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What is a filament?
Any solid structure with very high aspect ratio
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Figure 1: (a) Schematic representation of an elastic rod undergoing torsion with a rate
given by ⌧ . (b) Bending of the filament with radius of curvature R. The unbent length
of the rod is dz and the end-to-end distance after bending changes to dz
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at the boundary of the filament. This can be rewritten as:
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We can choose the constant to be zero without loss of generality. Thus we can write:

C = 4µ

Z
� dx dy

As a procedure to calculate the C for a given cross-section, we need to solve for � in the
equations:

�� = �1, � = 0 @ boundary

1.2 Bending

The next step towards deriving governing equations for an inextensible elastic filament
is computing strains and stress relations for a simply bent filaments. In fig. 1(b) we
schematically represent the configuration of a bent rod of radius of curvature R. Let us
take a filament of length dz, z being the axis of the rod. If we bend this small rod with
certain curvature, we expect it to possess strains of di↵erent magnitude. This bending
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1 Introduction

Here we present the derivation of governing equations that determine the equilibrium
shape of inextensible elastic filaments. The derivation is for the most part replicated
from Landau, Lifshitz: Theory of Elasticity.

1.1 Torsion

When an elastic rod is held by one of its ends and the free end is twisted by a rate ⌧
(angle of rotation per unit length) the angle a given plane rotates goes as:

d� = ⌧dz

where z is the axis of the rod and � is the angle a given plane rotates as we traverse along
the z-axis. These rotations are small in the sense that ⌧R ⌧ 1 where R is the length of
the rod. Any position vector on the filament under a rotation of angle �� traverses under
the relation:

�r = ��⇥ r

The vector � has a magnitude � and is the direction along the axis of rotation. If we fix
the origin as in fig. 1(a) we can write the displacement of a given point on the filament
at height z as:
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Though we haven’t written the displacement along the z�axis, this can be written as:
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Now that we have the representation of the displacement along the filament body, the
strain tensor given by:
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The non-zero strains are:
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Something thats worth notis that u
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= 0 meaning that the torsion is a volume preserving
transformation. In other words this is a pure shear deformation. The components of stress
due to these strains is:
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Figure 1: (a) Schematic representation of an elastic rod undergoing torsion with a rate
given by ⌧ . (b) Bending of the filament with radius of curvature R. The unbent length
of the rod is dz and the end-to-end distance after bending changes to dz

0.

at the boundary of the filament. This can be rewritten as:

@�

@y

n

x

� @�

@x

n

y

= 0

n

x

= �dy

dl

, n

y

=
dx

dl

@�

@y

dy +
@�

@x

dx = 0

d� = 0

� = cst

We can choose the constant to be zero without loss of generality. Thus we can write:

C = 4µ

Z
� dx dy

As a procedure to calculate the C for a given cross-section, we need to solve for � in the
equations:

�� = �1, � = 0 @ boundary

1.2 Bending

The next step towards deriving governing equations for an inextensible elastic filament
is computing strains and stress relations for a simply bent filaments. In fig. 1(b) we
schematically represent the configuration of a bent rod of radius of curvature R. Let us
take a filament of length dz, z being the axis of the rod. If we bend this small rod with
certain curvature, we expect it to possess strains of di↵erent magnitude. This bending
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Torsion Bending

For the equilibrium of the filament, the stress has to satisfy:
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An alternative representation that is more useful is when we represent the stresses using
the scalar, �:
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We are interested in understanding how energy of the system depends on the applied
torsion, ⌧ . In order to do that, we can write the free energy per unit volume as:
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Using vector identites we can write:
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We can see in a few steps that the term containing divergence above is zero. We know
from equilibrium that:
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we show here can be done using externally applied stress along z-direction. We see that
�

zz

is the only finite stress and all others are small compared to this and can thus be
neglected. A detailed argument to show this is in L&L. Nevertheless we go ahead and
write that length of the rod at a given location after bending as:
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The e↵ect of Poisson’s ratio induces strain in other two directions as well. This is given
by:
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where � is the Poisson’s ratio. Further we know that there are not strains apart from
these. All the other components of the strain tensor are thus zero absolutely. We can
then write:
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The free energy per unit volume again from these calculations like earlier turns out to
be:
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The energy per unit length thus can be written as:
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The term in the integral is the second moment of area or the area moment of inertia.
The moment or torque about y-axis due to stress �

zz

can be written as:
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Now that we have the constitutive relation for the moment and the free-energy due to
bending and torsion we can derive the force balance equations and the moment balance
equations.
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Instabilities on filament
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FIG. 2: Symmetric (a) and antisymmetric (b) configurations of the sheet in the xz plane as a function of decreasing pressure
(increasing displacement) from a point close to the instability threshold (Pc = 2) down to self-contact. The curves are vertically
shifted by 3 from one another for clarity.

-3 -2 -1 0 1 2 3x

-4

-3

-2

-1

0

z

(a)

-6 -4 -2 0 2 4 6x
-4

-2

0

2

4

z

(b)

FIG. 3: The fully ‘damped’ self-intersecting configurations ob-
tained for P → −2. (a) Symmetric configuration for P = −2
[φ(s) = 4 tan−1(s/ cosh s)]. (b) Antisymmetric configuration
for P = −1.9999; as P → −2 the two loops are pushed toward
the boundaries, leaving a flat sheet (φ = 2π) in between.
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Figure 1: Sketch of the magnetic tweezers experiment. A B-DNA molecule
of total contour length ℓ is fixed in s = 0 to a glass surface while the other end
in s = ℓ is attached to a magnetic bead. A pulling force Fext and a torque
Mext are applied at the upper end by using a magnet. The superhelical
angle and radius are denoted α and R respectively. The zenith angle α and
the azimuth angle ψ of the tangent vector with regard to the superhelical
axis ex are also shown.
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that the onset is consistent with a Hopf bifurcation (21). Finally,
(iii) we find that the natural curvature of the rod is a pivotal
control parameter. This is important given that in the engineering
systems mentioned above, natural curvature may develop from
the spooling of the cables and pipes for storage and transport
(22). Together, the experiments and numerics enable us to
identify the physical ingredients and predictively understand the
characteristic length scales that underlie the coiling process.

Physical and Numerical Experiments
Desktop-Scale Physical Experiments. A photograph of our experi-
mental apparatus is presented in Fig. 1A; an elastomeric rod is
deployed at a controlled injection speed, v, onto a conveyor belt
that is moving with speed vb. The rod is custom fabricated from
a silicone-based rubber [vinylpolysiloxane (VPS)], using a protocol
(22–24) that accurately prescribes the circular cross-sectional
radius, r0 = 1:6 mm; density, ρ= 1:02 g=cm3 or ρ= 1:18 g=cm3;
Young’s modulus, E= 0:18 MPa or E= 1:3 MPa; Poisson’s ratio
ν≈ 0:5; and natural curvature, 0< κn < 0:4 cm−1. A variety of
coiling patterns can be attained when the rod comes in contact
with the belt and the process is imaged by a digital camera. The
possible coiling states include meandering (sinusoidal patterns,
Fig. 1 B1 and Movie S1), alternating loops (Fig. 1 C1 and Movie
S2), translated coiling (coiling only to one side, Fig. 1 D1 and
Movie S3), and stretched coiling (coils separated by a long cate-
nary, see Fig. 3B). SeeMaterials and Methods for additional details
on the experiments.

Numerics from the Graphics Community. Hand in hand with the
physical experiments, we conduct numerical simulations using the
DER method (13, 14), which was originally developed to serve
the visual special effects and animated feature film industries’
pursuit of visually dramatic (i.e., nonlinear, finite deformations)
dynamics of hair, fur, and other rod-like structures. DER is based
on discrete differential geometry (DDG), a budding field of
mathematics that is particularly well suited for the formulation of
robust, efficient, and geometrically nonlinear numerical treatments
of elasticity (25). This method supports arbitrary (i.e., curved) un-
deformed configurations, arbitrary cross sections (i.e., noncircular),
and dynamics. A direct comparison between simulations and
experiments is provided in Movies S1–S3, with no fitting parameter;
all control, geometric, and material parameters are measured
independently.

Physical Ingredients
We assume that due to its slenderness and the geometry of the
setup, the rod is inextensible. The configuration of a Kirchhoff
elastic rod (9, 26) is succinctly represented by an adapted framed
curve fγðsÞ; θðsÞg, where γðsÞ is an arc-length parameterized curve
in R3 describing the rod’s centerline, and θðsÞ describes the an-
gular evolution of the tangent-aligned orthonormal material
directors fγ′ðsÞ;m1ðsÞ;m2ðsÞg relative to a natural, twist-free ref-
erence frame (27). The prime refers to differentiation with re-
spect to arc length; e.g., γ′ðsÞ= dγ=ds. Upon deformation of the

rod, the local strains are captured by the twist, θ′ðsÞ, and cur-
vature, κðsÞ=

!!γ″ðsÞ
!!.

The energy stored in the deformation of the rod is expressed
in terms of inertial, gravitational, and elastic contributions per
unit length,

Etotal = E i + Eg + Ee: [1]

The elastic energy term can itself have bending and twisting
components, Ee = Eb + Et, depending on the specific deformation
mode. The inertial term is Ei = πρr20v

2, and the remaining, geometry-
dependent, terms are elaborated later when needed. Depending
on the relative magnitude of the various energies, the following
coiling regimes can be identified (12): (i) elastic ðEe # Eg ∼ E iÞ,
(ii) gravitational ðEg ∼ Ee # E iÞ, and (iii) inertial ðE i ∼ Ee # EgÞ.
Given the properties of our rod and slow injection speeds,
0:5  cm=s< v< 6:0  cm=s, the ratio between inertial and gravita-
tional energies, yields a Froude number, Fr= v2=½gR% (R is the
typical radius of curvature of deformation of the rod) that lies within
10−4 <Fr< 10−2. Inertial effects can therefore be neglected.

Gravito-Bending Length. We now identify the primary character-
istic length scale of our system. We first consider the case of a
planar, twist-free deformation ðEt = 0Þ of a straight rod ðκn = 0Þ
that is deformed into a configuration with curvature κ. The cor-
responding bending energy is Eb =EIκ2=2, where I = πr40=4 is the
area moment of inertia. Taking the radius of curvature, R= κ−1,
as the relevant length scale for height, the gravitational energy is
Eg = πρgr20R. Balancing the bending and gravitational energies
yields the characteristic length,

Lgb =

 
r20E
8ρg

!1=3

: [2]

This gravito-bending length (28) will be shown to be crucial in
setting the various features of the coiling patterns. Hereafter, an
overbar represents nondimensionalization of length by Lgb and
time by Lgb=v; e.g., κn = κnLgb denotes the dimensionless
natural curvature.

Static Coiling
We start our investigation by deploying the rod onto a steady sub-
strate (belt speed vb = 0), which leads to nearly circular coiling (Fig.
2 A and B, SI Appendix, and Movies S4 and S5).

The Role of Natural Curvature. In Fig. 2C, we plot the dimensionless
coiling radius as a function of the dimensionless natural radius of
the rod, Rn = κ−1n , finding excellent quantitative agreement be-
tween experiments and simulations. For low values of the natural
radius, the coiling radius first scales as RC ∼Rn, but then levels off
and eventually asymptotes to RC ∼ 2, for nearly straight rods.
Above, for a straight rod ðκn = 0Þ, we showed that the bal-

ance between bending and gravitational energies results in the
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A

Fig. 1. (A) Photograph of the
experimental apparatus. The
thin elastic rod (3) is deposited
by an injector (2) onto a con-
veyor belt (4), which is driven
by a stepper motor (5). The
patterns that form on the belt
are recorded by a digital video
camera (1). (B–D) Represen-
tative coiling patterns at dif-
ferent values of the control
parameters: Upper, from ex-
periments (in green); and
Lower, from DER simulations (in red). (B) Sinusoidal meanders (vb = 2:0  cm=s, v = 2:3  cm=s) (Movie S1). (C) Alternating loops (vb = 1:0  cm=s, v = 2:0  cm=s)
(Movie S2). (D) Translated coils (vb = 0:6  cm=s, v = 2:0  cm=s) (Movie S3). Material properties of the rod are r0 = 0:16  cm, ρ= 1:18  g=cm3, E= 1:3 MPa
(i.e., Lgb = 3:3  cm), with a deployment height of H= 50 cm.
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away from initial alignment with the flow direction first
exhibits an elastic instability close to the plane of zero ve-
locity, where j !fj ø 1 and the coefficient x " sin!2f"#2
is approximately independent of time. In that case, Eq. (2)
may be taken as a homogeneous, constant-coefficient par-
tial differential equation which is linear in y " u!

aa and
amenable to standard eigenvalue analysis. It turns out that
a filament in the plane of shear and turning away from
alignment first becomes unstable to an in-plane disturbance
of the form y " y!a" exp$st%ef, governed by

y!iv" 1 2Zsy 1 &Z sin!2f"' 3
∑

7
2

y 1 2ay0 1
!4a2 2 1"

16
y00

∏

" 0 , (6)

subject to y " y0 " 0 at a " 61#2. Pseudospectral col-
location, using the Galerkin-type Chebyshev expansion
y!a" "

PN
n"0 anFn with Fn " !a2 2 1#4"Tn!2a" [12],

yields a generalized matrix eigenvalue problem for the
mode amplitudes an with eigenvalue s.

The behavior of the most unstable eigenvalue is shown
in Fig. 2. As the filament turns away from the zero-
velocity plane, the forcing factor Z sin!2f" decreases from
zero until buckling occurs at a critical value of 2153.2;
the corresponding eigenmode is even about the midpoint
a " 0, forming a “C shape” dominated by the basis func-
tion F0. For Z sin!2f" * 21880, the exponential growth
of the dominant C-shape disturbances is governed en-
tirely by the growth rate in region 1 of Fig. 2; in dimen-
sional terms, this growth rate s1 ( 21.6 sin!2f"#tc 2
39.0#tb, where tc is the convective time scale 1# !g and
tb " B ln!2e21"#!mL4" is the time scale for deformation
relaxation in a quiescent fluid. If Z sin!2f" is much lower
than the critical value, then, as indicated by the five regions
in Fig. 2, the mode with the fastest growth rate can be odd
about a " 0. The imaginary part of s is nonzero only
in region 3, but the frequency of amplitude oscillations is
small relative to the rate of rotation of the filament.

Nonlinear simulations.—Next we turn our attention
to the fully nonlinear deformation regime described
by Eq. (1), which is integrated forward in time using
a pseudospectral Galerkin approach with x " a0!t" 1
a1!t"a 1

PN
n"2 an!t"

RR

Fn da da in Cartesian coordi-
nates. The stringent time-step constraints resulting from
the fourth-order spatial derivatives are circumvented by
using a matrix integrating factor to treat the highest spatial
derivative implicitly [13]. While our stability analysis for
steady shear flow was restricted to strong flows where elas-
tic instability first occurs near f " 0 or p, computations
based on either Eq. (1) or the linearized equations (2)–(4)
indicate that the minimum dimensionless flow strength
required for the onset of buckling, at the point of
maximum compression !f " 2p#2, 3p#2, u " p#2",
is indeed Z " 2153.2, as predicted from Eq. (6); a
highly approximate earlier treatment of this onset under-
estimates the required flow strength by a factor of about
2.4 [14].

In Fig. 3, we show the nonlinear dynamics, at a
flow strength of Z " 7000, for a rod placed in the
plane of shear at the critical angle f!t " 0" ) fc )
arcsin!2153.2#Z"#2 " 20.011. Initially, we input a
small shape perturbation such that the magnitude of
each of the mode amplitudes an is about 0.01#!n 1 1"4,
adjusted so as to satisfy the inextensibility constraint;
this noise level leads to a maximum initial transverse
deflection of about 1025L. For any such small-amplitude
disturbance, the initial shape instability will correspond to
the dominant unstable mode, the even C shape determined
from our stability analysis. As observed experimentally
for fibers in strong shearing flows [14], the filament then
executes a so-called snake turn, which results in a net
translation along the direction of shear. It was further
observed in the experiments that a deformation-induced
change in orbit period was not measurable relative to
errors associated with residual fiber curvature. Our fully
three-dimensional nonlinear simulations show in all cases
that changes in orbit times as well as orbit constants
C over one deformation cycle, relative to a straight rod
obeying Eq. (5), are virtually independent of dynamical
deformation, and depend in magnitude only upon the size
of the initial shape perturbation. For example, the time
required by a rigid rod to reach the final orientation shown
in Fig. 3 differs from t " 97.0 by only 0.02 percent.

The single-filament contribution to the bulk stress tensor
in a dilute solution is given by [15]

P " Z
Z 1#2

21#2
!2d 2 ll" ? !U 2 xt"x da , (7)

which for a straight, rigid rod gives P0 " !xZ#12"l0l0.
The instantaneous stress difference P 2 P0 differs appre-
ciably from zero only in the presence of large-scale defor-
mations, and the integral of this stress difference over one
deformation cycle (e.g., Fig. 3) is denoted by the tensor
DS. Varying the dimensionless flow strength Z, we have
simulated a range of deformation cycles for filaments re-
leased in the plane of shear at the critical angle fc with the
aforementioned initial shape perturbation, and the in-plane
components of the net stress difference DS are given in
Fig. 4.

From our linear stability analysis, the initially dominant
mode is an even C shape, but for every even deforma-
tion with instantaneous position vector x, in a dilute,

x
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FIG. 3. Nonlinear dynamics vs time of an elastic rod in the
plane of shear at flow strength Z " 7000.
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(a) (b)

g

Figure 1. (Colour online) Illustration of the source of bending in model “filaments.” (a) The
leading-order e↵ect: larger bodies sediment faster than smaller bodies in a viscous fluid, and
filaments of non-uniform thickness will bend as a consequence. (b) The secondary e↵ect: the
central bodies in a line of identical sedimenting spheres experience a stronger disturbance fluid
flow, and will sediment faster than those near the ends.

0 0.5 1 1.5
−18

−16

−14

−12

−10

−8

−6

−4

−2

0

x

y

−0.5 0 0.5
−0.5

0

0.5

x

y

−0.5 0 0.5
0

0.5

1

1.5

2

2.5

3
x 10

−3

s

h
(s
)

(a) (b)

(c)

(1)

(2)

(3)

(4)

(1)(2)
(3)

(4)

Figure 2. (Colour online) (a) Trajectory of a filament with initial orientation angle ✓0 = ⇡/64,
with “large” elasto-gravitation number � = 0.02, from numerical simulations. (b) Shape of the
filament as it sediments in a frame moving with its midpoint, also showing the reorientation
process. Snapshots correspond to indicated points on the trajectory in (a) (see also supplemen-
tary movie 1, which shows simultaneously the changing filament shapes and trajectories for two
values of �, available at journals.cambridge.org/m). (c) The final sedimenting shape, normalized
by �, corresponding to � = 8 (�) and � = 0.02 (4) from simulations, along with the prediction
from equation (4.26) (solid line) showing the validity of the theory down to relatively small
values of �.
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Figure 1.7: Driven fibers. (a) A centimetric fiber being rotated in a viscous fluid. From left
to right the control parameter ⌘ is increased by increasing the fiber length. Superpositions of
snapshots at different times are shown over one rotation period. From Coq et al. [56]. (b)
Successive shapes of an actin filament attached to a magnetic bead beating in a viscous fluid as
a function of time (snapshots shown every 80ms) and analytical solution of the time dependent
shapes. From Wiggins et al. [57].

Qian et al. [58] and Coq et al. [56]. Both studied the driven rotation of long elastic fibers
tilted relative to their rotation axes in a viscous fluid and observed a transition from a straight
fiber towards a helical shape (Fig. 1.7a). The induced helicity generates a propulsive force
along the axis of rotation. A later study investigated the collective dynamics of a micro-carpet
made of hundreds of slender magnetic rods [59]. In early work Wiggins et al. [57] studied the
deformation of an elastic fiber attached to a bead that was driven by an optical trap (Fig. 1.7b).
Also in this case the deformation led to a propulsive force. Such experiments have helped to
understand the mechanisms of microorganismal propulsion, the action of ciliar carpets as are
found in the human lung, and symmetry breaking in early development [60, 61].

1.4.3 Deformation and Transport
That fibers can be deformed by flow is expected to modify their transport properties. This
link has been established theoretically in a number of situations, and has been studied, as yet
somewhat less, through experiments.

From their numerical study of fiber-flow interactions Young and Shelley [40] predicted that
flexible fibers could move as random walkers across a closed stream-line flow. Here the back-
ground flow is a two-dimensional array of counter-rotating vortices where every 2⇥ 2 subarray
of vortices is centered on a hyperbolic fixed point for the flow; see Fig. 1.8b. Roughly speaking,
if a fiber is floppy enough it will tend to be trapped, once there, inside of vortices. However, if
it is between vortices it is drawn towards the stagnation point while being stretched out by the
local hyperbolic flow. Nearing the fixed point is becomes compressed by viscous stresses in the
manner described by their linear analysis, and the fiber frequently buckles. This buckling, with
its many degrees of freedom, yields an effective randomness in the direction from which the

Folding due to rotation
Coq et.al 2008
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(Fig. 1b, inset).An identical energy formula-
tion is found in fracture theory9, in which the
capillary energy is replaced by the material
fracture energy.Whereas LEC gives the typical
curvature induced by capillarity10, Ldry is the
critical length above which lamellar struc-
tures collapse. When the dimensions of a
structure are scaled down by a factor !, both
LEC and Ldry (scaling as !3/2 and !5/4, respec-
tively) eventually become smaller than the
structure size, an effect that is responsible for
damaging microsystem structures2–8.

To generalize equation (1) to multiple
lamellae, we assume that a cluster of N
lamellae behaves as a single lamella that is N
times more rigid (we neglect solid friction 
as the wetting liquid lubricates the strips).
On average, such a cluster results from the
self-similar aggregation of two bundles of
size N/2, clamped at a distance Nd/2. The 
dry length (above the junction of the two
clumps) becomes

Ldry
4" N 3d2LEC

2 (2)

which is in good agreement with experiment
(Fig. 1c). The maximum size Nmax of clusters
in a brush with lamellae of length L is given
by equation (2), with Ldry"L. However,
smaller bundles are also seen if their aggrega-
tion with a neighbour leads to a size exceed-
ing Nmax. The broad distribution of clump
sizes results from random initial imperfec-
tions, and requires statistical analysis. A

9
!
16

derivation based on Smoluchowski’s coales-
cence process11 leads to an original self-
similar distribution that predicts an average
cluster size of 0.67Nmax (A. B. et al., manu-
script in preparation).

Our results,once scaled down,could help
to improve the design of micro-electro-
mechanical systems. The self-similar aggre-
gation process described here should extend
to different geometries (such as those of
fibrous materials) and to similar systems
involving coalescence or fragmentation.
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Adhesion

Elastocapillary
coalescence in wet hair

We investigated why wet hair clumps
into bundles by dunking a model
brush of parallel elastic lamellae

into a perfectly wetting liquid. As the brush
is withdrawn, pairs of bundles aggregate
successively, forming complex hierarchical
patterns that depend on a balance between
capillary forces and the elasticity of the
lamellae. This capillary-driven self-assembly
of flexible structures, which occurs in the
tarsi of insects1 and in biomimetic ad-
hesives2 but which can also damage micro-
electromechanical structures3–6 or carbon
nanotube ‘carpets’6–8, represents a new type
of coalescence process.

When the brush, which consists of regu-
larly spaced, flexible lamellae, is progressively
withdrawn from the bath of liquid, a cascade
of successive sticking events leads to a hierar-
chical bundling pattern (Fig. 1a).We studied
one such elementary sticking event for two
lamellae separated by a distance d. If the
strips were rigid, the perfectly wetting liquid
would rise up to Jurin’s height, hJ"2LC

2/d,
where LC"(#/$g)1/2 is the capillary length;
# and $ are the liquid’s surface tension and
density, respectively. When the strips are
flexible, capillary suction bends the lamellae
and the liquid rises higher in this more 
confined environment. As two lamellae are
withdrawn to height L (Fig. 1b), a capillary
rise to height hJ (or to the top when L%hJ)
precedes the sticking together of the strips,
which happens when L becomes large.

Surprisingly, the height of rise Lwet

increases linearly with L in this last regime,
whereas Ldry"L&Lwet remains constant. In
fact, Ldry is prescribed by a balance between
capillarity and elasticity.The capillary energy
(per unit width) is &2#Lwet, whereas the
elastic energy is proportional to the square 
of the typical curvature, d/Ldry

2, and reads
exactly 3'd 2/Ldry

3 in this geometry,where ' is
the bending stiffness of the strips. Minimiz-
ing the sum of the two energies (gravity
becomes negligible in this regime) with
respect to Ldry yields

Ldry
4" d2LEC

2 (1)

where LEC"(' /g)1/2 is the elastocapillary
length, in agreement with measurements
made over several orders of magnitude
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Figure 1 Flexible lamellae stick together after wetting. a, Lamellae in a wetted model brush after a sequence of sticking or unsticking

events that cause aggregation (viewing from top to bottom) or fragmentation (from bottom to top), respectively. b, Height of rise, Lwet, of

liquid between a lamella pair is plotted against the withdrawal height, L, showing the transition from the capillary rise (dashed line;

Lwet"hJ) to the sticking regime (full green line; Ldry"L&Lwet is constant). Polyester strips separated by d"1 mm (width, 25 mm; thick-

ness, e"100 (m; bending rigidity, '"5.1)10&4 N m) were dipped into silicon oil (density, $"950 kg m&3 and surface tension

#"20.6 mN m&1, leading to hJ"4.3 mm). Inset, sticking regime. Non-dimensional dry length, Ldry/LEC, is plotted against non-dimensional

separation, d/LEC; LEC"('/#)1/2, which is the elastocapillary length (red circles: e"50 (m, LEC"47 mm; blue diamonds: e"100 (m,

LEC"150 mm; green triangles: e"170 (m, LEC"370 mm); line: comparison with theory (equation (1); no adjustable parameter).

c, Aggregation of multiple lamellae into bundles (e"50 (m, d"1 mm). Number of lamellae per bundle is plotted against dry length.

Blue crosses, raw data; red circles, averaging of data; line, comparison with theory (equation (2); no adjustable parameter).
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Soft solid substrates

FIG. 5: a) Young-Dupré’s law: the contact angle ✓ is determined by the three surface energies. b) Neumann’s triangle: the
angles at the contact line between three simple fluids are determined by a force balance of the three surface stresses. c) The
nanoscale view of the contact line: the surface stress is spread out over a region of the order of a molecular diameter, a. The
resulting pressure pulls the underlying surface up into a ridge. d) The microscale view of a contact line on a soft solid, showing
the forces acting on a small volume (with size � a) around the contact line.

on a rigid substrate, [14]. Thus, large droplets behave
as if they were on rigid surfaces. On the other hand, for
small droplets with R <⇠ ⌥

lv

/E, the Laplace pressure in
the droplet can easily depress the underlying solid sur-
face. In fact, for R ⌧ ⌥

lv

/E, the shape of the droplet
is entirely determined by the three interfacial stresses, as
it would for a liquid substrate, (Figure 5b). There is a
smooth transition for the appararent contact angle from
the Neumann to Young-Dupré limits with droplet size,
as shown in Figure 6.

B. Wetting of Slender Objects

When a soft solid has no geometrically-imposed length
scale, we have seen that liquid surface tension can sig-
nificantly deform it at scales <⇠ ⌥/E. However, sur-
face tension can also deform thin rods or sheets made
from sti↵er materials (cf the recent review [81]). In such
slender geometries, elastocapillary e↵ects can be signif-
icant at length scales much larger than ⌥/E. A sessile
droplet of characteristic size R can signficantly deform
a free plate or rod when R >⇠

p
K

b

/�
lv

, where K
b

is
the bending sti↵ness of the plate/rod (in Joules). The
length scale,

p
K

b

/�
lv

, is also commonly referred to as
an elastocapillary length. To avoid confusion with ⌥/E,
we refer to it as a bendocapillary length, since it describes
bending due to capillary forces. Note that

p
K

b

/�
lv

is
not a material parameter, like ⌥/E, since it depends on
the cross-sectional dimensions of the rod or sheet. Fur-
thermore, bendocapillary phenomena become more pro-
nounced as the system gets larger, in stark contrast to
the elastocapillary deformations described in the previ-
ous section, where capillary phenomena are more pro-
nounced for smaller droplets. Bendocapillarity phenom-
ena are a subject of intense research. Examples include
capillary origami, the bundling of wet hair and fibres, and
clumping of micro-beams in micro-electromechanical de-
vices [82–87]. An interesting new limit has also recently
been identified for the interactions of droplets with ex-
tremely bendable sheets [88, 89].

What happens when a sheet carries tension T as well as
bending rigidity? The tension in the sheet has contribu-

tions from the surface stress on the two sides, ⇠ 2⌥, and
the bulk elastic stress ⇠ ✏Eh, where ✏ is the tensile strain.
For very thin sheets, h ⌧ 2⌥/✏E, the surface stresses
dominate, and T ⇡ 2⌥. For elastic sheets, the Föppl-
von-Karman equations predict the response of the sheet
to an applied load. For instance, a small drop placed on
a sheet applies a line force due to liquid-vapor surface
tension and distributed Laplace pressure. By examining
the magnitude of the forces due to bending and tension
of the sheet, we find a new length scale

p
K

b

/⌥. Like
⌥/E for a thick elastic solid, this length scale captures
the intrinsic deformability of a slender elastic object. Be-
cause K

b

⇠ Eh3, it does not scale with overall system
size, but only with the thickness of the sheet. For lateral
dimensions much smaller than

p
K

b

/⌥, bending rigid-
ity resists applied forces. On length scales much larger
than

p
K

b

/⌥, the sheet’s surface stresses resists applied
forces.
Thus, at length scales intermediate between

p
K

b

/⌥
and the droplet radius, R, the equilibrium configuration
of the sheet near the contact line should be given by
balance of tensions: a sort of Neumann’s triangle, Fig-
ure 5b, with the liquid-vapour surface tension balancing
the tensions on the wet and dry segments of the sheet.
Neumann’s construction implies that that significant de-
formations of the sheet occur when �

lv

>⇠ ⌥. Since the
liquid surface tension is comparable in magnitude to the
surface stress, large deformations are generally expected
for sheets in the thin limit. As an example, Figure 6e

shows out-of-plane deflection of a silicone film stretched
across an annular disc due to the Laplace pressure and
surface tension of a water droplet placed under it. The
deformed shape can be represented accurately using plate
theory [80]. At the macroscale, the overall shape at larger
length scales resembles a droplet at a fluid-fluid interface:
it obeys Neumann’s triangle. Bending is influential only
in a small region near the contact edge.
These simple scaling arguments results are supported

by recent theory and experiments with droplets placed on
thin silicone sheets [80, 90, 91]. Thick thick/sti↵ sheets
with h � ⌥/E are undeformed by droplets and thus
follow classical wetting behaviour, agreeing with Young-
Dupré’s law. Thin sheets with h ⌧ ⌥/E deform signifi-
cantly as the Laplace pressure in the droplet causes the
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B. Distinct types of soft capillarity

The goal of this paper is to clarify some subtle points
concerning the contact between a liquid drop and a thin
sheet. To understand the problem, let us compare the
five panels of Fig. 1, in which we depict some simplified,
2D versions of the contact problem. Fig. 1A describes the
classical Young’s problem: A cylindrical liquid “drop” of
cross sectional area A and volume V = AL (where the
length L ! 1 is perpendicular to the page), in contact
with a rigid, semi-infinite solid substrate, whose surface
is at z = 0. Young’s law states that at mechanical equi-
librium, the angle ✓Y between the drop and the surface
satisfies:

Young’s law: cos(✓Y ) =
��s
�

, (1)

where � = �lv is the interfacial tension between the liq-
uid and vapor phases, and ��s is the di↵erence between
the interfacial tensions of solid-vapor and solid-liquid
��s = �sv � �sl. A popular way to explain Young’s law
is by thinking of the three-phases contact line as a physi-
cal object under force balance in the horizontal direction
x̂, where the forces �sl and � cos(✓Y ) are acting leftward
(for ✓Y < ⇡/2), balancing the rightward force �sv. In the
Young’s scenario, the vertical force, � sin(✓Y ), exerted
by the liquid-vapor interface has negligible e↵ect on the
shape, assuming that it is balanced by elastic stresses of
the solid substrate, inducing deformations in a zone of
characteristic scale `m = �/E around the contact line,
where E is the Young’s modulus of the solid. This sce-
nario is plausible for solids whose Young’s modulus is suf-
ficiently large, such that `m is at the order of molecular
scale (for instance, for water on polystyrene, `m < 1 Ao).

The force balance consideration is markedly di↵erent
for the situation depicted in Fig. 1b, where the semi-
infinite solid substrate is replaced by a liquid bath (which,
for comparison, we still denote by “s”) . Here, no forces
other than the respective interfacial tensions are opera-
tive at the contact line, and requiring balance of forces
in both horizontal and vertical directions yields the Neu-
man’s law for the two angles (✓N ,�N ) at the contact:

Neuman’s law: cos(✓N ) =
1

2
[
��s
�

+
�

�sv
] ,

sin(�N ) =
�

�sl
sin(✓N ) . (2)

Notably, Young’s angle ✓Y is solely determined by the
liquid-vapor surface tension �, and the di↵erence ��s,
whereas Neuman’s angles depend explicitly on all three
constants: �, �sl, and �sv.

The basic di↵erences between Young’s and Neuman’s
contacts are summarized in the first two rows of Table I.

Realizing the dramatic di↵erence between the Young’s
contact on rigid surfaces and Neuman’s contact on a liq-
uid bath, it is natural to ask how does a liquid drop con-
tacts a soft solid substrate (e.g. PMMA with E = 104

Pa, or .. with E = 100 Pa), for which the deformation
scale, `m = �/E, may be tens or even thousands of mi-
crons. This type of “soft capillarity” has been a subject
of intensive research recently, and a host of studies in-
dicate that, similarly to Neuman’s law, the individual
values of �sv and �sl (rather than merely their di↵erence
��s), a↵ects contact of liquids with soft solids.

In this paper, our primary focus is on rigid solids,
where the length `m is at molecular scale or even be-
low. We will address, though, another type of soft cap-
illarity, induced not by the solid’s softness, but rather
by the high bendability of solid films. The mechani-
cal response of solid films is characterized by stretch-
ing modulus, Y ⇠ Et, and bending modulus, B ⇠ Et3,
where t is the film’s thickness. In the absence of ten-
sile load, it is useful to think of thin films as having
infinite resistance to stretching, Y = 1 (namely, per-
fect inextensibilty), such that their energy is governed
by bending. This kind of response is conveniently associ-
ated with the limit of large Foppl-von-Karman number,
vK = Y R2/B ⇠ (R/t)2 � 1, where R is a characteris-
tic lateral scale. However, in elasto-capillary problems,
where the film is subjected to tensile loads of order �, its
response di↵ers qualitatively between situations in which
the “bending-elasto-capillary” length `EB =

p
B/� is

comparable to the drop radius R, and situations where
`EB ⌧ R. Notably, in both regimes the film is nearly in-
extensible, due to its high resistance to stretching (recall
that we consider `m ⌧ t). In the former case, which we
call “finite bendability”, the mechanics is characterized by
an e↵ective balance of bending and surface energies [? ?
? ]. In contrast, the latter, “high bendability” regime,
is characterized by a dominance of surface over bending
energies, where the modulus B a↵ects only small-scale
structures (such as wrinkle’s wavelength or kinks), but
any “macro-scale” deformations (over scales � `EB) are
governed by surface energies alone.

Defining the capillary-related bendability as ✏�1 =
(R/`EB)2 [? ? ], we can distinguish between several
types of soft capillarity phenomena:

Type A:

(material softness)
`m > min{t, R} (3)

Type B:

(finite bendability
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�

E
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B. Distinct types of soft capillarity
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scale, `m = �/E, may be tens or even thousands of mi-
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dicate that, similarly to Neuman’s law, the individual
values of �sv and �sl (rather than merely their di↵erence
��s), a↵ects contact of liquids with soft solids.

In this paper, our primary focus is on rigid solids,
where the length `m is at molecular scale or even be-
low. We will address, though, another type of soft cap-
illarity, induced not by the solid’s softness, but rather
by the high bendability of solid films. The mechani-
cal response of solid films is characterized by stretch-
ing modulus, Y ⇠ Et, and bending modulus, B ⇠ Et3,
where t is the film’s thickness. In the absence of ten-
sile load, it is useful to think of thin films as having
infinite resistance to stretching, Y = 1 (namely, per-
fect inextensibilty), such that their energy is governed
by bending. This kind of response is conveniently associ-
ated with the limit of large Foppl-von-Karman number,
vK = Y R2/B ⇠ (R/t)2 � 1, where R is a characteris-
tic lateral scale. However, in elasto-capillary problems,
where the film is subjected to tensile loads of order �, its
response di↵ers qualitatively between situations in which
the “bending-elasto-capillary” length `EB =
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B/� is

comparable to the drop radius R, and situations where
`EB ⌧ R. Notably, in both regimes the film is nearly in-
extensible, due to its high resistance to stretching (recall
that we consider `m ⌧ t). In the former case, which we
call “finite bendability”, the mechanics is characterized by
an e↵ective balance of bending and surface energies [? ?
? ]. In contrast, the latter, “high bendability” regime,
is characterized by a dominance of surface over bending
energies, where the modulus B a↵ects only small-scale
structures (such as wrinkle’s wavelength or kinks), but
any “macro-scale” deformations (over scales � `EB) are
governed by surface energies alone.

Defining the capillary-related bendability as ✏�1 =
(R/`EB)2 [? ? ], we can distinguish between several
types of soft capillarity phenomena:

Type A:

(material softness)
`m > min{t, R} (3)

Type B:

(finite bendability

+ near inextensibility)
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Fig. 2: (Colour online) Elasto-wetting experiments. (a) X-ray visualisation of the deformation of a gel by a liquid below the
contact line. Reprinted from Park S. et al., Nat. Commun., 5 (2014) 4369, Nature Publishing Group, licensed under a Creative
Commons Attribution 4.0 International Licence. (b) Radial wrinkles induced on a floating thin membrane by a drop. From
Huang J. et al., Science, 317 (2007) 650. Reprinted with permission from AAAS. (c) Elasto-capillary loop of a thin plate.
From Roman B. and Bico J., J. Phys.: Condens. Matter, 22 (2010) 493101. Reprinted with permission from IOPscience.

Fig. 3: (Colour online) Scales of elasto-capillarity. (a) Drop of size R on a thin membrane of thickness h. The first zoom shows
that the sharp membrane bending is smooth on the scale (B/γ)1/2. The second zoom shows the wetting ridge on the scale
γ/E. (b) Drops on a thick elastic layer upon varying γ/E. The three panels reveal the double transition of contact angles
(microscopic vs. macroscopic). The length scales evolve from γ/E ≪ a (panel (i)), to a ≪ γ/E ≪ R (panel (ii)), to R ≪ γ/E
(panel (iii)).

self-assembly [44,45]. However, the consequences of Υ ̸= γ
in soft condensed matter are largely unknown [46].

In this Perspective article we analyse the Shuttleworth
effect from different viewpoints, and unify thermodynamic
and mechanical approaches (fig. 1). We discuss the con-
ditions under which it influences wetting of deformable
media (fig. 2), and point to open questions.

Hierarchy of length scales. – Before discussing the
Shuttleworth effect, it is important to assess the various
regimes of elasto-capillarity. Such a classification can be
made in terms of the relevant length scales [1,4]. Consider
slender elastic bodies, whose thickness h is much smaller
than both their radius of curvature κ−1 and their length
L, such as that shown in fig. 3(a), depicting a drop of
size R supported by a membrane of thickness h ≪ R.
Viewed at the scale of the drop, the thin membrane de-
forms sharply near the edge of the drop, forming well-
defined contact angles. Zooming in near the contact line,
however, the membrane angle varies gradually. Owing to
the membrane’s finite bending rigidity B ∼ Eh3, where E
is the Young’s modulus, the bending occurs over a typical
distance κ−1 ∼ (B/γ)1/2. This length is referred to as the
bending-elasto-capillary length. It provides, for instance,
the characteristic size of the loop shown in fig. 2(c). How-
ever, the subsequent zoom in fig. 3(a) reveals a second
length: the stretching-elasto-capillary length γ/E. This

is the scale over which the elastic solid deforms into a
“wetting ridge” in the direct vicinity of the contact line.

The importance of the stretching-elasto-capillary length
γ/E becomes apparent when the elastic body is not slen-
der. This is further highlighted for drops on very soft
elastomers or gels (fig. 3(b)). Here one needs to introduce
the range of molecular interactions a as yet another length
scale, setting the microscopic width of the interface. The
three sequences of fig. 3(b) show a double transition of
the contact angles [32,34]. First, the microscopic contact
angles change when γ/E ∼ a (from panel (i) to (ii)), with-
out affecting the apparent angle on the scale of the drop.
The macroscopic angles only change when γ/E ∼ R (from
panel (ii) to (iii)). These two transitions can be viewed as
changes from Young’s law to Neumann’s law, respectively
for the microscopic and macroscopic angles [27–29,32,34].
It should be noted, however, that there still is no macro-
scopic derivation of Neumann’s law for elastic substrates
that includes the Shuttleworth effect.

The Shuttleworth equation. – The surface energy γ
is the excess free energy per unit area of an interface. An
area A is therefore associated with an energy γA. Apply-
ing the virtual work principle to an increase in interfacial
area δA, one deduces the excess force per unit length Υ.
For a liquid interface, this leads to an increase γδA of
the surface free energy. Equating this change in energy
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self-assembly [44,45]. However, the consequences of Υ ̸= γ
in soft condensed matter are largely unknown [46].

In this Perspective article we analyse the Shuttleworth
effect from different viewpoints, and unify thermodynamic
and mechanical approaches (fig. 1). We discuss the con-
ditions under which it influences wetting of deformable
media (fig. 2), and point to open questions.

Hierarchy of length scales. – Before discussing the
Shuttleworth effect, it is important to assess the various
regimes of elasto-capillarity. Such a classification can be
made in terms of the relevant length scales [1,4]. Consider
slender elastic bodies, whose thickness h is much smaller
than both their radius of curvature κ−1 and their length
L, such as that shown in fig. 3(a), depicting a drop of
size R supported by a membrane of thickness h ≪ R.
Viewed at the scale of the drop, the thin membrane de-
forms sharply near the edge of the drop, forming well-
defined contact angles. Zooming in near the contact line,
however, the membrane angle varies gradually. Owing to
the membrane’s finite bending rigidity B ∼ Eh3, where E
is the Young’s modulus, the bending occurs over a typical
distance κ−1 ∼ (B/γ)1/2. This length is referred to as the
bending-elasto-capillary length. It provides, for instance,
the characteristic size of the loop shown in fig. 2(c). How-
ever, the subsequent zoom in fig. 3(a) reveals a second
length: the stretching-elasto-capillary length γ/E. This

is the scale over which the elastic solid deforms into a
“wetting ridge” in the direct vicinity of the contact line.

The importance of the stretching-elasto-capillary length
γ/E becomes apparent when the elastic body is not slen-
der. This is further highlighted for drops on very soft
elastomers or gels (fig. 3(b)). Here one needs to introduce
the range of molecular interactions a as yet another length
scale, setting the microscopic width of the interface. The
three sequences of fig. 3(b) show a double transition of
the contact angles [32,34]. First, the microscopic contact
angles change when γ/E ∼ a (from panel (i) to (ii)), with-
out affecting the apparent angle on the scale of the drop.
The macroscopic angles only change when γ/E ∼ R (from
panel (ii) to (iii)). These two transitions can be viewed as
changes from Young’s law to Neumann’s law, respectively
for the microscopic and macroscopic angles [27–29,32,34].
It should be noted, however, that there still is no macro-
scopic derivation of Neumann’s law for elastic substrates
that includes the Shuttleworth effect.

The Shuttleworth equation. – The surface energy γ
is the excess free energy per unit area of an interface. An
area A is therefore associated with an energy γA. Apply-
ing the virtual work principle to an increase in interfacial
area δA, one deduces the excess force per unit length Υ.
For a liquid interface, this leads to an increase γδA of
the surface free energy. Equating this change in energy
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self-assembly [44,45]. However, the consequences of Υ ̸= γ
in soft condensed matter are largely unknown [46].

In this Perspective article we analyse the Shuttleworth
effect from different viewpoints, and unify thermodynamic
and mechanical approaches (fig. 1). We discuss the con-
ditions under which it influences wetting of deformable
media (fig. 2), and point to open questions.

Hierarchy of length scales. – Before discussing the
Shuttleworth effect, it is important to assess the various
regimes of elasto-capillarity. Such a classification can be
made in terms of the relevant length scales [1,4]. Consider
slender elastic bodies, whose thickness h is much smaller
than both their radius of curvature κ−1 and their length
L, such as that shown in fig. 3(a), depicting a drop of
size R supported by a membrane of thickness h ≪ R.
Viewed at the scale of the drop, the thin membrane de-
forms sharply near the edge of the drop, forming well-
defined contact angles. Zooming in near the contact line,
however, the membrane angle varies gradually. Owing to
the membrane’s finite bending rigidity B ∼ Eh3, where E
is the Young’s modulus, the bending occurs over a typical
distance κ−1 ∼ (B/γ)1/2. This length is referred to as the
bending-elasto-capillary length. It provides, for instance,
the characteristic size of the loop shown in fig. 2(c). How-
ever, the subsequent zoom in fig. 3(a) reveals a second
length: the stretching-elasto-capillary length γ/E. This

is the scale over which the elastic solid deforms into a
“wetting ridge” in the direct vicinity of the contact line.

The importance of the stretching-elasto-capillary length
γ/E becomes apparent when the elastic body is not slen-
der. This is further highlighted for drops on very soft
elastomers or gels (fig. 3(b)). Here one needs to introduce
the range of molecular interactions a as yet another length
scale, setting the microscopic width of the interface. The
three sequences of fig. 3(b) show a double transition of
the contact angles [32,34]. First, the microscopic contact
angles change when γ/E ∼ a (from panel (i) to (ii)), with-
out affecting the apparent angle on the scale of the drop.
The macroscopic angles only change when γ/E ∼ R (from
panel (ii) to (iii)). These two transitions can be viewed as
changes from Young’s law to Neumann’s law, respectively
for the microscopic and macroscopic angles [27–29,32,34].
It should be noted, however, that there still is no macro-
scopic derivation of Neumann’s law for elastic substrates
that includes the Shuttleworth effect.

The Shuttleworth equation. – The surface energy γ
is the excess free energy per unit area of an interface. An
area A is therefore associated with an energy γA. Apply-
ing the virtual work principle to an increase in interfacial
area δA, one deduces the excess force per unit length Υ.
For a liquid interface, this leads to an increase γδA of
the surface free energy. Equating this change in energy
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self-assembly [44,45]. However, the consequences of Υ ̸= γ
in soft condensed matter are largely unknown [46].

In this Perspective article we analyse the Shuttleworth
effect from different viewpoints, and unify thermodynamic
and mechanical approaches (fig. 1). We discuss the con-
ditions under which it influences wetting of deformable
media (fig. 2), and point to open questions.

Hierarchy of length scales. – Before discussing the
Shuttleworth effect, it is important to assess the various
regimes of elasto-capillarity. Such a classification can be
made in terms of the relevant length scales [1,4]. Consider
slender elastic bodies, whose thickness h is much smaller
than both their radius of curvature κ−1 and their length
L, such as that shown in fig. 3(a), depicting a drop of
size R supported by a membrane of thickness h ≪ R.
Viewed at the scale of the drop, the thin membrane de-
forms sharply near the edge of the drop, forming well-
defined contact angles. Zooming in near the contact line,
however, the membrane angle varies gradually. Owing to
the membrane’s finite bending rigidity B ∼ Eh3, where E
is the Young’s modulus, the bending occurs over a typical
distance κ−1 ∼ (B/γ)1/2. This length is referred to as the
bending-elasto-capillary length. It provides, for instance,
the characteristic size of the loop shown in fig. 2(c). How-
ever, the subsequent zoom in fig. 3(a) reveals a second
length: the stretching-elasto-capillary length γ/E. This

is the scale over which the elastic solid deforms into a
“wetting ridge” in the direct vicinity of the contact line.

The importance of the stretching-elasto-capillary length
γ/E becomes apparent when the elastic body is not slen-
der. This is further highlighted for drops on very soft
elastomers or gels (fig. 3(b)). Here one needs to introduce
the range of molecular interactions a as yet another length
scale, setting the microscopic width of the interface. The
three sequences of fig. 3(b) show a double transition of
the contact angles [32,34]. First, the microscopic contact
angles change when γ/E ∼ a (from panel (i) to (ii)), with-
out affecting the apparent angle on the scale of the drop.
The macroscopic angles only change when γ/E ∼ R (from
panel (ii) to (iii)). These two transitions can be viewed as
changes from Young’s law to Neumann’s law, respectively
for the microscopic and macroscopic angles [27–29,32,34].
It should be noted, however, that there still is no macro-
scopic derivation of Neumann’s law for elastic substrates
that includes the Shuttleworth effect.

The Shuttleworth equation. – The surface energy γ
is the excess free energy per unit area of an interface. An
area A is therefore associated with an energy γA. Apply-
ing the virtual work principle to an increase in interfacial
area δA, one deduces the excess force per unit length Υ.
For a liquid interface, this leads to an increase γδA of
the surface free energy. Equating this change in energy
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self-assembly [44,45]. However, the consequences of Υ ̸= γ
in soft condensed matter are largely unknown [46].

In this Perspective article we analyse the Shuttleworth
effect from different viewpoints, and unify thermodynamic
and mechanical approaches (fig. 1). We discuss the con-
ditions under which it influences wetting of deformable
media (fig. 2), and point to open questions.

Hierarchy of length scales. – Before discussing the
Shuttleworth effect, it is important to assess the various
regimes of elasto-capillarity. Such a classification can be
made in terms of the relevant length scales [1,4]. Consider
slender elastic bodies, whose thickness h is much smaller
than both their radius of curvature κ−1 and their length
L, such as that shown in fig. 3(a), depicting a drop of
size R supported by a membrane of thickness h ≪ R.
Viewed at the scale of the drop, the thin membrane de-
forms sharply near the edge of the drop, forming well-
defined contact angles. Zooming in near the contact line,
however, the membrane angle varies gradually. Owing to
the membrane’s finite bending rigidity B ∼ Eh3, where E
is the Young’s modulus, the bending occurs over a typical
distance κ−1 ∼ (B/γ)1/2. This length is referred to as the
bending-elasto-capillary length. It provides, for instance,
the characteristic size of the loop shown in fig. 2(c). How-
ever, the subsequent zoom in fig. 3(a) reveals a second
length: the stretching-elasto-capillary length γ/E. This

is the scale over which the elastic solid deforms into a
“wetting ridge” in the direct vicinity of the contact line.

The importance of the stretching-elasto-capillary length
γ/E becomes apparent when the elastic body is not slen-
der. This is further highlighted for drops on very soft
elastomers or gels (fig. 3(b)). Here one needs to introduce
the range of molecular interactions a as yet another length
scale, setting the microscopic width of the interface. The
three sequences of fig. 3(b) show a double transition of
the contact angles [32,34]. First, the microscopic contact
angles change when γ/E ∼ a (from panel (i) to (ii)), with-
out affecting the apparent angle on the scale of the drop.
The macroscopic angles only change when γ/E ∼ R (from
panel (ii) to (iii)). These two transitions can be viewed as
changes from Young’s law to Neumann’s law, respectively
for the microscopic and macroscopic angles [27–29,32,34].
It should be noted, however, that there still is no macro-
scopic derivation of Neumann’s law for elastic substrates
that includes the Shuttleworth effect.

The Shuttleworth equation. – The surface energy γ
is the excess free energy per unit area of an interface. An
area A is therefore associated with an energy γA. Apply-
ing the virtual work principle to an increase in interfacial
area δA, one deduces the excess force per unit length Υ.
For a liquid interface, this leads to an increase γδA of
the surface free energy. Equating this change in energy
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We address the partial wetting of liquid drops on ultrathin solid sheets resting on a deformable

foundation. Considering the membrane limit of sheets that can relax compression through wrinkling at

negligible energetic cost, we revisit the classical theory for the contact of liquid drops on solids. Our

calculations and experiments show that the liquid-solid-vapor contact angle is modified from the Young

angle, even though the elastic bulk modulus (E) of the sheet is so large that the ratio between the surface

tension ! and E is of molecular size. This finding indicates a new elastocapillary phenomenon that stems

from the high bendability of very thin elastic sheets rather than from material softness. We also show that

the size of the wrinkle pattern that emerges in the sheet is fully predictable, thus resolving a puzzle in

modeling ‘‘drop-on-a-floating-sheet’’ experiments and enabling a quantitative, calibration-free use of this

setup for the metrology of ultrathin films.
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The partial wetting of liquids on solids is among the
most basic of capillary phenomena [1]. The fundamental
Young’s law relates the equilibrium contact angle #Y of a
liquid drop on a solid to the surface energies via

cos#Y ¼ ð!sv # !s‘Þ=!; (1)

where !sv, !s‘, and ! ¼ !‘v are the mutual surface ener-
gies between the solid, vapor, and liquid. This classical
equation reflects a balance of forces on the contact line
only in the plane of the solid surface and assumes that the
normal component of the contact force (%! sin#Y) indu-
ces only slight, localized deformations of the solid.
However, the normal force balance must be considered
when the length ‘m & !=E (with E the Young modulus
of the solid) is larger than molecular scales [2–4]. Here,
minimization of the total energy, involving interfacial and
elastic components, requires a deviation of the contact
angle from #Y .

A totally different notion of elastocapillarity is realized
when a liquid drop is brought into contact with a stiff thin
sheet of thickness t that rests on a soft, easily deformable
substrate (e.g., a polystyrene sheet on water, as in Fig. 1,
for which ‘m % 0:2 !A) [5]. Here, the deformability of the
foundation enables the sheet to respond to the exerted
capillary force as a thin elastic body—by bending [6]
and developing in-plane stresses [7]. Furthermore, in ultra-
thin sheets where t' 10 nm, in-plane compression relaxes
completely through wrinkles whose number diverges as t
decreases [8–12]. The ‘‘drop-on-a-floating-sheet’’ experi-
ment (Fig. 1), which allowed a systematic study of this

high bendability regime, revealed a wrinkle pattern whose
size was comparable to the drop’s radius R (0.5–1.5 mm)
[7], indicating that the capillary force may affect in-plane
stresses and shape deformation on a very large lateral
length 'R ( t ( ‘m. An important application of this
system is the measurement of thickness, surface energy,
and elastic moduli of ultrathin sheets from macroscale
features, namely, the extent and number of wrinkles.
However, previous studies have failed to provide a quanti-
tative, predictive link [7,13].

FIG. 1 (color online). (a), (b) Views of the wrinkle pattern
formed by placing a water drop on a floating ultrathin polystyrene
sheet (t ¼ 72 nm). The radius of the contact line is Ri. Radial
wrinkles appear in (a) an annular zone Ri < r < LO and (b) a
narrow annulus LI < r < Ri beneath the drop. Panel (b) is ob-
tained from confocal slices of a fluorescent sheet [14]. (c) A
schematic cross section depicts the forces acting at the contact line
(wrinkles are azimuthal undulations around this radial profile).
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• Jump in stress at the contact line 
• Contact angle of droplet on top of  
a sheet different from that on solid  
 

• Gives length of the wrinkles

In this Letter we identify the dimensionless groups that
govern elastocapillary phenomena and focus on highly
bendable sheets on a highly deformable foundation. This
regime is characterized by

‘m ! t ! ‘1=3m R2=3: (2)

Using the compression-free limit, known as the ‘‘relaxed
energy’’ [10] or ‘‘tension field theory’’ [11], we show the
following. (i) The contact angle between the liquid-vapor
and liquid-solid interfaces [# þ! in Fig. 1(c)] deviates
from #Y by an amount !#,

!# # ð‘m=tÞ1=3; (3)

which vanishes slowly as ‘m=t ! 0. This prediction differs
from that for soft solid films on hard substrates [2,3,5],
where !# is inversely proportional to the drop’s radius.
(ii) We calculate the stress profile in the sheet, from which
we extract the extent of the wrinkled region and compare it
with the experimental observations of [7] with no fitting of
parameters. Additionally, we present data from a variant of
the original experiment [7] that employs surfactants to
manipulate the stress in the sheet. The agreement with
our calculations substantiates the validity of our theoretical
approach and its usefulness for metrology of thin solid
films.

Our system is shown in Fig. 1. A circular polystyrene
spin-coated sheet of radius RO, thickness t, and Young
modulus E floats on a liquid bath (whose density is ")
and is pulled taut by the bath-vapor surface tension #0. A
small volume V of liquid of surface tension # ¼ #lv is
placed at the center of the sheet. The stretching and bend-
ing moduli of the sheet are, respectively, Y ¼ Et and B ¼
Et3=12ð1' $2Þ, where $ is the Poisson ratio. The thick-
ness t is varied from approximately 30 to 300 nm. The
radius RO ¼ 23 mm, and the Young modulus is E ¼
3:4 GPa. The distinct values of liquid surface tensions
(#0 ! #) are obtained by adding surfactants to the liquid
bath [14]. We define RðV; #YÞ to be the radius of the
contact line on an undeformed sheet: R ¼ ð3V=2%Þ1=3 (
sin#Yð1' 3=2 cos#Y þ 1=2cos3#YÞ'1=3. As Fig. 1(c)
shows, the pressure in the drop forces the film to bulge,
and hence the radius of the contact line, denoted here by Ri,
deviates from R.

The physical parameters can be arranged into six dimen-
sionless groups. The first two are #Y and #=#0, which are
determined by the surface energies. A second pair is

~K ¼ KR2=#0; ~R ¼ R=RO; (4)

where K ¼ "g. The parameter ~K'1 quantifies the deform-
ability of the liquid foundation, and ~R is the ratio between
the sizes of the drop and the sheet. In this study we assume
~K, ~R ! 0, corresponding to a sufficiently small drop; the
effect of ~K, ~R ! 0 on the stress is perturbative [15,16]. The
final pair of parameters, essential for our study, involves
the elastic moduli of the sheet:

~# ) #=Y ¼ ‘m=t; &'1 ) #R2=B# R2‘m=t
3: (5)

Our theory and experiments are in the regime ~#, & ! 1
[see Eq. (2)]. The parameter &'1 is the bendability [15],
and can be expressed as the ratio between the lengths R andffiffiffiffiffiffiffiffiffiffi
B=#

p
(often called the ‘‘elastocapillary length’’ [6]). In the

high bendability regime the sheet supports very small
levels of compression before and after buckling. As a
consequence, the elastic stresses in the sheet 'rrðrÞ,
'((ðrÞ are determined by ~# (and #=#0, #Y), and exhibit
weak, subdominant dependence on the bending modulus
(hence on &) [15]. This feature distinguishes our system
from [6], where bending forces are dominant and balance
surface tension.
As Fig. 1 suggests, the two parts of the sheet separated

by the contact line must be connected through boundary
conditions that reflect continuity of the radial displacement
field urðrÞ and force balance (in r̂) [17]:

uðIÞr ¼ uðOÞ
r ; (6)

'ðIÞ
rr cos!þ # cos# ¼ 'ðOÞ

rr ; (7)

where 'ðIÞ
rr , u

ðIÞ
r , and 'ðOÞ

rr , uðOÞ
r , are, respectively, the radial

stresses and displacements in the sheet at the inner (I) and
outer (O) sides of the contact line, evaluated at r ¼ Ri. The
variables in Eqs. (6) and (7) are not independent. In the
high bendability regime, the Föppl-von Kármán (FvK)
equations that determine the displacement and stress in
the sheet depend in each region on a single confinement
parameter:

ðOÞ: ) ) 'ðOÞ
rr =#0; ðIÞ: * ) Y#2sin2#=2ð'ðIÞ

rr Þ3: (8)

The physical meaning of * and ) will be explained below.
Using the known solutions to the FvK equations [15,19],

the displacements uðIÞr , uðOÞ
r as well as the angle ! and the

radius Ri could be eliminated from Eqs. (6) and (7), and the
problem reduces to two equations for the three unknowns

'ðIÞ
rr ,'

ðOÞ
rr , and #. Following the proposal of [5], we find the

missing relation by minimizing the total energy UT , that
consists of the elastic energy of the deformed sheet and the
surface energies of the sheet, drop, and bath. The results of
this calculation, whose details appear in [18], are presented
in Fig. 2 for #Y ¼ %=2, a few distinct values of #=#0, and a
range of ~# ! 1.
The confinement parameters * and ) express the degree

of variation of the radial tension across each part of the
film, which gives rise to a compressive azimuthal (hoop)
strain [15,19]. The size of the wrinkled zone thus increases
with * and ). In the outer part, ) is the ratio between the

radial tension at the contact line 'ðOÞ
rr and the bath tension

#0. In the inner part, * describes the ratio between the
radial tensions near the center of the film and at the contact

line. The latter is 'ðIÞ
rr whereas the former is governed by

the ‘‘geometric’’ stress YðR= "RÞ2, where "R is the average
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B. Distinct types of soft capillarity

The goal of this paper is to clarify some subtle points
concerning the contact between a liquid drop and a thin
sheet. To understand the problem, let us compare the
five panels of Fig. 1, in which we depict some simplified,
2D versions of the contact problem. Fig. 1A describes the
classical Young’s problem: A cylindrical liquid “drop” of
cross sectional area A and volume V = AL (where the
length L ! 1 is perpendicular to the page), in contact
with a rigid, semi-infinite solid substrate, whose surface
is at z = 0. Young’s law states that at mechanical equi-
librium, the angle ✓Y between the drop and the surface
satisfies:

Young’s law: cos(✓Y ) =
��s
�

, (1)

where � = �lv is the interfacial tension between the liq-
uid and vapor phases, and ��s is the di↵erence between
the interfacial tensions of solid-vapor and solid-liquid
��s = �sv � �sl. A popular way to explain Young’s law
is by thinking of the three-phases contact line as a physi-
cal object under force balance in the horizontal direction
x̂, where the forces �sl and � cos(✓Y ) are acting leftward
(for ✓Y < ⇡/2), balancing the rightward force �sv. In the
Young’s scenario, the vertical force, � sin(✓Y ), exerted
by the liquid-vapor interface has negligible e↵ect on the
shape, assuming that it is balanced by elastic stresses of
the solid substrate, inducing deformations in a zone of
characteristic scale `m = �/E around the contact line,
where E is the Young’s modulus of the solid. This sce-
nario is plausible for solids whose Young’s modulus is suf-
ficiently large, such that `m is at the order of molecular
scale (for instance, for water on polystyrene, `m < 1 Ao).

The force balance consideration is markedly di↵erent
for the situation depicted in Fig. 1b, where the semi-
infinite solid substrate is replaced by a liquid bath (which,
for comparison, we still denote by “s”) . Here, no forces
other than the respective interfacial tensions are opera-
tive at the contact line, and requiring balance of forces
in both horizontal and vertical directions yields the Neu-
man’s law for the two angles (✓N ,�N ) at the contact:

Neuman’s law: cos(✓N ) =
1

2
[
��s
�

+
�

�sv
] ,

sin(�N ) =
�

�sl
sin(✓N ) . (2)

Notably, Young’s angle ✓Y is solely determined by the
liquid-vapor surface tension �, and the di↵erence ��s,
whereas Neuman’s angles depend explicitly on all three
constants: �, �sl, and �sv.

The basic di↵erences between Young’s and Neuman’s
contacts are summarized in the first two rows of Table I.

Realizing the dramatic di↵erence between the Young’s
contact on rigid surfaces and Neuman’s contact on a liq-
uid bath, it is natural to ask how does a liquid drop con-
tacts a soft solid substrate (e.g. PMMA with E = 104

Pa, or .. with E = 100 Pa), for which the deformation
scale, `m = �/E, may be tens or even thousands of mi-
crons. This type of “soft capillarity” has been a subject
of intensive research recently, and a host of studies in-
dicate that, similarly to Neuman’s law, the individual
values of �sv and �sl (rather than merely their di↵erence
��s), a↵ects contact of liquids with soft solids.

In this paper, our primary focus is on rigid solids,
where the length `m is at molecular scale or even be-
low. We will address, though, another type of soft cap-
illarity, induced not by the solid’s softness, but rather
by the high bendability of solid films. The mechani-
cal response of solid films is characterized by stretch-
ing modulus, Y ⇠ Et, and bending modulus, B ⇠ Et3,
where t is the film’s thickness. In the absence of ten-
sile load, it is useful to think of thin films as having
infinite resistance to stretching, Y = 1 (namely, per-
fect inextensibilty), such that their energy is governed
by bending. This kind of response is conveniently associ-
ated with the limit of large Foppl-von-Karman number,
vK = Y R2/B ⇠ (R/t)2 � 1, where R is a characteris-
tic lateral scale. However, in elasto-capillary problems,
where the film is subjected to tensile loads of order �, its
response di↵ers qualitatively between situations in which
the “bending-elasto-capillary” length `EB =

p
B/� is

comparable to the drop radius R, and situations where
`EB ⌧ R. Notably, in both regimes the film is nearly in-
extensible, due to its high resistance to stretching (recall
that we consider `m ⌧ t). In the former case, which we
call “finite bendability”, the mechanics is characterized by
an e↵ective balance of bending and surface energies [? ?
? ]. In contrast, the latter, “high bendability” regime,
is characterized by a dominance of surface over bending
energies, where the modulus B a↵ects only small-scale
structures (such as wrinkle’s wavelength or kinks), but
any “macro-scale” deformations (over scales � `EB) are
governed by surface energies alone.

Defining the capillary-related bendability as ✏�1 =
(R/`EB)2 [? ? ], we can distinguish between several
types of soft capillarity phenomena:

Type A:

(material softness)
`m > min{t, R} (3)

Type B:

(finite bendability

+ near inextensibility)

`m ⌧ t & `EB ⇠ R

) �

E
⌧ t ⇠ (

�

E
R2)1/3 (4)

Type C:

(high bendability

+ near inextensibility)

`m ⌧ t & `EB ⌧ R

) �

E
⌧ t ⌧ (

�

E
R2)1/3 (5)



Modelgroup is the bendability parameter (‘≠1) [1], which measures the ratio between radial bending and tensile
forces:

‘≠1 = “R2/B , , (4)

where B = Et3/12(1≠‹2) is the bending modulus and the Poisson ratio ‹ is another dimensionless parameter
in this problem, but has little e�ect. We consider here a Hookean response of the sheet to the applied tension
(i.e. local response described by linear material elasticity). This is valid if “ is su�ciently small compared
to the stretching modulus Y . Therefore, we have “̃ π 1, and hence we neglect in our calculations quadratic
terms (and higher orders) in “̃. Note that for the conditions ‘≠1 ∫ 1 (high bendability) and “̃ π 1 (Hookean
response) to be simultaneously satisfied, the sheet’s thickness t must be in the range:

¸m π t π ¸1/3

m R2/3 , (5)

where ¸m = “/E. In our experiments ¸m is at molecular scale whereas R is approximately 1 mm, and the
sheet’s thickness t (which ranges from tens to hunderds of nm’s) always satisfies the condition (5).

In addition to the four dimensionless groups in Eqs. (1-4), two other dimensionless parameters are asso-
ciated with the deformability of the substrate:

K̃ = flgR2/“ , (6)

and the ratio of the drop to sheet size is
R̃ = R/Ro (7)

In this work, we consider only the limit of a small drop on a large sheet, where the actual (small) values of K̃
and R̃ a�ect only small perturbations to the analysis. Therefore, the four relevant dimensionless parameters
for our study are those given in (1–4).

SI.2 Energy

The equilibrium configuration is the one that minimizes the total energy of the system. We may write this
energy schematically as

U = U
elastic

+ “slÕA
bath/sheet

+ “slA
sheet/drop

+ “svA
sheet/vapor

+ “ÕA
bath

+ “A
drop

. (8)

The term U
elastic

contains, in general, both in-plane and bending elastic energies. The other five terms are
surface energies, given by products of surface tensions and corresponding areas of the bottom of the sheet,
the top of the sheet under the drop, the top of the sheet outside the drop, the exposed bath, and the drop
surface, respectively. While these terms involve all five surface energies, we will show below that, by shifting
our reference state, the first three surface energy terms can be combined into a term of the form

(“sv ≠ “sl)A
sheet/vapor

, (9)

and a constant term that does not a�ect the shape. This observation underlies the above construction of
the relevant dimensionless groups.

The elastic energy consists of bending energy and in-plane elastic energy, the ratio of which is ≥ ‘1/2.
In the high-bendability regime we investigate, where ‘ π 1, the bending energy is negligible compared to
leading-order terms. (This is the conclusion of the far-from-threshold theory of wrinkling [1].) Thus, we may
write the relevant portion of the elastic energy as

U
elastic

=
⁄

I+O

d2x̃
!

1

2

⁄Á̃2

ii + µÁ̃2

ij

"
(10)

The area I represents the area of the sheet beneath the drop (r̃ < R̃i; note that R̃i is not fixed), and O
is the area outside of the drop (R̃i < r̃ < R̃o). ⁄ and µ are the Lamé coe�cients. The x̃ coordinates are
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Université Paris Diderot, CNRS, 24 rue Lhomond, 75005 Paris, France

4Department of Polymer Science and Engineering, University of Massachusetts, Amherst, Massachusetts 01003, USA
5Oxford Centre for Collaborative Applied Mathematics, Mathematical Institute, 24-29 St Giles, Oxford OX1 3LB, United Kingdom

(Received 3 February 2013; revised manuscript received 9 May 2013; published 3 July 2013)

We address the partial wetting of liquid drops on ultrathin solid sheets resting on a deformable

foundation. Considering the membrane limit of sheets that can relax compression through wrinkling at

negligible energetic cost, we revisit the classical theory for the contact of liquid drops on solids. Our

calculations and experiments show that the liquid-solid-vapor contact angle is modified from the Young

angle, even though the elastic bulk modulus (E) of the sheet is so large that the ratio between the surface

tension ! and E is of molecular size. This finding indicates a new elastocapillary phenomenon that stems

from the high bendability of very thin elastic sheets rather than from material softness. We also show that

the size of the wrinkle pattern that emerges in the sheet is fully predictable, thus resolving a puzzle in

modeling ‘‘drop-on-a-floating-sheet’’ experiments and enabling a quantitative, calibration-free use of this

setup for the metrology of ultrathin films.

DOI: 10.1103/PhysRevLett.111.014301 PACS numbers: 46.32.+x, 46.70.De, 68.08.Bc

The partial wetting of liquids on solids is among the
most basic of capillary phenomena [1]. The fundamental
Young’s law relates the equilibrium contact angle #Y of a
liquid drop on a solid to the surface energies via

cos#Y ¼ ð!sv # !s‘Þ=!; (1)

where !sv, !s‘, and ! ¼ !‘v are the mutual surface ener-
gies between the solid, vapor, and liquid. This classical
equation reflects a balance of forces on the contact line
only in the plane of the solid surface and assumes that the
normal component of the contact force (%! sin#Y) indu-
ces only slight, localized deformations of the solid.
However, the normal force balance must be considered
when the length ‘m & !=E (with E the Young modulus
of the solid) is larger than molecular scales [2–4]. Here,
minimization of the total energy, involving interfacial and
elastic components, requires a deviation of the contact
angle from #Y .

A totally different notion of elastocapillarity is realized
when a liquid drop is brought into contact with a stiff thin
sheet of thickness t that rests on a soft, easily deformable
substrate (e.g., a polystyrene sheet on water, as in Fig. 1,
for which ‘m % 0:2 !A) [5]. Here, the deformability of the
foundation enables the sheet to respond to the exerted
capillary force as a thin elastic body—by bending [6]
and developing in-plane stresses [7]. Furthermore, in ultra-
thin sheets where t' 10 nm, in-plane compression relaxes
completely through wrinkles whose number diverges as t
decreases [8–12]. The ‘‘drop-on-a-floating-sheet’’ experi-
ment (Fig. 1), which allowed a systematic study of this

high bendability regime, revealed a wrinkle pattern whose
size was comparable to the drop’s radius R (0.5–1.5 mm)
[7], indicating that the capillary force may affect in-plane
stresses and shape deformation on a very large lateral
length 'R ( t ( ‘m. An important application of this
system is the measurement of thickness, surface energy,
and elastic moduli of ultrathin sheets from macroscale
features, namely, the extent and number of wrinkles.
However, previous studies have failed to provide a quanti-
tative, predictive link [7,13].

FIG. 1 (color online). (a), (b) Views of the wrinkle pattern
formed by placing a water drop on a floating ultrathin polystyrene
sheet (t ¼ 72 nm). The radius of the contact line is Ri. Radial
wrinkles appear in (a) an annular zone Ri < r < LO and (b) a
narrow annulus LI < r < Ri beneath the drop. Panel (b) is ob-
tained from confocal slices of a fluorescent sheet [14]. (c) A
schematic cross section depicts the forces acting at the contact line
(wrinkles are azimuthal undulations around this radial profile).
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the highest possible symmetry of a 2D sheet. The instability of such
a sheet, which leads to wrinkles of finite extent, may therefore be
considered as the simplest extension of Euler’s instability (which
describes sheets confined in a 1D geometry). Our main findings
are summarized in Fig. 2, which presents a schematic phase dia-
gram of wrinkling patterns, ranging from NT to FFT conditions.

We commence by reviewing the classical Lamé solution for the
planar state of stretched axisymmetric sheets, and define the
bendability and confinement parameters: ϵ and τ, respectively.
Focusing on the high bendability limit (ϵ ≪ 1), we show how
the Lamé solution gives rise to scaling laws for the threshold con-
finement τcðϵÞ, at which wrinkling first occurs, and for the extent
and number of wrinkles in the NT regime. We then turn to
the FFTregime and introduce the “collapsed compressive stress”
assumption that yields the asymptotic FFT stress field. We show
how the resulting stress field leads to scaling laws for the extent
and number of wrinkles, which are markedly different from the

NT behavior. In Discussion, we describe the general structure of
the ðϵ;τÞ phase diagram predicted by our results and address the
subtleties of the FvK equations in the FFTregime. We emphasize
insights provided by our model, explain experimental observa-
tions, and conclude with open questions and future directions.

Near-Threshold Wrinkling
We study the essential differences between the NT and FFT re-
gimes by focusing on the configuration shown in Fig. 1, where an
annular film of inner radius Rin and outer radius Rout is stretched
differentially by radial forces per unit length Tout at r ¼ Rout and
T in > Tout at r ¼ Rin. Similar geometries have been used to study
wrinkling under different types of central loads, such as the im-
pact of fast projectiles (12), the de-adhesion and wrinkling of
a thin sheet loaded at a point (13), and the wrinkling and folding
of floating membranes (9, 14). However, Fig. 1 exhibits the sim-
plest load distribution that leads to wrinkling with finite extent
and wavelength.

The Planar State. The equilibrium force balance equations are as
follows:

∂rðrσrrÞ − σθθ þ ∂θσrθ ¼ 0; [1]

∂rðrσrθÞ þ σrθ þ ∂θσθθ ¼ 0. [2]

The stresses are connected to the radial, hoop, and shear strains
by Hooke’s law εij ¼ ½ð1þ νÞσij − νσkkδij&∕Y . Here, Y ¼ Et is the
stretching modulus, E is the Young’s modulus, t is the film thick-
ness, and ν is the Poisson ratio. The expressions for the strains in
the large deflection, small slope limit (4) are

εrr ¼ ∂rur þ
1

2
ð∂rζÞ2; [3]

εθθ ¼
ur
r
þ 1

r
∂θuθ þ

1

2r2
ð∂θζÞ2; [4]

εrθ ¼
1

2r
∂θur þ

1

2
∂ruθ −

1

2r
uθ þ

1

2r
∂θζ∂rζ; [5]

where ur , uθ, and ζ are, respectively, the radial, azimuthal, and
out-of-plane displacements. We included here the shear compo-
nents, although they will not be required for our analysis. It is a
classical problem of linear elasticity (11) to obtain the stress field
of the planar, axisymmetric state: uθ ¼ ζ ¼ ∂θur ¼ 0, where
εrr ¼ ∂rur , εθθ ¼ ur∕r, and εrθ ¼ 0. Focusing for simplicity on
the limit Rout ≫ Rin, one finds

σrr ¼ ðTout þ ΔTR2
in∕r2Þ; σθθ ¼ ðTout − ΔTR2

in∕r2Þ; [6]

where ΔT ¼ T in − Tout. In this solution (due to Lamé), the radial
stress is tensile everywhere, but if T in∕Tout > 2, the hoop stress
becomes compressive for Rin < r < LNT, where

LNT ¼ Rin
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T in∕Tout − 1

p
: [7]

The existence of compression leads to buckling if the film is thin
enough that it becomes energetically favorable to relieve the
compressive stress by bending. The Lamé problem is thus char-
acterized by two independent dimensionless groups, confinement
(τ) and bendability (ϵ−1), where

τ ≡ T in∕Tout; ϵ≡ B∕ðR2
inToutÞ; [8]

where B ¼ Et3∕12ð1 − ν2Þ is the bending modulus. For a given ϵ,
buckling is expected if τ > τcðϵÞ > 2, where τcðϵÞ is the critical
loads ratio. As the sheet gets thinner, the energetic cost of bend-

Fig. 1. The Lamé configuration: A mismatch between the inner and outer
stresses yields a compression, which is relieved by wrinkling, in the region
Rin < r < L.

Fig. 2. A schematic phase diagram of wrinkling patterns in the Lamé geo-
metry. The dimensionless parameters ϵ−1, τ represent, respectively, bendabil-
ity and confinement (see Eq. 8). Radial wrinkles emerge for ϵ, τ > τcðϵÞ, where
the threshold curve τcðϵÞ, computed similarly to ref. 15, is marked with a black
solid line. The NTanalysis is valid below the blue dashed line (see text). After a
cross-over region (purple), the sheet is under FFT conditions (red). The evolu-
tion of the hoop stress as τ increases is shown in the inset for ϵ−1 ¼ 105 using
three curves corresponding to points in the ðϵ;τÞ phase space indicated in
the main figure. Curves a and b show the stress profile as predicted by
Eq. 6. However, curve c, which is well within the FFT region, shows that the
hoop stress has collapsed in a manner compatible with Eq. 17. To emphasize
the collapse of compressive stress, the red dashed line in the inset shows the
hoop stress given by Eq. 6 for the same value of τ.
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P is smoothly controlled by changing the height of a reservoir,
and is measured with a precision of !1 Pa. The sheet responds
to the exerted forces by stretching and bending, with respective
moduli Y ¼ Et and B ¼ ½E∕12ð1 − Λ2Þ&t3. HereE is the Young’s
modulus (E ≈ 3.4 GPa for PS) and Λ the Poisson ratio of the ma-
terial. The different dependencies of Y and B on the thickness t
explain why in very thin sheets stretching and compression are
much more energetically costly than bending. We show below that
the many control parameters affect the emerging morphology only
through two dimensionless groups which we call confinement and
bendability (17).

Confinement. When a thin, flat disc is projected onto an unde-
formable sphere, material elements at larger radii on the disc ex-
perience increasing confinement along latitudes of the sphere. If
the sheet is much smaller than the radius of curvatureW ≪ R, or
if the radial tension exerted along the edge (γ) is large, the sheet
will be under tension everywhere in both radial and azimuthal

(hoop) directions. In this case the sheet preserves its axisymmetry
and stretches smoothly into a spherical cap. However, if the sheet
is sufficiently large or the tension sufficiently weak, the hoop
stress becomes compressive close to its outer edge, leading to
a wrinkling instability of the axisymmetric state. These qualitative
expectations are borne out by an analysis of the axisymmetric
Föppl–von Kármán (FvK) equations (18), which yields the expli-
cit form of the confinement parameter (Materials and Methods
and SI Appendix):

confinement: α ≡ YW 2∕2γR2: [1]

The FvK equations express force balance on a sheet in the
transverse (radial and azimuthal) and normal directions (2), and
their axisymmetric form is,‡ as follows:

radial: dðrσrrÞ∕dr − σθθ ¼ 0 [2]

normal: BΔr
2ζ − σrrd2ζ∕dr2 − σθθr−1dζ∕dr ¼ P; [3]

where σrrðrÞ, σθθðrÞ are the radial and hoop stress components,
respectively, ζðrÞ is the normal displacement of the sheet, and
Δr ≡ r−1 d

dr ðr
d
drÞ. The confinement parameter α emerges from

balancing the tensional terms with the pressure in Eq. 3, and
ignoring the bending force. For α smaller than a critical value
α0
wr, a very thin sheet is everywhere under tension in both radial

and azimuthal directions, but for α > α0
wr ≈ 5.16 the confinement

leads to azimuthal compression in an annulus LðαÞ < r < W
near its outer rim.

Bendability. The bending force (∼B) in the normal force balance,
Eq. 3, is negligible if the sheet is sufficiently thin or the surface
tension is sufficiently large. Comparing the bending and tensile
forces in Eq. 3, which scale, respectively, as B∕W 4 and γ∕W 2,
we find the bendability parameter:

bendability: ϵ−1 ≡ γW 2∕B: [4]

Our experiments, which use ultrathin sheets, explore the high-
bendability regime, ϵ−1 > 2 · 105, where the shape is primarily
governed by the balance of stretching and the resistance of the
drop to deviate from its favored sphericity. It is the bendability
parameter that differentiates our system from the “capillary or-
igami” experiment (12), where thicker sheets were used to wrap
fluid droplets. For those low-bendability films, it was demon-
strated that the drop’s pressure was balanced by bending forces.

The confinement and bendability parameters span a phase
diagram that is shown later in the article in schematic form. Large
enough confinement α > αwrðϵÞ leads to an instability of the
axisymmetric state [where αwrðϵÞ → α0

wr as ϵ → 0]. However, the
bendability parameter radically affects the wrinkle pattern (17)
that emerges from this instability. In the low-bendability regime,
the sheet accommodates compression even in its buckled shape,
and a proper description is obtained by a traditional buckling
analysis (16) that considers the wrinkled state as an NT perturba-
tion of the axisymmetric state with compression [σθθðrÞ < 0] at
an annulus LNTðαÞ < r < W . By contrast, in the high-bendability
regime only tiny levels of compression (which vanishes as ϵ → 0)
can be supported in the sheet. Here the wrinkled state must
be described by an FFT perturbation theory around the singular
membrane limit of a sheet with zero bending modulus (but finite
stretching modulus), where wrinkles do not cost any bending
energy and compression can be completely relaxed (13–15).

Fig. 1. (A) Experimental set up. (B) Schematic side view of the drop and
sheet. The sheet has radius W and the exposed part of the drop beneath has
radius of curvature R. (C) Top and side views of the wrinkled sheet on the
drop. The radius of the unwrinkled region (L) and the wrinkle angle (2πm)
are computed by analyzing the top image (SI Appendix).

‡FvK theory assumes a Hookean, linear response, which requires small strains everywhere.
For axisymmetric stress fields, this requirement limits our analysis to small slope
(jζ 0ðrÞj ≪ 1), and hence W∕R ≪ 1. Nevertheless, the ratio W∕R appears only in the con-
finement α ¼ ðY∕2γÞðW∕RÞ2 , hence the regime W∕R ≪ 1 is realized for sufficiently small
tensile strains [γ∕Y ∼ ðW∕RÞ2 ≪ W∕R ≪ 1]. See also SI Appendix.
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Lame’s problem
Sheet over drop

Drop on sheet

material coordinates of the undeformed sheet. The strain tensor Á̃ij = 1

2

(ũi,j + ũj,i + ’,i’,j), where ũi is the
in-plane displacement vector, ’ is the out-of-plane displacement, and ·,i indicates ˆi·. The tilde’d material
coordinates are chosen such that there is no elastic stress in the sheet when ũi = 0; that is, they represent
the rest configuration for a system with no surface energies.

Of course, our system does have surface energies, so a more natural set of coordinates would correspond
to the rest configuration under those surface energies. Given the space-varying surface energy of the top of
the sheet (due to the presence of the drop), we cannot easily account for all the surface energies. Instead,
we introduce new material coordinates x that correspond to a rest configuration under surface energy of
“slÕ + “sl. This means that in the new coordinate system region I will have no separate surface energy term,
while region O will have an e�ective surface energy of “slÕ + “sv ≠ (“slÕ + “sl) = “ cos ËY . To see this, write
the first four terms of Eq. (8):

U
elastic

+ “slÕA
bath/sheet

+ “slA
sheet/drop

+ “svA
sheet/vapor

=
⁄

I+O

d2x̃
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2

⁄Á̃2

ii + µÁ̃2

ij

"
+

⁄

I+O

d2x̃ “slÕ(1 + Á̃ii) +
⁄

I

d2x̃ “sl(1 + Á̃ii) +
⁄

O

d2x̃ “sv(1 + Á̃ii)

=
⁄

I+O

d2x̃
#

1

2

⁄Á̃2

ii + µÁ̃2

ij + (“slÕ + “sl)Á̃ii

$
+

⁄

I+O

d2x̃ (“slÕ + “sl) +
⁄

O

d2x̃ (“sv ≠ “sl)(1 + Á̃ii)
(11)

The second term is a constant, so we may drop it. By completing the square, we may rewrite the first term
as ⁄

I+O

d2x̃
#

1
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⁄Á̃2

ii + µÁ̃2

ij + (“slÕ + “sl)Á̃ii
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⁄
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⁄Á2

ii + µÁ2

ij
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+

⁄

I+O

d2x̃ c (12)

where Áij © Á̃ij + E”ij , with E © 1

2

(“slÕ + “sl)/(⁄ + µ), and c is a constant depending on the Lamé coe�cients
and the surface energies only (i.e. not on the strains). The second integral of the right-hand side may be
dropped as a constant. The strain Áij is calculated from the new coordinates xi = x̃i(1≠E) and displacements
ui = ũi + E x̃i. [The opposite signs in xi and ui come from requiring the Cartesian coordinates of a point
to be the same in either material coordinate system: xi + ui(x) = x̃i + ũi(x̃).] Since E π 1, we retain
only terms of O(E) when working out Á̃ii = Áii ≠ 2E and d2x̃ = d2x (1 + 2E). (This is consistent with the
assumed Hookean response at “̃ π 1). Since the elastic term in Eq. (12) will prove to be small, we may take
d2x̃ ¥ d2x on the right-hand side. The final term of Eq. (11) may therefore be written as

⁄
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d2x (1 + 2E)(“sv ≠ “sl)(1 + Áii ≠ 2E) = “ cos ËY

⁄
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d2x (1 + Áii)
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i ) +
⁄

O

d2x Áii

4
(13)

where we have used the definition of the Young angle, Eq. (1). The term proportional to R2

o is a constant
and is dropped. Thus, we are left with
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d2x Áii + constants , (14)

demonstrating that the individual surface energies of the sheet do not matter, except through the parameter
ËY .

The fifth term of (8) depends on A
bath

, the exposed area of the bath on which the film is floating. We
may write this area as some total area, A

total

, less the area covered by the sheet:

A
bath

= A
total

≠
⁄

I+O

d2x (1 + ui,i) = A
total

≠
⁄

I+O

d2x ≠ 2fiRour(Ro). (15)

We have chosen to write the area integral in terms of the x coordinates; we could have equally well written
it in terms of the x̃ coordinates and then transformed to get the same answer. As the first two terms are
constant, the only term relevant to the energy is ≠2fi“ÕRour(Ro).
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Figure 1 | Side and top views of a circular polystyrene (PS) sheet wrapping a water drop immersed in silicone oil. a–d, A PS disc of thickness t=29 nm
and radius W= 1.52 mm on a drop that is gradually shrunk. In a, the sheet is decorated with wrinkles and crumples. Axisymmetry of the overall shape is
broken in b, when folds form at the perimeter of the sheet. The drop has a polygonal shape in c and d. e, A 241 nm sheet is also triangular at complete
wrapping. f, A di�erent complete wrapping shape with approximate two-fold symmetry. Scale bar, 1 mm. See also Supplementary Movies 1 and 2.
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Figure 2 | Axisymmetry breaking probed by side-view profiles. a,b, Side-view profiles of wrapping for several drop sizes, for a t=29 nm sheet (a) and for
nine di�erent thicknesses ranging from 29 to 394 nm (b). Solid lines: experiment. Dotted lines: analytic theory for axisymmetric wrapping with no free
parameters. (For the largest drop size, a circle is also shown for comparison.) The data are described well by the axisymmetric theory for large drop size,
but the profiles lose axisymmetry at small drop size. c, Axisymmetry breaking of the sheet, quantified by the symmetric Hausdor� distance between the
experimental side-view profiles of the sheet and the analytic axisymmetric profiles, versus W/R. The Hausdor� distance between two curves X and Y,
denoted dH(X,Y), is the maximum distance from a point in X to the closest point in Y; we measure dH(X,Y)⌘(1/2)dH(X,Y)+(1/2)dH(Y,X). Inset: dH at
W/R= 1.3, when a folding pattern is clearly established. The values are constant over a wide range of bendability, �W2/B, consistent with our model.
Deviations from data collapse are discernible only for the thickest sheets (321 and 394 nm), marked with thinner lines in a,b and open symbols in c.

Neglecting the elastic energy is justified by a separation of scales
between bending, surface tension and stretching:

B
W 2

⌧� ⌧Y (3)

In our experiments, B/(�W 2) < 5 ⇥ 10�4 and � /Y < 3 ⇥ 10�4.
The first inequality means that the ‘bendability’ is large21: the cost
for small-scale bending into wrinkles and folds is negligible. For
our materials, this requires using sheets much thinner than 5 µm.
We thereby depart from the regime typically probed in ‘capillary
origami’2–9, wherein bending energy balances surface energy and
small-scale wrinkling is not observed. The second inequality means
that surface tension induces a negligible strain, so the sheet can
be regarded as unstretchable. (Any polystyrene (PS) sheet that can
be practically fabricated satisfies this condition at an oil–water
interface.) Although the sheet is inextensible in this limit, the overall
shape may be compressed by wrinkles and folds, in accord with
equation (2), which gives the sheet considerable freedom to deform
without stretching. This compression does not a�ect the area of the
sheet in contact with the drop or the ambient fluid (neglecting any

self-contact): only the oil–water interfacial area may change. In the
limiting cases of a large drop10 and close to complete wrapping,
equation (3) may need to bemodified through functions of the ratio
W/R. In the case of nearly complete wrapping, the surface energy in
equation (1) approaches zero; here, energy due to bending or other
e�ects such as self-attraction or gravity could become significant.

When the gross shape is axisymmetric, our model is equivalent
to the force balance of an open parachute22 (see Supplementary
Section 1). The solutions are shapes that are portions of an inflated
Mylar balloon23, which belong to the larger class of ‘inflated
surfaces’20,24, where the volume contained by an unstretchable closed
sheet is maximized. In Fig. 2a,b we compare the contours of this
axisymmetric solution with the experimental profiles for several
drop sizes and for sheet thicknesses ranging from 29 to 394 nm.
For each drop, we select the theoretical curve that matches its
horizontal extent; there is no free parameter in the comparison. The
axisymmetric solution is in excellent agreement with experiment at
large drop sizes.

As shown in Fig. 1 and also in Fig. 2a,b, the wrappings
break axisymmetry for smaller drops. This deviation from the
axisymmetric solution increases as the drop volumedecreases, and it
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Thank you!


