the model overpredicts the heat transfer on

the ramp. The location of the peak heat flux is reproduced correctly in the 33◦ SBLI, whereas it is

predicted upstream and downstream of the experimental peak in the 36◦ and 30◦ cases respectively.

B. Cone-flare

Next, we consider the axisymmetric cone-flare configurations listed in table 1. The geometry

consists of a 2.56 m long 7◦ half-angle cone and a 40◦ flare, which gives a 33◦ turning angle at the

cone-flare junction. The computational domain extends from the tip of the cone to the end of the

flare, and the outer boundary is tailored to the inviscid cone shock. The computational grid consists

of 450×150 points, with fine grid at the cone tip and the cone-flare junction, and 90 points on the

flare. Refining the grid to 850×250 points shows minimal changes in the solution, within 1.5% in

the flare heat flux prediction for the strongest interaction at Mach 8.21. The first point next to the
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Fig. 3 Cone-flare (a) surface pressure and (b) wall heat flux predictions at M∞ = 8.21 using

baseline and shock-unsteadiness modified k-ω models compared with experimental data [18].

wall is placed at 10−6 m, which is equivalent to 0.5 wall units or less along the cone-flare surface.

The RANS equations are solved in axi-symmetric form, with the baseline, SU-2003 and SU-

2009 forms of the k-ω model. The numerical method is identical to that described above and the

boundary conditions are set as per the values listed in table 1. We follow the same steps as delineated

for the compression ramp cases. In the absence of boundary layer profile measurements upstream

of the interaction, we match the surface heat flux measurements on the cone within 7%. The flat

plate heat flux data provided in the compression ramp cases is also reproduced within 12% by the

computations. This is comparable to the measurement error reported in the experiments [18].

The results obtained for the strongest interaction for freestream Mach number of 8.21 is shown

in Fig. 3. The surface pressure measurements follow the expected trend of separation pressure rise

at x = – 0.04 m and a subsequent reattachment pressure rise on the flare (x > 0). The current model

based on SU k-ω 2009 matches the pressure data on the cone and at the separation location. The

pressure plateau in the recirculation bubble is under-predicted, but the solution matches the data

on the flare fairly well. We see marked improvement in the surface heat flux prediction (Fig. 3b),

where the current model predictions are comparable to the experimental data on the flare. The

maximum heat flux measured at x = 0.03 m is arguably matched by the computation, but the

location is shifted downstream. The SU k-ω 2003 model, on the other hand, under-predicts the flare
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Fig. 4 Comparison of (a) surface pressure and (b) wall heat flux for cone-flare geometry at

different Mach numbers with experiments [18].

heating rate, and the baseline k-ω model grossly over-predicts it. The separation location, in the

pressure plot, is also not matched by the SU k-ω 2003 and baseline k-ω models, and the trends are

similar to those observed for the compression ramp flow.

Figure 4 compares the SU k-ω 2009 surface predictions and the experimental measurements for

the remaining cone-flare cases. Once again, the pressure data is scaled up for Mach 6 and 7 by

factors of 3 and 8 respectively, while the heat flux is shifted up by 10 and 25 units respectively,

compared to the Mach 5 case. The computations accurately reproduce the separation location for

all the three flows. The pressure plateau in the separation bubble, the subsequent pressure rise

at reattachment and the peak pressure on the flare also overlap with the experiments. The wall

heat transfer data in Fig. 4b shows a reasonable match between the computed and measured values

in the interaction region. The peak heat flux is over-predicted, but the trends in the computed

solution follow the measurements on the wall. It is interesting to note that the separation location

moves downstream as the Mach number increases. This is indicative of a smaller separation bubble

and an earlier reattachment on the flare. As a result, the peak heat flux location moves upstream

with increasing Mach number. The SU k-ω 2009 model predicts this trend and is thus physically

consistent with the experimental observations.
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Fig. 5 Oblique shock impingement at Mach 5: (a) surface pressure and (b) wall heat flux.

Baseline and SU k-ω models are compared with the experimental data of Schulein [9].

C. Oblique shock impingement

We finally apply the SU k-ω 2009 model to the oblique shock impingement on a Mach 5 turbulent

boundary layer. The experimental data is reported by Schulein [9] for a 14◦ shock generator angle

and Reynolds number based on momentum thickness of 6982. This is one of three cases used for

validating the variable PrT model based on SU k-ω 2003 in Roy et al. [8]. The full details of the

SBLI configuration, computational grid and boundary conditions are given therein, and are not

repeated here.

Figure 5 shows that the surface pressure and heat transfer rate are predicted well by the SU k-ω

2003 model, and the current SU k-ω 2009 model gives almost identical results. Specifically, both

models predict the separation pressure rise downstream of the experiment, but match the subsequent

pressure rise accurately. They also give significant improvement in predicting the reattachment wall

heat flux compared to baseline k-ω model.

The important point is that there is less than 5% difference between the two models, and the

same is true for the other Mach 5 oblique shock impingement cases reported by Schulein [9]. In fact,

the current model is expected to collapse to the earlier PrT model [8] for Mach numbers below 5.

This is because of the fact that the extra term (γ − 1)M2 in Eq. (6) has a negligible contribution
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in non-hypersonic boundary layers, where 1 < M < 2 in the log layer. As noted in our earlier work

[21], the log-layer value of the turbulent Prandtl number is critical in predicting the wall heat flux

accurately.

IV. Conclusion

In this paper, we develop a variable turbulent Prandtl number model for predicting the wall

heat transfer in hypersonic shock-boundary layer interaction. It is an extension of an earlier model

based on the physics of unsteady shock motion in a turbulent flow. It uses the shock-unsteadiness

parameter for flows with upstream temperature fluctuations typical of hypersonic turbulent bound-

ary layers. The new model is found to predict the peak heat transfer consistently over a range of

Mach numbers and geometric configurations. It also matches the experimentally observed separa-

tion location, and gets physically consistent results with varying shock strength. Finally, the model

collapses to the earlier version that has been thoroughly tested for SBLI at lower Mach numbers.
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