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Projects
• Effect of Basset-history on particle dynamics 
• Sedimentation of a sheet crumpled into a sphere 
• Non-linear dynamics of an elastic filament at a fluid interface



1D elastic structures

Filaments in nature



Euler buckling
• Filaments undergo a variety of 

instabilities 

• Depend on type of applied force 

• And material properties of filament 

• Simplest of them is buckling 
instability of Euler 

• Filament with finite stretching & 
bending modulus undergoes 
pitchfork bifurcation

A�Amplitude of buckling

Under small deformations



Knots & DNA plectonemics

Geometry. We start with a geometric description of the rod
configurations relevant to the plectonemic regime. This defines
a reduced set of configurations (Ansatz), over which we shall
minimize the elastic strain energy associated with deformations.
The rod, of length l, is considered inextensible and has circular
cross section; let s denote the arc length along the rod. The
strain energy involves, at lowest order, the geometric curvature
κ(s) of the centerline of the rod as well as the twist τ(s). We
emphasize that the twist τ(s) is different from the geometrical
(Frénet-Serret) torsion of the centerline as it takes into account
the rotation of material cross sections around the centerline. It
allows one to distinguish between twisted and untwisted
configurations of the rod having the same centerline. The rod
centerline is parametrized by r(s), and its unit tangent t ≡ dr/
ds can be described with spherical angles, as shown in Figure
1: R(s) is the zenith angle, and ψ(s) the azimuth angle with
respect to the direction ex along the common axis of the two
superhelices in the plectonemic region.

We consider the following configurations, relevant to a large
applied number of turns, n. The tails are assumed to be straight
but twisted. (Thermal fluctuations will be accounted for by using
the rescaled tail length predicted by WLC theory.) The plec-
tonemes are described by two identical and uniform helices
where, again, each of these helices is itself a double-stranded
DNA molecule. Both the end loop of the plectonemes and the
matching region between the tails and the plectonemic part are
neglected. Consequently, the rod comprises two phases: one
made up of straight and twisted tails and the other one of
plectonemic structures. The plectonemic phase is not necessarily
made of a single component, but for the sake of simplicity, we
discuss the case of a single plectonemic structure (our results
are still valid if the plectonemes are split into several compo-
nents).

In the tails the rod is straight and aligned with the ez axis: t
) ez. The geometric curvature κ ≡ |dt/ds| is zero, κ(s) ) 0.

In each filament of the plectonemes, the position vector r(s)
and the tangent vector t(s) describe a superhelix of axis ex:

rx(s)) s cos R tx(s)) cos R
ry(s)) #R sin ψ(s) ty(s)) sin R cos ψ(s)

rz(s))-#R cos ψ(s) tz(s)) sin R sin ψ(s) (1)

The other filament of the plectonemes is obtained by a rotation
of 180° around the axis ex. Here # ) (1 stands for the chirality
of the two helices, and R and R denote the superhelical radius
and angle, respectively. In eq 1, the condition dr/ds ) t yields
dψ/ds ) # sin R/R. The curvature in the plectonemes is κ(s) ≡
|dt/ds| ) (sin2 R)/R.

Noting lp the contour length spent in the plectonemes, we
obtain the following expression for the integral of the squared
curvature over the whole length of the rod:

∫0

l
κ2 ds) sin4 R

R2
lp (2)

The end torque twists the filament. For a rod with circular
cross section, the twist τ(s) at equilibrium is uniform,2 dτ/ds )
0 for all s. As a result, the equilibrium configuration of the rod
is fully specified by the centerline, through the variables R, R,
and lp, and an additional scalar τ describing twist.

The twist τ is geometrically related to the number of turns
imposed on the magnetic bead, n, which is equal to the link of
the DNA molecule, n ) Lk. In the present case the link reads20

Lk)Tw+Wr) 1
2π∫0

l
τ ds- # sin 2R

4πR
lp )

1
2π(τl- # sin 2R

2R
lp)
(3)

as we neglect the writhe of the tails.

Energy Formulation. Using the above notations, the rod is
described by four variables: R the superhelical angle, R the
superhelical radius, τ the twist, and lp the contour length spent
in the plectonemes. We proceed to derive the total energy of
the system as a function of these four variables. It is the sum of
three terms, V ) Vel + Vext + Vint, where the first term is the
strain elastic energy, the second is the potential energy associated
with the external loads Fext and Mext, and the third accounts for
interaction of the filaments in the plectonemes. The strain elastic
energy for the rod of total contour length l is

Vel )
K0

2 ∫0

l
κ2 ds+

K3

2 ∫0

l
τ2 ds (4)

We do not take into account the reduction of the effective
torsional rigidity in the tails due to fluctuations.19 The potential
energy is given by

Vext )-Fext(z(l)- z(0))- 2πMextn (5)

where z(l) - z(0) ) l - lp for straight tails and n ) Lk.
If the DNA-DNA interaction was clearly established, we

would include the corresponding interaction energy Vint in the
total energy V.10 This is not the case, and we model the filaments
in electrostatic interaction as effective chargeless hard-core
tubes. The effective radius a of these tubes accounts for a variety
of physical mechanisms, including for example the presence of
counterions or thermal fluctuations in the plectonemes, which
we do not attempt to model. As in refs 25 and 33, we do not
try to predict the actual radius a but simply follow its variation
under changing experimental conditions (applied load, salinity,
etc.). Doing so, we replace the actual (unknown) interaction
potential Vint(R,R) by a hard-core interaction with adjustable
radius a and optimize a to best fit a given experiment. In section
3 we show how a can be extracted from experimental measure-
ments.

The parameter a must certainly be larger than the crystal-
lographic DNA radius 1 nm. It is different from the radius of
the Manning condensate14–16 since approximately a quarter of

Figure 1. Sketch of the magnetic tweezers experiment. A B-DNA
molecule of total contour length l is fixed in s ) 0 to a glass surface
while the other end in s ) l is attached to a magnetic bead. A pulling
force Fext and a torque Mext are applied at the upper end by using a
magnet. The superhelical angle and radius are denoted R and R,
respectively. The zenith angle R and the azimuth angle ψ of the tangent
vector with regard to the superhelical axis ex are also shown.
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We study the mechanical response of elastic rods bent into open knots, focusing on the case of trefoil
and cinquefoil topologies. The limit of a weak applied tensile force is studied both analytically and
experimentally: the Kirchhoff equations with self-contact are solved by means of matched asymptotic
expansions; predictions on both the geometrical and mechanical properties of the elastic equilibrium are
compared to experiments. The extension of the theory to tight knots is discussed.
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Knots have long been considered mainly from a mathe-
matical perspective but this topic has today spread to
different areas in science. Fishermen and sailors know
that tying a knot on a rope severely reduces its tensile
strength [1]. More recently knots have been tied on bio-
logical molecules [2], micrometric silica wires [3], or lipid-
bilayer nanotubes [4] and their properties were compared
to unknotted configurations. Sufficiently long polymers
often adopt knotted configurations spontaneously [5]. A
recent survey identified 273 knotted proteins [6,7],
although the biological function of these knots remains
unclear. Knots are also found in DNA plasmids, and the
electrophoretic mobility of a knotted DNA molecule is
related to its topological properties [8].

To date, the tightening of knots has been studied based
on molecular dynamics or ab initio methods [9], methods
from statistical physics [10], purely geometrical models
[11], or perfectly flexible rod models [12]. In this Letter,
we investigate the mechanical response of knots based on
the theory of elasticity. The equilibrium configurations of
open trefoil (31) and cinquefoil (51) knots are analyzed, see
Fig. 1; other knot types can be handled similarly.

Consider an infinitely long elastic rod with circular cross
section of radius h, flexural modulus EI, bent into an open
knot. The rod is held by a tensile force T applied at both
ends and contacts itself in a braided region. In the h " 0
case, the solution consists of two straight, half-infinite tails
connected by one circular loop with radius R. Minimizing
the sum of bending energy #$2!R% 1

2
EI
R2& and potential en-

ergy 2!RT accounting for the applied tension yields [2]:

 T " EI=$2R2%: (1)

Here, we determine the shape and mechanical response of
knots for small but nonzero h. The entanglement, which
takes place at a point for h " 0, remains localized for small
h [13]. We solve the Kirchhoff equations, which express
the equilibrium of a thin rod made of a linearly elastic
material with a circular cross section [14]:
 

r0 " t; t0 " $M=EI% ' t (2a)

M0 ( t'N " 0; N0 ( p " 0; (2b)

where s is the arclength, t$s% is the unit tangent to the 3D
center line r$s%, M$s% the internal moment, N$s% the inter-
nal force, and p$s% the contact pressure (homogenous to a
force per unit length). Primes denote derivatives with
respect to s. The main difficulty lies in the nonpenetration
condition:

 jr$s1% ! r$s2%j ) 2h (3)

that must hold for all s1 and s2 (with js1 ! s2j=h large
enough to exclude neighboring points from the test). In
such self-contact problems, the contact set and contact
pressure p$s% have to be determined in a self-consistent
way. Another difficulty is that the topology of the contact
set is not known beforehand [15]. Problems involving
isolated points of contact [16], or contact sets comprising
straight lines [17], have been treated. An axial tension is
applied at both ends but the latter can freely twist; as a
result, the twisting moment M * t, which is uniform along
the rod, is zero everywhere.

We build a solution of Kirchhoff equations (2) for a
knotted configuration in the small h limit. The rod is
divided into three regions: two outer regions (tails and
loop) and an inner region (braid) where contact takes place.
We introduce the small parameter " " $h=R%1=2 and per-
form a matched asymptotic expansion of solutions to (2) in
the different regions. We first derive a scaling law for the
length ‘ of the braid, assuming ‘ is an intermediate quan-
tity, h+ ‘+ R. In the braid, of length ‘, transverse
displacements are of order h: the center line has a slope

FIG. 1. Geometry of an open trefoil knot (31) under tension.
Inset: open cinquefoil knot (51).
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Instability of flexible helical rod
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Experiments
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FIG. 1: (a) Superimposed images of the filament taken at an interval of 1sec. The two needles at the bottom of the
image are used to release the filament from its initial configuration. (b) The white line in the top shows a Bezier fit

to the filament (in cyan) and plot in the bottom shows the corresponding curvature computed with this fit.

Length of filament, d - diameter of filament and see all
data collapse on to a master curve when time, t is scaled
by ⌧ . The di↵erence though from the linear case is that
the non-dimensional time, (t/⌧) of relaxation happens at
a much smaller number than O(1). This motivates us to
perform non-linear simulations by including the tension
e↵ects described earlier. By looking at the individual
forces along the filament computed in simulation, we see
that the forces due to bending and tension balance each
other such that small scale variations are nullified to re-
sult only in long wavelength modes ensuring L as the only
length scale. As these forces are an order of magnitude
larger than the viscous dissipation, they indicate the im-
portance of including tension at large deformation and
ultimately the late-time dynamics sees only bending and
viscous forces where the tension has become negligible.

A. Time scale dependence on filament properties

A soft filament is described by its length, diameter,
Young’s modulus and so we vary these to see the depen-
dence of the relaxation time on the filament parameters.
We calculate the normalised elastic energy Ēel(t) and
the non-dimensional end-to-end distance, L(t)/L1 as a
function of time for two di↵erent E ⇠ 240kPa, 800kPa.
We normalise the Eel throughout this article using the
elastic energy of a filament of length L1 made into
a circle: 2B⇡

2
/L1. For filaments with E ⇠ 240kPa

length is varied between 4.1cm�7.3cm and for ones with
E ⇠ 800kPa length is varied between 4.6cm � 7.8cm.
The diameter of these filaments is fixed at 1.1mm. Fig-
ure 2(a) shows that the elastic energy, Ēel decays faster
for a shorter filament and higher Young’s modulus. Using
dimensional analysis one can see the scaling form varies
as Eel ⇠ BL

�1
1 and the time-scale from linear theory goes

as ⌧ ⇠ µB

�1
L

4
1. To see this scaling quantitatively, the

same data is plotted with non-dimensional time t/⌧ . All
data collapse onto a single curve and the collapse reaches
0 at t/⌧ ⇠ 2 ⇥ 10�2 as opposed to O(1). We observe a
commensurate e↵ect in the end-to-end distance, L(t)/L1
which reaches 1 faster for a shorter filament.

The same procedure is followed to see the dependence
of ⌧ on the diameter of the filament. We choose two
di↵erent diameters, d ⇡ 1.04mm, 0.57mm with Young’s
modulus fixed at E ⇡ 240kPa. The diameter in the equa-
tions is hidden in the bending modulus which for circular
cross-section goes as B = E⇡d

4
/4. We again see a col-

lapse when data obtained by varying E, L, d are plotted
with t/⌧ as shown in fig. 2(c,d). Here smaller diameter
takes longer time to relax because Eel ⇠ d

4
, ⌧ ⇠ d

�4 and
further a variation in d from 0.57mm � 1.04mm implies
a factor of 6.1 in Ēel. The length change for the larger di-
ameter extends between 4.6cm�7.2cm and 3.3cm�6.3cm

for the smaller diameter. A overall factor of around 26.6
is spanned between the slowest and the fastest observed
dynamics. We have chosen t = 0 as the instant where
non-dimensional elastic energy, Ēel ⇡ 0.4 but the energy
falls on the master curve even at negative times which
suggests that the behaviour is indeed scaling with ⌧ . The
value of 0.4 is arbitrary and the scaling works well for any
other number within the limits. The form of ⌧ discussed
so far is the same as the one obtained from the linear the-
ory and the non-linearity doesn’t seem to manifest itself
in the time-scale. Though L1 seems to be the only phys-
ical length scale, we see di↵erent ranges of motion along
the filament from fig. 1(a) which suggests the possible
existence of other length scales. Further we see that the
actual time-scale is two orders of magnitude smaller than
the one obtained from linear-scaling. This motivates us
to perform simulation of this largely deformed system to
look at the interaction of forces at play during early time
dynamics.
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FIG. 2: (a) Normalised elastic energy, Ēel and (b) non-dimensional end-to-end distance, L(t)/L1 for two di↵erent
Young’s modulus, E (800kPa, 240kPa) and di↵erent lengths (L1 varied from 4.1cm to 7.8cm) plotted as a function
of scaled time t/⌧ where ⌧ is the time-scale obtained by balancing viscous and bending force. Insets show the same

data as a function of dimensional time. (c), (d) Similar plots to that of (a), (b) for two di↵erent diameters,
d � 0.57mm, 1.04mm (E ⇡ 240kPa) and di↵erent L1. The length is varied between 4.6cm � 7.2cm for the former

and 3.3cm � 6.3cm for the latter. Solid line indicates results obtained by solving eqns. 4, 5 numerically with a factor
of 4.2 in time.

B. Model equations and non-linear simulation

Here we describe the variational formulation that re-
sults in the dynamical equation for the elastic filament
(see [10, 11] for more details). The free energy consid-
ering bending as well as a constraint terms to enforce
length conservation is:

Eel =
B

2

Z L1

0


2(s)ds +

Z L1

0

T (s)

2
{|t(s)|2 � 1}ds (1)

where B is the bending modulus, T (s), the Lagrange
multiplier ensuring inextensibility is the tension along the
filament and t(s) ⌘ rs is the tangent vector. Here s is an
arc length parameter which runs from 0 to L1. The force
inside the filament is obtained by using Euler-Lagrange
equations:

fel = �Brssss + @s[T (s)rs] (2)

The boundary conditions are: rss(0) = rsss(0) =
rss(L1) = rsss(L1) = 0, corresponding to zero mo-
ment and zero force at the free ends. Similarly, T (0) =
T (L1) = 0. In an over-damped situation, the viscous

force balances the elastic force:

8⇡µ@tr = �Brssss + @s[T (s)rs] (3)

µ being the fluid viscosity. After non-dimensionalising r
by L, and t by ⌧ , the equation of motion is:

µ̄@tr = � rssss| {z }
F1

+ @s[T (s)rs]| {z }
F2

(4)

The non-dimensional viscosity, µ̄ = 8⇡µL4
1

EI⌧ is the ratio of
viscous force to bending force. Using the inextensibility
constraints, @s|t2| = 0 and @t|t2| = 0, the equation for
tension reads as:

(@ss � |rss|2)T (s) = �(3|rsss|2 + 4(rss · rssss)) (5)

There are a few approximations in these equations for
the dynamics of the filament centreline. First, the hy-
drodynamic interaction between points on the filament
is neglected. Second, the deformations along directions
perpendicular to filament axis are assumed to be small
and they cause no shear force. Finally, the drag force due
to the motion of filament is assumed to be isotropic.
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FIG. 2: (a) Normalised elastic energy, Ēel and (b) non-dimensional end-to-end distance, L(t)/L1 for two di↵erent
Young’s modulus, E (800kPa, 240kPa) and di↵erent lengths (L1 varied from 4.1cm to 7.8cm) plotted as a function
of scaled time t/⌧ where ⌧ is the time-scale obtained by balancing viscous and bending force. Insets show the same

data as a function of dimensional time. (c), (d) Similar plots to that of (a), (b) for two di↵erent diameters,
d � 0.57mm, 1.04mm (E ⇡ 240kPa) and di↵erent L1. The length is varied between 4.6cm � 7.2cm for the former

and 3.3cm � 6.3cm for the latter. Solid line indicates results obtained by solving eqns. 4, 5 numerically with a factor
of 4.2 in time.

B. Model equations and non-linear simulation

Here we describe the variational formulation that re-
sults in the dynamical equation for the elastic filament
(see [10, 11] for more details). The free energy consid-
ering bending as well as a constraint terms to enforce
length conservation is:

Eel =
B

2

Z L1

0


2(s)ds +

Z L1

0

T (s)

2
{|t(s)|2 � 1}ds (1)

where B is the bending modulus, T (s), the Lagrange
multiplier ensuring inextensibility is the tension along the
filament and t(s) ⌘ rs is the tangent vector. Here s is an
arc length parameter which runs from 0 to L1. The force
inside the filament is obtained by using Euler-Lagrange
equations:

fel = �Brssss + @s[T (s)rs] (2)

The boundary conditions are: rss(0) = rsss(0) =
rss(L1) = rsss(L1) = 0, corresponding to zero mo-
ment and zero force at the free ends. Similarly, T (0) =
T (L1) = 0. In an over-damped situation, the viscous

force balances the elastic force:

8⇡µ@tr = �Brssss + @s[T (s)rs] (3)

µ being the fluid viscosity. After non-dimensionalising r
by L, and t by ⌧ , the equation of motion is:

µ̄@tr = � rssss| {z }
F1

+ @s[T (s)rs]| {z }
F2

(4)

The non-dimensional viscosity, µ̄ = 8⇡µL4
1

EI⌧ is the ratio of
viscous force to bending force. Using the inextensibility
constraints, @s|t2| = 0 and @t|t2| = 0, the equation for
tension reads as:

(@ss � |rss|2)T (s) = �(3|rsss|2 + 4(rss · rssss)) (5)

There are a few approximations in these equations for
the dynamics of the filament centreline. First, the hy-
drodynamic interaction between points on the filament
is neglected. Second, the deformations along directions
perpendicular to filament axis are assumed to be small
and they cause no shear force. Finally, the drag force due
to the motion of filament is assumed to be isotropic.

3
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FIG. 1: (a) Superimposed images of the filament taken at an interval of 1sec. The two needles at the bottom of the
image are used to release the filament from its initial configuration. (b) The white line in the top shows a Bezier fit

to the filament (in cyan) and plot in the bottom shows the corresponding curvature computed with this fit.

Length of filament, d - diameter of filament and see all
data collapse on to a master curve when time, t is scaled
by ⌧ . The di↵erence though from the linear case is that
the non-dimensional time, (t/⌧) of relaxation happens at
a much smaller number than O(1). This motivates us to
perform non-linear simulations by including the tension
e↵ects described earlier. By looking at the individual
forces along the filament computed in simulation, we see
that the forces due to bending and tension balance each
other such that small scale variations are nullified to re-
sult only in long wavelength modes ensuring L as the only
length scale. As these forces are an order of magnitude
larger than the viscous dissipation, they indicate the im-
portance of including tension at large deformation and
ultimately the late-time dynamics sees only bending and
viscous forces where the tension has become negligible.

A. Time scale dependence on filament properties

A soft filament is described by its length, diameter,
Young’s modulus and so we vary these to see the depen-
dence of the relaxation time on the filament parameters.
We calculate the normalised elastic energy Ēel(t) and
the non-dimensional end-to-end distance, L(t)/L1 as a
function of time for two di↵erent E ⇠ 240kPa, 800kPa.
We normalise the Eel throughout this article using the
elastic energy of a filament of length L1 made into
a circle: 2B⇡

2
/L1. For filaments with E ⇠ 240kPa

length is varied between 4.1cm�7.3cm and for ones with
E ⇠ 800kPa length is varied between 4.6cm � 7.8cm.
The diameter of these filaments is fixed at 1.1mm. Fig-
ure 2(a) shows that the elastic energy, Ēel decays faster
for a shorter filament and higher Young’s modulus. Using
dimensional analysis one can see the scaling form varies
as Eel ⇠ BL

�1
1 and the time-scale from linear theory goes

as ⌧ ⇠ µB

�1
L

4
1. To see this scaling quantitatively, the

same data is plotted with non-dimensional time t/⌧ . All
data collapse onto a single curve and the collapse reaches
0 at t/⌧ ⇠ 2 ⇥ 10�2 as opposed to O(1). We observe a
commensurate e↵ect in the end-to-end distance, L(t)/L1
which reaches 1 faster for a shorter filament.

The same procedure is followed to see the dependence
of ⌧ on the diameter of the filament. We choose two
di↵erent diameters, d ⇡ 1.04mm, 0.57mm with Young’s
modulus fixed at E ⇡ 240kPa. The diameter in the equa-
tions is hidden in the bending modulus which for circular
cross-section goes as B = E⇡d

4
/4. We again see a col-

lapse when data obtained by varying E, L, d are plotted
with t/⌧ as shown in fig. 2(c,d). Here smaller diameter
takes longer time to relax because Eel ⇠ d

4
, ⌧ ⇠ d

�4 and
further a variation in d from 0.57mm � 1.04mm implies
a factor of 6.1 in Ēel. The length change for the larger di-
ameter extends between 4.6cm�7.2cm and 3.3cm�6.3cm

for the smaller diameter. A overall factor of around 26.6
is spanned between the slowest and the fastest observed
dynamics. We have chosen t = 0 as the instant where
non-dimensional elastic energy, Ēel ⇡ 0.4 but the energy
falls on the master curve even at negative times which
suggests that the behaviour is indeed scaling with ⌧ . The
value of 0.4 is arbitrary and the scaling works well for any
other number within the limits. The form of ⌧ discussed
so far is the same as the one obtained from the linear the-
ory and the non-linearity doesn’t seem to manifest itself
in the time-scale. Though L1 seems to be the only phys-
ical length scale, we see di↵erent ranges of motion along
the filament from fig. 1(a) which suggests the possible
existence of other length scales. Further we see that the
actual time-scale is two orders of magnitude smaller than
the one obtained from linear-scaling. This motivates us
to perform simulation of this largely deformed system to
look at the interaction of forces at play during early time
dynamics.
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8⇡µL4
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B � Bending modulus
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FIG. 2: (a) Normalised elastic energy, Ēel and (b) non-dimensional end-to-end distance, L(t)/L1 for two di↵erent
Young’s modulus, E (800kPa, 240kPa) and di↵erent lengths (L1 varied from 4.1cm to 7.8cm) plotted as a function
of scaled time t/⌧ where ⌧ is the time-scale obtained by balancing viscous and bending force. Insets show the same

data as a function of dimensional time. (c), (d) Similar plots to that of (a), (b) for two di↵erent diameters,
d � 0.57mm, 1.04mm (E ⇡ 240kPa) and di↵erent L1. The length is varied between 4.6cm � 7.2cm for the former

and 3.3cm � 6.3cm for the latter. Solid line indicates results obtained by solving eqns. 4, 5 numerically with a factor
of 4.2 in time.

B. Model equations and non-linear simulation

Here we describe the variational formulation that re-
sults in the dynamical equation for the elastic filament
(see [10, 11] for more details). The free energy consid-
ering bending as well as a constraint terms to enforce
length conservation is:

Eel =
B

2

Z L1

0


2(s)ds +

Z L1

0

T (s)

2
{|t(s)|2 � 1}ds (1)

where B is the bending modulus, T (s), the Lagrange
multiplier ensuring inextensibility is the tension along the
filament and t(s) ⌘ rs is the tangent vector. Here s is an
arc length parameter which runs from 0 to L1. The force
inside the filament is obtained by using Euler-Lagrange
equations:

fel = �Brssss + @s[T (s)rs] (2)

The boundary conditions are: rss(0) = rsss(0) =
rss(L1) = rsss(L1) = 0, corresponding to zero mo-
ment and zero force at the free ends. Similarly, T (0) =
T (L1) = 0. In an over-damped situation, the viscous

force balances the elastic force:

8⇡µ@tr = �Brssss + @s[T (s)rs] (3)

µ being the fluid viscosity. After non-dimensionalising r
by L, and t by ⌧ , the equation of motion is:

µ̄@tr = � rssss| {z }
F1

+ @s[T (s)rs]| {z }
F2

(4)

The non-dimensional viscosity, µ̄ = 8⇡µL4
1

EI⌧ is the ratio of
viscous force to bending force. Using the inextensibility
constraints, @s|t2| = 0 and @t|t2| = 0, the equation for
tension reads as:

(@ss � |rss|2)T (s) = �(3|rsss|2 + 4(rss · rssss)) (5)

There are a few approximations in these equations for
the dynamics of the filament centreline. First, the hy-
drodynamic interaction between points on the filament
is neglected. Second, the deformations along directions
perpendicular to filament axis are assumed to be small
and they cause no shear force. Finally, the drag force due
to the motion of filament is assumed to be isotropic.
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B. Model equations and non-linear simulation

Here we describe the variational formulation that re-
sults in the dynamical equation for the elastic filament
(see [10, 11] for more details). The free energy consid-
ering bending as well as a constraint terms to enforce
length conservation is:
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where B is the bending modulus, T (s), the Lagrange
multiplier ensuring inextensibility is the tension along the
filament and t(s) ⌘ rs is the tangent vector. Here s is an
arc length parameter which runs from 0 to L1. The force
inside the filament is obtained by using Euler-Lagrange
equations:

fel = �Brssss + @s[T (s)rs] (2)

The boundary conditions are: rss(0) = rsss(0) =
rss(L1) = rsss(L1) = 0, corresponding to zero mo-
ment and zero force at the free ends. Similarly, T (0) =
T (L1) = 0. In an over-damped situation, the viscous

force balances the elastic force:

8⇡µ@tr = �Brssss + @s[T (s)rs] (3)

µ being the fluid viscosity. After non-dimensionalising r
by L, and t by ⌧ , the equation of motion is:

µ̄@tr = � rssss| {z }
F1

+ @s[T (s)rs]| {z }
F2

(4)

The non-dimensional viscosity, µ̄ = 8⇡µL4
1

EI⌧ is the ratio of
viscous force to bending force. Using the inextensibility
constraints, @s|t2| = 0 and @t|t2| = 0, the equation for
tension reads as:

(@ss � |rss|2)T (s) = �(3|rsss|2 + 4(rss · rssss)) (5)

There are a few approximations in these equations for
the dynamics of the filament centreline. First, the hy-
drodynamic interaction between points on the filament
is neglected. Second, the deformations along directions
perpendicular to filament axis are assumed to be small
and they cause no shear force. Finally, the drag force due
to the motion of filament is assumed to be isotropic.
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where B is the bending modulus, T (s), the Lagrange
multiplier ensuring inextensibility is the tension along the
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(@ss � |rss|2)T (s) = �(3|rsss|2 + 4(rss · rssss)) (5)

There are a few approximations in these equations for
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where B is the bending modulus, T (s), the Lagrange
multiplier ensuring inextensibility is the tension along the
filament and t(s) ⌘ rs is the tangent vector. Here s is an
arc length parameter which runs from 0 to L1. The force
inside the filament is obtained by using Euler-Lagrange
equations:
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The boundary conditions are: rss(0) = rsss(0) =
rss(L1) = rsss(L1) = 0, corresponding to zero mo-
ment and zero force at the free ends. Similarly, T (0) =
T (L1) = 0. In an over-damped situation, the viscous
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by L, and t by ⌧ , the equation of motion is:
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EI⌧ is the ratio of
viscous force to bending force. Using the inextensibility
constraints, @s|t2| = 0 and @t|t2| = 0, the equation for
tension reads as:

(@ss � |rss|2)T (s) = �(3|rsss|2 + 4(rss · rssss)) (5)

There are a few approximations in these equations for
the dynamics of the filament centreline. First, the hy-
drodynamic interaction between points on the filament
is neglected. Second, the deformations along directions
perpendicular to filament axis are assumed to be small
and they cause no shear force. Finally, the drag force due
to the motion of filament is assumed to be isotropic.
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FIG. 3: (a) Shape of the filament for various time instants in the simulation super-imposed on each other, with an
experimental image, seen in white, in the background. (b) Evolution of curvature, (s) vs s for di↵erent times. (s)
is always positive and decays monotonically with time. (c) The decay of the maximum value of curvature compared
with that of experiments (�) without any fitting parameter in the numerics. All quantities are non-dimensionalised

using L

o

and ⌧ as scales.

though the drag occurs at an interface. In the experiment the filament at the interface is partially exposed to air and
is only partially submerged in the viscous liquid. Thus the e↵ective viscosity at the interface is expected to be less
than that of the bulk liquid, explaining at least in part the factor of 4.2. We emphasize that the idealizations in the
numerical model are in the treatment of drag, and not in the elasticity of the filament.

Indeed, fig. 3(b) shows that the computed curvature is always positive along the filament. The maximum of the
curvature as a function of time is shown in fig. 3(c), where it is compared to the experimental data. As discussed
earlier, the time evolution of experiment and numerical computation have the same functional form, but the time
scale observed in the numerics is faster.

B. Tension

Having validated our model, we now move to computed quantities that are not accessible in the experiments. As is
clear in figure 3, the curvature is not uniform, and therefore the filament should not be expected to open uniformly.
In fig. 4(a) we show the tension, T (s) computed using eq. 5. The relationship between curvature and tension is not
linear and depends on higher derivatives of curvature. Consequently, unlike the curvature, which is always positive,
the tension changes sign from compressive in the central region to tensile near the free ends. Force balance along the
tangential direction thus requires that the viscous drag force be a function of arc-length.

In order to test whether the tension distribution observed in the simulation results are supported by experimental
observations of the viscous drag on the filament, we use Particle Image Velocimetry (PIV) to measure the velocity field
at the interface. We make a suspension of hollow glass spheres of 10µm average diameter in the fluid and illuminate
the interface with laser sheets (Wicked Lasers < 500mW and wavelength ⇡ 532nm). The motion of the particles
from the recorded images is tracked using open-source package, PIVLab [15]. The resultant velocity field for the
relaxation is plotted in fig. 4(c). As the filament begins to relax, two symmetric pairs of vortices are formed. Tension
in the system has contributions only from the tangential projection of the stress tensor. Now using eq. 4 we can write:

r
s

· t̂ @

s

T (s) = µ̄@

t

r · t̂+ r
ssss

· t̂
T (s) =

Z
s

0
(r

ssss

· t̂+ µ̄r
t

· t̂)ds

This quantity goes to zero at the position where net bending force is balanced by viscous dissipation. Comparing the
PIV field and fig. 4(b) we observe that this location is close to the point where vorticity changes sign. This location
moves towards the ends of the filament as it relaxes, consistent with the simulation results.

To separate the contributions of the linear bending force, F1, and the nonlinear tension arising from length con-
servation F2, we plot in fig. 4(b) these individual terms on the right side of eq. 3. Surprisingly, the linear (F1) and
nonlinear (F2) terms are comparable in magnitude, though opposed in sign, even for the highly deformed regime.
The algebraic sum of these forces is balanced by a viscous term that is much smaller in magnitude than each of these
terms.

Viewed in the light of these results, it is evident that ignoring the tension term in the large deformation limit not
only leads to non-conservation of length but leads to a significant overestimation of the dissipation due to viscosity.

Simulation captures experiments except for an O(1) number!
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FIG. 3: (a) Position of filament for various time instants super-imposed on top of each other from simulation with
an experimental image in background. (b) Evolution of curvature, (s) vs s as a function of time. (s) is always

positive and decays monotonically with time. (c) The decay of maximum value of curvature compared with that of
experiments (�) without fitting parameter in numerics.

FIG. 4: (a) Tension, T (s) vs s at various time instants. (b) x-component of force due to bending, tension and the
resultant viscous force from eqn. 3 for filament configuration shown in inset. The contribution from bending force
and that of tension are very similar in magnitude but opposite in sign resulting in very small viscous dissipation.

attain overall symmetry, thus showing that tension must
play a role, as there is no bending force on the straight
section. (See fig. 8 of SI to see the movement of T (s)
along the filament to regions of zero bending force.)

We make an energy argument to show that the en-
ergy of the symmetric state is a minimum with respect to
asymmetric perturbations. Let us assume a smooth sym-
metric profile for curvature, ̂(s) (̂(s) = ̂(�s)) that has
a mean curvature ̂ = 0 for s 2 [�L/2, L/2]. We perturb
the curvature, ̂(s), while maintaining the boundary con-
ditions, with a function �✏(s) in s 2 [�L/2, 0] and with
✏(�s) in s 2 [0, L/2] . This leaves the mean curvature
unchanged, but the total elastic energy becomes:
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It is evident that for a given mean curvature ̂ (which is

also the di↵erence between angle at s = 0, L), a sym-
metric shape has minimum energy. This shows that
asymmetric perturbations about an arbitrarily large-
deformation state will be relaxed.

IV. CONCLUSION

We see that the relaxation of a highly deformed elastic
filament is described by a single time-scale arising out
of balancing viscous drag and bending force with a non-
trivial pre-factor. It is also observed in both experiments
and numerics that a symmetric shape of the filament is
more favorable than an asymmetric shape due to ener-
getic reasons. This proves advantageous in terms of using
the filament relaxation to measure interfacial viscosity
when filament’s bending modulus and length are known,
since it depends weakly on the initial asymmetry. In or-
der to maintain the relaxation in a Stokesian limit, one
can control the diameter of the chosen filament. Finally,
the role of tension seems important at large deformations
of the filament in a Stokesian setting and its magnitude is
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B. Model equations and non-linear simulation

Here we describe the variational formulation that re-
sults in the dynamical equation for the elastic filament
(see [10, 11] for more details). The free energy consid-
ering bending as well as a constraint terms to enforce
length conservation is:
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where B is the bending modulus, T (s), the Lagrange
multiplier ensuring inextensibility is the tension along the
filament and t(s) ⌘ rs is the tangent vector. Here s is an
arc length parameter which runs from 0 to L1. The force
inside the filament is obtained by using Euler-Lagrange
equations:

fel = �Brssss + @s[T (s)rs] (2)

The boundary conditions are: rss(0) = rsss(0) =
rss(L1) = rsss(L1) = 0, corresponding to zero mo-
ment and zero force at the free ends. Similarly, T (0) =
T (L1) = 0. In an over-damped situation, the viscous

force balances the elastic force:

8⇡µ@tr = �Brssss + @s[T (s)rs] (3)

µ being the fluid viscosity. After non-dimensionalising r
by L, and t by ⌧ , the equation of motion is:

µ̄@tr = � rssss| {z }
F1

+ @s[T (s)rs]| {z }
F2

(4)

The non-dimensional viscosity, µ̄ = 8⇡µL4
1

EI⌧ is the ratio of
viscous force to bending force. Using the inextensibility
constraints, @s|t2| = 0 and @t|t2| = 0, the equation for
tension reads as:

(@ss � |rss|2)T (s) = �(3|rsss|2 + 4(rss · rssss)) (5)

There are a few approximations in these equations for
the dynamics of the filament centreline. First, the hy-
drodynamic interaction between points on the filament
is neglected. Second, the deformations along directions
perpendicular to filament axis are assumed to be small
and they cause no shear force. Finally, the drag force due
to the motion of filament is assumed to be isotropic.

Force due to tension and bending  
very similar in magnitude
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FIG. 4: (a) Tension, T (s) vs s at various time instants. The profile of tension changes shape as it decays, which is
evident from the fact that the position where it crosses zero travels towards the ends in time. (b) x-component of
force due to bending (F1), tension (F2) and the resultant viscous force (their sum) from eq. 3 for the filament

configuration shown at the bottom right. The contribution from bending force and that of tension are very similar
in magnitude but opposite in sign, so a small viscous force (as seen) is su�cient to balance them. The filament in

the inset is colored based on T (s) and the dots show the position where T (s) goes to zero. (c) Velocity field obtained
by PIV where a pair of vortices is formed on each side of the filament. The tension in the filament vanishes near the

location where the sign of vorticity changes. Scales in units of cm.

Second, as we see from the energy functional, T ⇠ B/L

2
o

, the nonlinear tension term (F2) has the same scaling as the
bending term (F1). In other words, ⌧ emerges as a single time scale in the problem, even in the nonlinear regime.
We recall that the filament relaxes much faster experimentally than the time scale ⌧ , i.e., the balance between the
two terms leads to a small numerical prefactor.

VI. ASYMMETRIC INITIAL CONDITIONS

All the results we describe above are for initial shapes that are symmetric about the midpoint of the filament
((L

o

/2� s) = (s)). If the filament is released from an asymmetric, highly deformed shape, we find experimentally
that it first deforms into a symmetric shape, then relaxes along the sequences of symmetric shapes we have previously
shown. This is shown in fig. 5(a, b) via the evolution of Ē

el

(t) and L̄(t). The images of filaments shown label the initial
condition in each of three data sets displayed. We have chosen t = 0 to be the point where there is no experimentally
discernible asymmetry. For t > 0 the relaxation follows the same path in all cases.

In the linear regime, the relaxation time of a Fourier component varies only with wavelength, and any initial
asymmetry would be preserved. Thus we emphasize here that the collapse into a symmetric shape is a consequence of
being in a deeply nonlinear regime. The linear regime of our problem is similar to another curvature-driven problem
– that of the relaxation of a perturbed liquid-air interface [16, 17] – in that they flow to attracting set of shapes at
long times. We show this explicitly by simulating five di↵erent asymmetric initial-conditions each with a straight
portion attached to a semi-circular portion as in fig. 5(e). The total length of the filament for all the initial conditions
is held fixed while the diameter, b of the semi-circular section is varied. We quantify the asymmetry in terms of the

di↵erence in curvature on either side of the midpoint: � =
R
L

o

/2
0 |(L

o

/2 � s) � (s)|ds. � takes a value of 0 for a
completely symmetric shape and positive values for di↵erent levels of asymmetry. We plot �(t) in fig. 5. In all cases,
the filament first rapidly becomes symmetric and then relaxes more slowly to a straight line. The straight section
first curves in order to attain overall symmetry, thus showing that tension must play a role, as there is no bending
force on the straight section. The time-scale to reach the symmetric shape increases monotonically with b. (see fig. 8
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FIG. 4: (a) Tension, T (s) vs s at various time instants. The profile of tension changes shape as it decays, which is
evident from the fact that the position where it crosses zero travels towards the ends in time. (b) x-component of
force due to bending (F1), tension (F2) and the resultant viscous force (their sum) from eq. 3 for the filament

configuration shown at the bottom right. The contribution from bending force and that of tension are very similar
in magnitude but opposite in sign, so a small viscous force (as seen) is su�cient to balance them. The filament in

the inset is colored based on T (s) and the dots show the position where T (s) goes to zero. (c) Velocity field obtained
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location where the sign of vorticity changes. Scales in units of cm.

Second, as we see from the energy functional, T ⇠ B/L

2
o

, the nonlinear tension term (F2) has the same scaling as the
bending term (F1). In other words, ⌧ emerges as a single time scale in the problem, even in the nonlinear regime.
We recall that the filament relaxes much faster experimentally than the time scale ⌧ , i.e., the balance between the
two terms leads to a small numerical prefactor.

VI. ASYMMETRIC INITIAL CONDITIONS

All the results we describe above are for initial shapes that are symmetric about the midpoint of the filament
((L

o

/2� s) = (s)). If the filament is released from an asymmetric, highly deformed shape, we find experimentally
that it first deforms into a symmetric shape, then relaxes along the sequences of symmetric shapes we have previously
shown. This is shown in fig. 5(a, b) via the evolution of Ē
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(t) and L̄(t). The images of filaments shown label the initial
condition in each of three data sets displayed. We have chosen t = 0 to be the point where there is no experimentally
discernible asymmetry. For t > 0 the relaxation follows the same path in all cases.

In the linear regime, the relaxation time of a Fourier component varies only with wavelength, and any initial
asymmetry would be preserved. Thus we emphasize here that the collapse into a symmetric shape is a consequence of
being in a deeply nonlinear regime. The linear regime of our problem is similar to another curvature-driven problem
– that of the relaxation of a perturbed liquid-air interface [16, 17] – in that they flow to attracting set of shapes at
long times. We show this explicitly by simulating five di↵erent asymmetric initial-conditions each with a straight
portion attached to a semi-circular portion as in fig. 5(e). The total length of the filament for all the initial conditions
is held fixed while the diameter, b of the semi-circular section is varied. We quantify the asymmetry in terms of the

di↵erence in curvature on either side of the midpoint: � =
R
L
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/2
0 |(L
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/2 � s) � (s)|ds. � takes a value of 0 for a
completely symmetric shape and positive values for di↵erent levels of asymmetry. We plot �(t) in fig. 5. In all cases,
the filament first rapidly becomes symmetric and then relaxes more slowly to a straight line. The straight section
first curves in order to attain overall symmetry, thus showing that tension must play a role, as there is no bending
force on the straight section. The time-scale to reach the symmetric shape increases monotonically with b. (see fig. 8

•Tension is inevitable at large deformations 
•Without this, viscous dissipation over-predicted
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FIG. 4: (a) Tension, T (s) vs s at various time instants. The profile of tension changes shape as it decays, which is
evident from the fact that the position where it crosses zero travels towards the ends in time. (b) x-component of
force due to bending (F1), tension (F2) and the resultant viscous force (their sum) from eq. 3 for the filament

configuration shown at the bottom right. The contribution from bending force and that of tension are very similar
in magnitude but opposite in sign, so a small viscous force (as seen) is su�cient to balance them. The filament in

the inset is colored based on T (s) and the dots show the position where T (s) goes to zero. (c) Velocity field obtained
by PIV where a pair of vortices is formed on each side of the filament. The tension in the filament vanishes near the

location where the sign of vorticity changes. Scales in units of cm.

Second, as we see from the energy functional, T ⇠ B/L

2
o

, the nonlinear tension term (F2) has the same scaling as the
bending term (F1). In other words, ⌧ emerges as a single time scale in the problem, even in the nonlinear regime.
We recall that the filament relaxes much faster experimentally than the time scale ⌧ , i.e., the balance between the
two terms leads to a small numerical prefactor.
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All the results we describe above are for initial shapes that are symmetric about the midpoint of the filament
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shown. This is shown in fig. 5(a, b) via the evolution of Ē
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(t) and L̄(t). The images of filaments shown label the initial
condition in each of three data sets displayed. We have chosen t = 0 to be the point where there is no experimentally
discernible asymmetry. For t > 0 the relaxation follows the same path in all cases.

In the linear regime, the relaxation time of a Fourier component varies only with wavelength, and any initial
asymmetry would be preserved. Thus we emphasize here that the collapse into a symmetric shape is a consequence of
being in a deeply nonlinear regime. The linear regime of our problem is similar to another curvature-driven problem
– that of the relaxation of a perturbed liquid-air interface [16, 17] – in that they flow to attracting set of shapes at
long times. We show this explicitly by simulating five di↵erent asymmetric initial-conditions each with a straight
portion attached to a semi-circular portion as in fig. 5(e). The total length of the filament for all the initial conditions
is held fixed while the diameter, b of the semi-circular section is varied. We quantify the asymmetry in terms of the
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FIG. 3: (a) Shape of the filament for various time instants in the simulation super-imposed on each other, with an
experimental image, seen in white, in the background. (b) Evolution of curvature, (s) vs s for di↵erent times. (s)
is always positive and decays monotonically with time. (c) The decay of the maximum value of curvature compared
with that of experiments (�) without any fitting parameter in the numerics. All quantities are non-dimensionalised

using L

o

and ⌧ as scales.

though the drag occurs at an interface. In the experiment the filament at the interface is partially exposed to air and
is only partially submerged in the viscous liquid. Thus the e↵ective viscosity at the interface is expected to be less
than that of the bulk liquid, explaining at least in part the factor of 4.2. We emphasize that the idealizations in the
numerical model are in the treatment of drag, and not in the elasticity of the filament.

Indeed, fig. 3(b) shows that the computed curvature is always positive along the filament. The maximum of the
curvature as a function of time is shown in fig. 3(c), where it is compared to the experimental data. As discussed
earlier, the time evolution of experiment and numerical computation have the same functional form, but the time
scale observed in the numerics is faster.

B. Tension

Having validated our model, we now move to computed quantities that are not accessible in the experiments. As is
clear in figure 3, the curvature is not uniform, and therefore the filament should not be expected to open uniformly.
In fig. 4(a) we show the tension, T (s) computed using eq. 5. The relationship between curvature and tension is not
linear and depends on higher derivatives of curvature. Consequently, unlike the curvature, which is always positive,
the tension changes sign from compressive in the central region to tensile near the free ends. Force balance along the
tangential direction thus requires that the viscous drag force be a function of arc-length.

In order to test whether the tension distribution observed in the simulation results are supported by experimental
observations of the viscous drag on the filament, we use Particle Image Velocimetry (PIV) to measure the velocity field
at the interface. We make a suspension of hollow glass spheres of 10µm average diameter in the fluid and illuminate
the interface with laser sheets (Wicked Lasers < 500mW and wavelength ⇡ 532nm). The motion of the particles
from the recorded images is tracked using open-source package, PIVLab [15]. The resultant velocity field for the
relaxation is plotted in fig. 4(c). As the filament begins to relax, two symmetric pairs of vortices are formed. Tension
in the system has contributions only from the tangential projection of the stress tensor. Now using eq. 4 we can write:

r
s

· t̂ @

s

T (s) = µ̄@

t

r · t̂+ r
ssss

· t̂
T (s) =

Z
s

0
(r

ssss

· t̂+ µ̄r
t

· t̂)ds

This quantity goes to zero at the position where net bending force is balanced by viscous dissipation. Comparing the
PIV field and fig. 4(b) we observe that this location is close to the point where vorticity changes sign. This location
moves towards the ends of the filament as it relaxes, consistent with the simulation results.

To separate the contributions of the linear bending force, F1, and the nonlinear tension arising from length con-
servation F2, we plot in fig. 4(b) these individual terms on the right side of eq. 3. Surprisingly, the linear (F1) and
nonlinear (F2) terms are comparable in magnitude, though opposed in sign, even for the highly deformed regime.
The algebraic sum of these forces is balanced by a viscous term that is much smaller in magnitude than each of these
terms.

Viewed in the light of these results, it is evident that ignoring the tension term in the large deformation limit not
only leads to non-conservation of length but leads to a significant overestimation of the dissipation due to viscosity.

Location where Tension goes to zero depends on:



Case of thin-films & infinitely long filaments
the substrate and a no-stress boundary condition at the free
surface, yields the so-called capillary-driven thin lm
equation:1–3

vthþ
g

3h
vx
!
h3vx

3h
"
¼ 0; (1)

where h(x, t) is the thickness of the lm at position x and time t,
g is the surface tension, and h is the viscosity. Eqn (1) can be
nondimensionalised through h ¼ h0H, x ¼ h0X and t ¼ (3hh0/g)
T, where h0 is the equilibrium thickness of the lm innitely far
from the perturbation. This leads to:

vTH + vx(H
3vx

3H) ¼ 0. (2)

The height of the lm can be written as h(x, t) ¼ h0 + d(x, t),
where d(x, t) is the perturbation that levels with the passing of
time. For the case of small perturbations compared to the
overall thickness of the lm, eqn (2) can be linearised by letting
H(X, T) ¼ 1 + D(X, T) where D(X, T) # 1. This yields the linear
thin lm equation:

vTD + vx
4D ¼ 0 . (3)

For a given sufficiently regular initial condition D(X, 0) ¼
D0(X), the solution of eqn (3) is given by:

D(X, T) ¼
Ð
dX0G(X $ X0, T)D0(X

0) , (4)

where G is the Green's function of eqn (3), and reads:47

GðX ;TÞ¼ 1

2p

ð
dK e$K4T eiKX : (5)

By ‘sufficiently regular’, we mean in particular that the initial
perturbation of the prole is summable, with a non-zero alge-
braic volume, and that this perturbation vanishes when X /
'N. The Green's function is obtained by taking the spacial
Fourier transform of eqn (3). Eqn (4) and (5) are central to the
problem as, for a given initial condition, they give the prole at
any time.

2.2 Universal self-similar attractor

Guided by the mathematical structure of eqn (3), we introduce
the self-similar change of variables: U ¼ XT$1/4 and Q ¼ KT1/4,
together with D

^
ðU;TÞ ¼ DðX ;TÞ. These variables, together with

eqn (4) and (5), yield:

D
^
ðU ;TÞ ¼

ð
dX 0G

^!
U $ X 0T$1=4;T

"
D0

!
X 0"; (6)

where G
^
ðU;TÞ¼ T$1=4fðUÞ; and:

fðUÞ¼ 1

2p

ð
dQe$Q 4

eiQU : (7)

Note that the integral in eqn (7) can be expressed in terms of
hypergeometric functions (see the Appendix). The main result
from our previous work47 was that, for any given initial
condition D0(X) the rescaled solution T1=4D

^
ðU;TÞ=M 0; where

M 0 ¼
Ð
dXD0(X)s 0 is the algebraic volume of the perturbation,

uniformly converges in time to f(U) (see Fig. 1):

lim
T/N

T1=4D
^
ðU ;TÞ

M 0

¼fðU Þ: (8)

According to Barenblatt's theory,49 this is the intermediate
asymptotic solution. The solution is universal in the sense that
it does not depend on the shape of the initial condition. Note
that in the particular case of a zero volume perturbation, the
attractor is given by the derivatives of the function f(U). The
question of the time needed to reach this fundamental solution
is important as it quanties how long one has to wait to forget
the initial condition.

2.3 Convergence time

In order to study the approach to the self similar attractor, we
look at the surface displacement at x ¼ 0 as a function of time.
Letting DN(X, T) be the perturbation prole in the intermediate
asymptotic regime, then according to eqn (8) at U ¼ 0 one has:

DN(0, T) ¼ M 0f(0)/T
1/4. (9)

We then dene the convergence time Tc as being the inter-
section of the initial central height and the central height in the
intermediate asymptotic regime:

D0(0) ¼ DN(0, Tc), (10)

which leads to:

Tc ¼
%
Gð5=4Þ

p

M 0

D0ð0Þ

&4

: (11)

Note that the choice of origin, x ¼ 0, is arbitrary and will be
discussed in the experimental section.

3 Experiments
Samples were prepared using polystyrene (PS) with weight
averaged molecular weight Mw ¼ 31.8 kg mol$1 and

Fig. 1 Schematic illustrating the convergence of any given initial
profile to the universal intermediate asymptotic solution.

This journal is © The Royal Society of Chemistry 2014 Soft Matter, 2014, 10, 8608–8614 | 8609

Paper Soft Matter

Pu
bl

is
he

d 
on

 0
6 

A
ug

us
t 2

01
4.

 D
ow

nl
oa

de
d 

by
 U

ni
ve

rs
ity

 o
f M

as
sa

ch
us

et
ts

 - 
A

m
he

rs
t o

n 
27

/0
4/

20
15

 1
5:

10
:3

3.
 

View Article Online

the substrate and a no-stress boundary condition at the free
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overall thickness of the lm, eqn (2) can be linearised by letting
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'N. The Green's function is obtained by taking the spacial
Fourier transform of eqn (3). Eqn (4) and (5) are central to the
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from our previous work47 was that, for any given initial
condition D0(X) the rescaled solution T1=4D
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According to Barenblatt's theory,49 this is the intermediate
asymptotic solution. The solution is universal in the sense that
it does not depend on the shape of the initial condition. Note
that in the particular case of a zero volume perturbation, the
attractor is given by the derivatives of the function f(U). The
question of the time needed to reach this fundamental solution
is important as it quanties how long one has to wait to forget
the initial condition.

2.3 Convergence time

In order to study the approach to the self similar attractor, we
look at the surface displacement at x ¼ 0 as a function of time.
Letting DN(X, T) be the perturbation prole in the intermediate
asymptotic regime, then according to eqn (8) at U ¼ 0 one has:

DN(0, T) ¼ M 0f(0)/T
1/4. (9)

We then dene the convergence time Tc as being the inter-
section of the initial central height and the central height in the
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which leads to:
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Note that the choice of origin, x ¼ 0, is arbitrary and will be
discussed in the experimental section.
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the substrate and a no-stress boundary condition at the free
surface, yields the so-called capillary-driven thin lm
equation:1–3
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vx
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h3vx
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¼ 0; (1)

where h(x, t) is the thickness of the lm at position x and time t,
g is the surface tension, and h is the viscosity. Eqn (1) can be
nondimensionalised through h ¼ h0H, x ¼ h0X and t ¼ (3hh0/g)
T, where h0 is the equilibrium thickness of the lm innitely far
from the perturbation. This leads to:

vTH + vx(H
3vx

3H) ¼ 0. (2)

The height of the lm can be written as h(x, t) ¼ h0 + d(x, t),
where d(x, t) is the perturbation that levels with the passing of
time. For the case of small perturbations compared to the
overall thickness of the lm, eqn (2) can be linearised by letting
H(X, T) ¼ 1 + D(X, T) where D(X, T) # 1. This yields the linear
thin lm equation:

vTD + vx
4D ¼ 0 . (3)

For a given sufficiently regular initial condition D(X, 0) ¼
D0(X), the solution of eqn (3) is given by:

D(X, T) ¼
Ð
dX0G(X $ X0, T)D0(X

0) , (4)

where G is the Green's function of eqn (3), and reads:47

GðX ;TÞ¼ 1

2p

ð
dK e$K4T eiKX : (5)

By ‘sufficiently regular’, we mean in particular that the initial
perturbation of the prole is summable, with a non-zero alge-
braic volume, and that this perturbation vanishes when X /
'N. The Green's function is obtained by taking the spacial
Fourier transform of eqn (3). Eqn (4) and (5) are central to the
problem as, for a given initial condition, they give the prole at
any time.

2.2 Universal self-similar attractor

Guided by the mathematical structure of eqn (3), we introduce
the self-similar change of variables: U ¼ XT$1/4 and Q ¼ KT1/4,
together with D

^
ðU;TÞ ¼ DðX ;TÞ. These variables, together with

eqn (4) and (5), yield:
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where G
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Note that the integral in eqn (7) can be expressed in terms of
hypergeometric functions (see the Appendix). The main result
from our previous work47 was that, for any given initial
condition D0(X) the rescaled solution T1=4D
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ðU;TÞ=M 0; where

M 0 ¼
Ð
dXD0(X)s 0 is the algebraic volume of the perturbation,

uniformly converges in time to f(U) (see Fig. 1):
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^
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M 0

¼fðU Þ: (8)

According to Barenblatt's theory,49 this is the intermediate
asymptotic solution. The solution is universal in the sense that
it does not depend on the shape of the initial condition. Note
that in the particular case of a zero volume perturbation, the
attractor is given by the derivatives of the function f(U). The
question of the time needed to reach this fundamental solution
is important as it quanties how long one has to wait to forget
the initial condition.

2.3 Convergence time

In order to study the approach to the self similar attractor, we
look at the surface displacement at x ¼ 0 as a function of time.
Letting DN(X, T) be the perturbation prole in the intermediate
asymptotic regime, then according to eqn (8) at U ¼ 0 one has:

DN(0, T) ¼ M 0f(0)/T
1/4. (9)

We then dene the convergence time Tc as being the inter-
section of the initial central height and the central height in the
intermediate asymptotic regime:

D0(0) ¼ DN(0, Tc), (10)

which leads to:

Tc ¼
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Note that the choice of origin, x ¼ 0, is arbitrary and will be
discussed in the experimental section.

3 Experiments
Samples were prepared using polystyrene (PS) with weight
averaged molecular weight Mw ¼ 31.8 kg mol$1 and

Fig. 1 Schematic illustrating the convergence of any given initial
profile to the universal intermediate asymptotic solution.
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Happens to be the same equation 
for filaments in the linear limit

Benzaquen et. al.  “Approach to universal self-similar attractor for the levelling of thin liquid films.” Soft Matter, 2014, 10, 8608 (2014)
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FIG. 8: (a, c) Two arbitrary asymmetric initial conditions relaxing to symmetric states with (b, d) showing similar
behaviour from numerics. (d) We see that the tension, T (s) moves towards regions of zero bending force and

becomes symmetric. It still has finite amplitude indicating that the system is still non-linear.

Filaments that start with asymmetric initial condition 
move to symmetric stresses 
After attaining symmetric stress, they continue to 
remain symmetric 
This seems to be the case for any arbitrary initial 
asymmetric perturbation (in expts.)
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C. Forces involved and their balance

The governing equations described above capture the
dynamics of any filament in a viscous fluid. For small dis-
placements, the nonlinear terms in eq.5 are vanishingly
small, and the tension T (s) is negligible. This implies
that the linear model does not preserve length. Since we
are in the non-linear limit, we carry out finite-di↵erence
discretization of eqns. 4, 5 to understand the filament re-
laxation. The method described in [11] is used to solve
both the tension equation as well as the equation of mo-
tion. The technique is to split the filament into a series
of inter-connected rods of length ds while conserving the
total length using penalisation. We use a TDMA scheme
to calculate T (si) using the value of r(si) at discrete
arc-lengths, si. A skew-finite di↵erence is used for imple-
menting the boundary conditions in higher-order deriva-
tives. More details regarding the numerical method and
parameters used are available in the supplementary ma-
terial.

In fig. 2(a, b), Ēel(t) vs t̄ and L̄(t) vs t̄ computed by
setting µ̄ = 1 is superimposed over experimental data
(bar indicates non-dimensional quantities). The simula-
tion result is o↵set from the experimental data, and we
scale the simulation data by a fitting factor 4.2. This dis-
crepancy between experiment and simulation could be at-
tributed to any of the following reasons. (i) We do not ac-
count for the hydrodynamic interaction and anisotropic
drag in the simulation but these are present in experi-
ments, (ii) the wetting properties of the filament surface
are neglected and (iii) since we perform experiments at
the interface but scale using bulk viscosity, this coe�cient
is an indicator of an equivalent viscosity of the interface.

Figure 3(a) shows the evolution of the computed fila-
ment shape. Figure 3(b) shows the computed curvature
is always positive along the filament. Both the shape
of the relaxing filament and the curvature compare well
with the experiment, giving confidence that the phenom-
ena are correctly described by the model. The maximum
of the curvature as a function of time is shown in Fig-
ure 3(c), where it is compared to the experimental data.
As discussed earlier, the time evolution of experiment
and numerical computation are qualitatively similar but
the time scale observed in the experiment is faster.

Having validated our model, we now move to computed
quantities that are not accessible in the experiment. As
is clear in figure 3, the curvature is not uniform along the
filament, and therefore should not be expected to open
uniformly. In fig. 4(a) we show the tension, T (s) com-
puted using eqn.5. The relationship between curvature
and tension is not linear and depends on higher deriva-
tives of curvature. Consequently, unlike the curvature,
which is always positive, the tension changes sign from
compressive in the central region to tensile near the free
ends. Force balance along the tangential direction thus
requires that the viscous drag force is a function of arc-
length.

To understand the contributions of the forces gener-

ated by geometry (represented by (s)) and by length
conservation (tension), we plot in fig. 4(b) the individual
terms on the right side of eqn.3. The nonlinear force aris-
ing out of length conservation is denoted by F2 and the
linear bending force by F1. Surprisingly, the linear (F1)
and nonlinear (F2) terms are comparable in magnitude
even for the highly deformed regime. The algebraic sum
of these forces is balanced by a viscous term that is much
smaller in magnitude than each of these terms.

Viewed in the light of these results, it is surpris-
ing that relaxation dynamics scale with ⌧ ⇠ viscous
drag/bending, to the exclusion of the large tension term
in the force balance. However, bending occurs over the
entire scale of the filament in this setting. If the force due
to tension is to balance the bending force per unit length
⇠ B/L

3
1, then it too must vary over the same large scale,

so that @s ⇠ L

�1
1 . Thus there is only a single length scale

entering ⌧ . At late times, the bending energy dominates,
and the linear dynamics are still controlled by bending
versus viscous drag.

III. ASYMMETRIC INITIAL CONDITIONS

All the results we describe above are for initial shapes
that are symmetric about the midpoint of the filament
((L/2 � s) = (s)). If the filament is released from an
asymmetric, highly deformed shape, we find experimen-
tally that it first deforms into a symmetric shape, then
relaxes along the sequences of symmetric shapes we have
previously shown. This is shown in fig. 5(a) via the evo-
lution of Ēel(t) and L̄(t) (L1 = 6.5cm). The images of
filaments shown label the initial condition in each of thre
data sets displayed. We have chosen t = 0 to be the
point where there is no experimentally discernible asym-
metry. For t > 0 the relaxation follows the same path in
all cases.

We emphasize that the collapse into a symmetric shape
is a consequence of being in a deeply nonlinear regime.
In the linear regime, the relaxation time of a fourier
component varies only with wavelength, and any initial
asymmetry would be preserved. We show this explicitly
by simulating five di↵erent asymmetric initial-conditions
each with a straight portion attached to a semi-circular
portion as in fig. 5(e). The total length of the filament
for all the initial conditions is held fixed while the diam-
eter, b of the semi-circular section is varied. We quantify
the asymmetry in terms of the di↵erence in curvature on
either side of the midpoint:

� =

Z L/2

0
|(L/2 � s) � (s)|ds (6)

� takes a value of 0 for a completely symmetric shape
and positive values for di↵erent levels of asymmetry. We
plot �(t) in fig. 5. The time-scale to reach the symmetric
shape increases monotonically with b. In all cases, the
filament first becomes symmetric and then relaxes to a
straight line. The straight section first curves in order to
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FIG. 5: (a) Evolution of elastic energy and (b) L(t)/L
o

for the two asymmetric initial conditions shown in the
legend from experiments, compared with the symmetric case (L

o

= 6.5cm,E = 240kPa, d = 1.1mm). We see that
the curves merge quickly and the decay beyond that time becomes identical. (c, d) Evolution of a rod with

symmetric (s) about s = 0.5 which relaxes to a straight configuration along a symmetric path. (c) consists of
superimposed images from experiment while (d) is from numerics for the same initial condition. (e) Non-dimensional

parameter �(t) which quantifies the asymmetry in a given configuration. This is plotted for di↵erent initial
conditions with di↵erent values of b, where b is the diameter of the semi-circular section shown above the plot. b

here is varied between 0.0625 and 0.1875. We see that a configuration with smaller b symmetrises faster.

of appendix to see the movement of T (s) along the filament to regions of zero bending force.)

We make an energy argument to show that the energy of the symmetric state is a minimum with respect to
asymmetric perturbations. Let us assume a smooth symmetric profile for curvature, ̂(s) = ̂(�s). We perturb the
curvature, ̂(s), while maintaining the boundary conditions, with a function �✏(s) in s 2 [�L

o

/2, 0] and with ✏(�s)
in s 2 [0, L

o

/2] . The total elastic energy becomes:

E
el

=
B

2

 Z 0

�L

o

/2
(̂(s)� ✏(s))2ds+

Z
L

o

/2

0
(̂(s) + ✏(�s))2ds

�

=
B

2

 Z
L

o

/2

�L

o

/2
̂

2(s)ds+

Z
L

o

/2

0
(✏2(�s) + ✏

2(s))ds

�

� B

2

Z
L

o

/2

�L

o

/2
̂

2(s)ds

It is thus evident that for a given curvature, a symmetric shape has minimum energy. This shows that asymmetric
perturbations about an arbitrarily large-deformation state will be relaxed to a symmetric state. To emphasize the
fact that it is a symmetric stress or curvature, rather than a symmetric shape, that is attained, we show an example
in fig. 5(c, d) where r(s) is not symmetric but (s) is. These initial conditions also relax along a stress-symmetric
sequence of shapes. The fast relaxation of the asymmetric stress state to a symmetric one is to be expected because
the e↵ective length of the portion of the filament under tension is shorter at early times, and changes with time as
the tension gets distributed everywhere in the filament.
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FIG. 8: (a, c) Two arbitrary asymmetric initial conditions relaxing to symmetric states with (b, d) showing similar
behaviour from numerics. (d) We see that the tension, T (s) moves towards regions of zero bending force and

becomes symmetric. It still has finite amplitude indicating that the system is still non-linear.
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FIG. 3: (a) Position of filament for various time instants super-imposed on top of each other from simulation with
an experimental image in background. (b) Evolution of curvature, (s) vs s as a function of time. (s) is always

positive and decays monotonically with time. (c) The decay of maximum value of curvature compared with that of
experiments (�) without fitting parameter in numerics.

FIG. 4: (a) Tension, T (s) vs s at various time instants. (b) x-component of force due to bending, tension and the
resultant viscous force from eqn. 3 for filament configuration shown in inset. The contribution from bending force
and that of tension are very similar in magnitude but opposite in sign resulting in very small viscous dissipation.

attain overall symmetry, thus showing that tension must
play a role, as there is no bending force on the straight
section. (See fig. 8 of SI to see the movement of T (s)
along the filament to regions of zero bending force.)

We make an energy argument to show that the en-
ergy of the symmetric state is a minimum with respect to
asymmetric perturbations. Let us assume a smooth sym-
metric profile for curvature, ̂(s) (̂(s) = ̂(�s)) that has
a mean curvature ̂ = 0 for s 2 [�L/2, L/2]. We perturb
the curvature, ̂(s), while maintaining the boundary con-
ditions, with a function �✏(s) in s 2 [�L/2, 0] and with
✏(�s) in s 2 [0, L/2] . This leaves the mean curvature
unchanged, but the total elastic energy becomes:

Eel =
B

2

 Z 0

�L/2
(̂(s) � ✏(s))2ds +

Z L/2

0
(̂(s) + ✏(�s))2ds

�

=
B

2

 Z L/2

�L/2
̂

2(s)ds +

Z L/2

0
(✏2(�s) + ✏

2(s))ds

�

� B

2

Z L/2

�L/2
̂

2(s)ds

It is evident that for a given mean curvature ̂ (which is

also the di↵erence between angle at s = 0, L), a sym-
metric shape has minimum energy. This shows that
asymmetric perturbations about an arbitrarily large-
deformation state will be relaxed.

IV. CONCLUSION

We see that the relaxation of a highly deformed elastic
filament is described by a single time-scale arising out
of balancing viscous drag and bending force with a non-
trivial pre-factor. It is also observed in both experiments
and numerics that a symmetric shape of the filament is
more favorable than an asymmetric shape due to ener-
getic reasons. This proves advantageous in terms of using
the filament relaxation to measure interfacial viscosity
when filament’s bending modulus and length are known,
since it depends weakly on the initial asymmetry. In or-
der to maintain the relaxation in a Stokesian limit, one
can control the diameter of the chosen filament. Finally,
the role of tension seems important at large deformations
of the filament in a Stokesian setting and its magnitude is

Symmetric curvature minimizes total elastic energy



Thank you!


