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Abstract

Shock-turbulence interaction is a problem of interest where, the effects of the shock on the
turbulence and vice versa could be studied in detail. A canonical case of one-dimensional
mean flow convecting homogeneous isotropic turbulence across a normal shock wave
provides a much cleaner environment for fundamental studies as it does not have any
inhomogeneities or wall effects. Most of the earlier works on this problem were on quan-
tities related to velocity and its derivatives such as turbulent kinetic energy and enstrophy.
Data on thermodynamic quantities are sparse and limited in terms of analysis, and an
attempt has been made in this work to close that gap. We focus only on the interac-
tion of vortical turbulence with shocks, and the effect of acoustic/entropic turbulence on
shocks is only described briefly with the help of available literature. We use numerical
and theoretical tools to study the thermodynamic field generated by the shock-turbulence
interaction. Direct numerical simulations (DNS) of homogeneous isotropic turbulence
interacting with normal shocks of varying strengths, M = 1.23, 1.50, 2.50 and 3.50 have
been carried out. The turbulent Mach number immediately upstream of the shock is var-
ied as M, =~ 0.05, 0.15, 0.25 and 0.40 with Taylor lengthscale based Reynolds number
of Re, ~ 33 for each of the shock strengths. Extensive grid convergence tests have been
carried out to verify the simulations.

We investigate the post-shock thermodynamic field generated by the interaction with
the help of a theoretical tool called linear interaction analysis (LIA) and the numerical
simulations. Density, pressure and temperature variances attain large values at the shock,
followed by, in general, a rapid decay in the downstream flow. The rapid variation imme-
diately behind the shock makes it difficult to compare numerical results with theoretical
predictions. A threshold method based on instantaneous shock dilatation (similar to a
shock-sensor) is used to overcome this problem, and it gives excellent match between
DNS and LIA. We find cases with non-monotonic variation with Mach number as well as
local peaks in density fluctuations behind the shock for strong shocks. These are explained
in terms of the contribution of the post-shock acoustic and entropy modes in the LIA so-

lution and their cross-correlation. Far-field (x — o0) and near-field (x = 0*) variations of
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Xii Abstract

the post-shock thermodynamic field have been analyzed for varying shock strengths and
turbulence intensities.

The numerical solutions differ significantly from the LIA solution as M, is increased,
in line with the assumptions used in the theory. The intensity of the post-shock thermo-
dynamic field is found to be proportional to the upstream turbulent Mach number; mono-
tonically increasing in strength as M, is increased. This is however, due to the increased
levels of upstream thermodynamic fluctuations as M, is increased, which in turn results
in an increased intensity of post-shock thermodynamic fluctuations. The effect of Taylor
lengthscale Reynolds number is not easily deducible from the available data, and is not
studied in detail. The shape of the energy spectrum, which is used in the generation of
the homogeneous isotropic turbulence database has an effect on the post-shock evolution
of thermodynamic fluctuations. The statistics computed in the near field and far field are,
however, found to be independent of the shape of the spectrum.

Budget of the transport equations, for variances and fluxes of thermodynamic fluc-
tuations, reveal interesting insight into the physics governing the thermodynamic field
behind the shock wave. It is found that the variances are primarily determined by the com-
peting effects of dilatational and dissipation mechanisms. The dominant mechanisms are
identified for a range of conditions and their implication for developing predictive models
is highlighted. Phenomenological models for the post-shock thermodynamic variances
have been developed. The production mechanism of each of the thermodynamic vari-
ances 1s modeled using the existing models for turbulent heat flux and turbulent kinetic
energy. Their decay mechanism is modeled from the physical insights obtained from the
fundamental study. The models show excellent agreement with the available DNS data.

Keywords: direct numerical simulation, linear interaction analysis, homogeneous
isotropic turbulence, shock waves, thermodynamic fluctuations, Kovdsznay modes, bud-

get analysis, predictive models
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Chapter 1

Introduction

1.1 Motivation and background

Shock waves are characteristic features in high-speed compressible turbulent flows,
specifically in the supersonic/hypersonic flow regime. In aerospace applications, the ef-
fect of shock waves on the turbulent features in a supersonic boundary layer is usually
studied to understand the physical mechanisms responsible for boundary layer separa-
tion, increased heat transfer and high surface pressures, each of which are unique engi-
neering problems. The interaction of free turbulence with a planar shock wave is a similar
problem of interest, rich with physical insights on the effects of shock on turbulence and
vice-versa without additional complexities such as mean shear, streamline curvature and
wall effects. Shock-turbulence interaction has implications in a variety of applications, to
name a few, supersonic/hypersonic propulsion systems, inertial confinement fusion, shock
wave lithotripsy, and astrophysical shock waves. In this study, we focus on the interaction
of a homogeneous isotropic turbulence interacting with a nominally planar shock wave,
which is the most basic form of shock-turbulence interaction.

Compressible turbulent flows are characterized by appreciable changes in thermo-
dynamic quantities such as density, pressure and temperature fluctuations, which can be
drastically amplified / altered on interaction with shock waves. The importance of un-
derstanding the thermodynamic fluctuations is well known as they play a major role in
turbulent mass flux, sound generation, turbulent heat flux, and most importantly, in the
turbulent transport of energy between internal and kinetic energy components [89]. For
example, consider the process of inertial confinement fusion, where a fuel capsule is to be
compressed to its maximum limit, to generate energy by fusion mechanisms. The com-
pression is achieved by a converging shock, which is set off by lasers heating the fuel

capsule. At the initial stage, the fuel is separated from the lasers by an outer metal coat-
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ing. An imploding shock is set off when the outer metal coating blows outwards due to
the heat from the lasers. During this stage, the interface separating the fuel layers maybe
subjected to either the Rayleigh-Taylor instability (RTI) or the Richtmyer-Meshkov in-
stability (RMI) as the case maybe due to the traveling shock, resulting in non-uniform
heating and compression of the fuel. The amount of density variations induced by the
shock, describe the turbulent mass flux in the interface, which in turn determine the de-
gree of mixing between the fluids. Mixing between the fuel layers needs to be avoided
to ensure maximum compression and energy yield, which is unfortunately still an issue
in ICFE. Shock-compressible turbulence interaction has been used as a model problem to
study the complex ICF process [10, 42, 59, 60, 101].

Compressible turbulence interacting with a shock wave has also been used as a
model problem in astrophysics. The density variations in the interstellar medium due
to accelerating astrophysical shocks (induced by supernovae explosions) is an example,
where the interaction problem is investigated to understand the evolution of various cos-
mic phenomena (see [1, 2, 55, 171] and related works) and in atmospheric sciences (see
[75] and related works). An understanding of the generation of pressure fluctuations
behind the shock in a supersonic over-expanded nozzle (e.g., rocket nozzles of space ve-
hicles) is necessary to mitigate jet noise (see [92, 126]). In a similar vein, the temperature
fluctuations (and its gradients), which are amplified across the shock, increases the surface
heat transfer (by ~ 400%) and alter the skin friction coefficient at the shock impingement
point in aerospace vehicles [138]. These examples indicate a necessity to understand
the physical mechanisms (or dynamics) of shock-amplified compressible turbulence to
model/design efficient systems that could benefit the application in consideration. The
presence of a shock wave in front of a supersonic vehicle is detrimental since it intro-
duces additional drag and increased aerodynamic heating, but is also very useful in the
generation of lift as is the case in waveriders, which have high lift-to-drag ratios due to
the compression lift produced by the shock waves (see Refs. [91, 153] for additional de-
tails). In the case of supersonic combustion, shock waves enhance the mixing of fuel and
oxidizer [162], and thus are essential elements in scramjet combustion.

Initial studies of shock-turbulence interaction were theoretical, mostly employing
linear analysis and were based on the Kovasznay’s decomposition of turbulence [78].
The theory aptly called as the linear interaction analysis (LIA) was developed by Moore
[108] and Ribner [123] to analyze the interaction of acoustic and vorticity waves, re-
spectively with an unsteady normal shock. The theory was later made use of by many
researchers to study problems involving shocks and free turbulence [35, 41, 59, 60, 85—

87, 96, 98, 99, 165]. A number of physical experiments utilizing grid-generated turbu-
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lence interacting with a normal shock have been carried out [4, 8, 49, 54, 64] to study the
underlying mechanisms responsible for amplification of turbulent kinetic energy (TKE)
and the modification of length scales across the shock; purely driven by the need to un-
derstand mixing enhancement across the shock and shock wave/turbulent boundary layer
interaction (SBLI). Several numerical simulations have also been carried out to study the
canonical shock-turbulence interaction problem over the years due to its geometric sim-
plicity and rich physics. Shock-resolved simulations, where the viscous shock-profile is
resolved [66, 85, 87, 90, 132], shock-captured simulations, where the shock-profile is nu-
merically estimated [45, 81, 83, 86, 98], and shock-fitting simulations, where the shock
thickness is neglected by specifying Rankine-Hugoniot (RH) conditions [122, 141, 164]
have been carried out to study this problem. The focus has been to understand the am-

plification of turbulent kinetic energy and vorticity variances (or enstrophy), reduction in

—~—~—
7,0

length scales, and enhanced anisotropy in the post-shock Reynolds stresses, R;; = u;'u’.

The modification of the thermodynamic quantities behind the shock was explored
by few researchers. Lee er al. [85-87] explored the validity of isentropic relations in
the post-shock region, and Mahesh et al. [98, 99] studied the effect of upstream entropy
fluctuations on the post-shock thermodynamic field using DNS and LIA. Quadros et al.
[119] studied the interaction of purely vortical turbulence with a normal shock using LIA
and data from the direct numerical simulation (DNS) of Larsson et al. [81] for under-
standing the turbulent heat flux correlation. The physical insights from the study has been
used towards development of a simple model for the turbulent energy flux [117]. Tian et
al. [159] studied the interaction of a Mach 2 shock wave with isotropic turbulence with
(multi-fluid) and without (single-fluid) variable compositions. They compared the condi-
tional expectation of density, pressure and temperature fluctuations amongst each other,
and investigated whether they followed an isentropic scaling behind the shock. The earlier
studies have looked at the amplification of thermodynamic fluctuations across relatively
weak shocks and checked for the validity of Morkovin’s hypothesis (see Ref. [147] for
description) behind the shock [99]. By comparison, the current work aims to study the
amplification of thermodynamic fluctuations across weak and strong shocks, and provide
qualitative as well as quantitative insights using LIA and numerical simulations. In addi-
tion, the predictive capabilities of LIA would be explored by comparing with data from
numerical simulations.

This requirement motivated us to pursue fundamental research into understanding
the physics of shock-turbulence interaction. We make use of the LIA and the DNS data
to study flow features in canonical shock-turbulence interaction. The focus of the current

work is on the thermodynamic fluctuations generated by the shock. It is important to know
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the intensity of the thermodynamic fluctuations generated behind the shock, and the phys-
ical mechanisms that govern their evolution. The physical insights obtained herein, could
aid in developing models for predicting the thermodynamic fluctuations in the shock-

amplified turbulence.

1.2 Objective

The objective of the present study is to

e analyze the generation of density, pressure, temperature and entropy fluctuations

across the shock wave using LIA and DNS,
e generate relevant data using numerical simulations for the required analysis,

e investigate the dominant mechanisms behind the evolution of thermodynamic fluc-
tuations using Kovasznay mode decomposition (on the LIA data) and post-shock

budget analysis (on the DNS data),

e develop modeling strategies to capture the essential physics of the thermodynamic

fluctuations in canonical shock-turbulence interaction (STI).

Studying the four thermodynamic variances will also help explain the behavior of
related quantities, like the turbulent mass flux, p’_u: and heat flux, h’_u: in the flow. A
part of this work is also to fill in the gaps in existing literature, specifically for the anal-
ysis of thermodynamic fluctuations in the high Mach number regime. A wide range of
Mach numbers and turbulent Mach numbers, from ‘wrinkled shock’ to ‘broken shock’
regimes are considered. The results are compared with the predictions from linear inter-
action analysis. Kovasznay mode decomposition of the LIA solution and the budget of
transport equations computed using simulation data are used in a complementary way to
bring out the dominant physical mechanisms. We develop advanced physics-based mod-
els for shock-turbulence interaction, similar to those in [144, 145] and other works. These

models are validated against DNS data across a range of shock strengths.

1.3 Scope

This dissertation presents about the linear analysis and the numerical simulations of the
canonical shock-turbulence interaction. DNS data of homogeneous turbulence with tur-
bulent Mach numbers of M; = 0.05 to 0.40 and Taylor lengthscale Reynolds number of
Re, = 33 interacting with normal shock waves of varying strengths (M = 1.23, 1.50, 2.50
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and 3.50) are presented. The evolution of thermodynamic fluctuations behind the shock
is discussed in detail using the LIA and the DNS results. The effect of shock strength
(varying M) and turbulence intensity (varying M;) on the thermodynamic fluctuations is
studied using the present simulations. We also use the extensive DNS dataset of Larsson
et al. [81, 83] covering a wide range of Mach numbers to complement the simulations
performed as part of the current work. The data from Larsson ef al. are also used to
draw inferences, especially for the effect of viscous mechanisms (varying Re,) on the
thermodynamic quantities. Dominant mechanisms responsible for the amplification and
evolution of the thermodynamic fluctuations in the post-shock region are identified by
performing a budget analysis on the DNS data. Models for the thermodynamic variances
were developed using the LIA theory and the existing models for TKE [145] and the tur-
bulent energy flux [117]. The models developed, herein, consider that the shock is only
a source for production of the thermodynamic variances, and the evolution of turbulence
behind the shock depends on the evolution of the respective Kovdsznay modes. We find
good predictions of the thermodynamic fluctuations by the developed models.

This dissertation is organized as follows,

e Chapter 2 covers the available literature addressing the shock turbulence interaction
problem till date, and includes theoretical, experimental and computational studies.
LIA has been the primary tool for the theoretical studies, and has been used for
verifying the numerical simulations by many researchers. The limited experimental
studies and the various computational studies using different types of numerical
simulations are also provided. The scope of the earlier works with respect to the

thermodynamic fluctuations is also discussed.

e Chapter 3 provides a brief review of the LIA framework used in the current work.
The theory models the turbulence field upstream of the shock as a superposition
of two-dimensional plane waves of varying amplitudes, orientations and wavenum-
bers. Each of the plane waves is considered to interact with the shock independently
and generate post-shock fluctuations via the linearized RH relations. post-shock

turbulent statistics are obtained by integrating over all of the post-shock waves.

e Chapter 4 describes the procedure and verification of the numerical simulations in
detail. Details of the computational grid and the boundary conditions are provided
in this chapter. The details of the cases that have been simulated along with the
extensive grid independence tests are also provided. Procedures and verification

tests for the temporally decaying homogeneous isotropic turbulence simulations
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are also discussed. The convergence of the DNS results towards LIA solutions is

also discussed in this chapter.

Chapter 5 describes the underlying physics of the post-shock thermodynamic
field by comparing the LIA and the DNS solutions. A short description of the
Kov’asznay mode decomposition of the thermodynamic variances in the LIA data
is also provided. A new method for extracting variance values at the location imme-
diately behind the shock without the mean shock effect is described in this chapter.

The method is a threshold-based method and uses dilatation values as the threshold.

Chapter 6 details the effect of the governing parameters (M, M, and Re,) on the
post-shock thermodynamic field. The effect of the mean flow Mach number, the
turbulent Mach number and the Taylor lengthscale Reynolds number on the evo-
lution of thermodynamic fluctuations is provided. Far-field and near-field statistics
(computed using the threshold method) for varying shock strengths and turbulence
intensities are also presented. The effect of the Reynolds number is not clearly un-
derstood with the sparse data available for comparison. In addition to the governing
parameters, the effect of the shape of the inflow turbulence energy spectrum on the

post-shock thermodynamic variances is also discussed.

Chapter 7 presents the dominant mechanisms responsible for the evolution of the
thermodynamic fluctuations using a budget analysis on the DNS data. The correla-
tion of density, pressure and temperature fluctuations with the fluctuating dilatation
is found to be the dominant term in the post-shock region. At the shock, the produc-
tion due to mean velocity gradients is responsible for the generation / amplification

of the variances.

Chapter 8 describes the model development procedure and the predictive capabili-
ties of the model against the LIA and the DNS data. The models for the temperature,
density, entropy and pressure variances were developed using the earlier works of
Sinha et al. [145] and Quadros & Sinha [117]. The developed models predict the
modification of turbulence (or the production of the thermodynamic variances) due
to the passage of the shock accurately. The models were validated against the DNS
data, both Larsson ef al. [81] data and those that were developed as part of the

current work. The models show a good match with the DNS data.



Chapter 2
Literature Survey

The physics of turbulence amplification in fluids due to the presence of shocks has been
a subject of study for several researchers, both in the past and in the present, and is ex-
pected to continue in the future also. This is entirely due to the complicated nature of
both the shock wave and the turbulence itself. Research in compressible turbulence in
fluids dates back to the 1950s, where Moyal [111] studied the random noise generated
by the fluctuating vorticity in a homogeneous fluid. In the past and in the recent times,
compressible turbulence in fluids has been explained for many scenarios in the statistical
sense only (see Refs. [33, 136]), and a deterministic description of its nature is found only
in few idealized cases. In the case of shocks, its structure can only be formulated for
weak cases (M < 2 [158]), and the supporting experimental evidence on its structure is
also limited [143]. The incomplete description of the structure of a shock wave is due to
the lack of techniques/methods to accurately measure the second coefficient of viscosity
for the fluid. The following references [7, 32, 130, 172] are suggested for reading to know
more about the second coefficient of viscosity and the difficulty in measuring this value
for many fluids.

The study of a turbulent flow interacting with a shock wave, thus remains an ac-
tive area of research, where various methods and techniques are employed to provide a
description of the specific problem under consideration than the complete physics of the
problem itself. The case of homogeneous isotropic turbulence interacting with a normal
shock wave is considered in this work. This canonical configuration albeit being simple,
is still not fully understood and has been studied by many using theoretical, numerical,
and experimental methods. A comprehensive description of these works are presented in

the following sections.
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2.1 Theoretical analysis

Theoretical analysis of compressible turbulence interacting with a shock wave was made
possible due to the seminal work of Kovasznay in 1953 [78]. Kovésznay [78] decomposed
turbulence in a compressible, viscous and heat conductive gas into three fundamental
modes: vorticity, entropy, and acoustic modes, which are governed by three independent
equations. This decomposition is valid only for small fluctuations where linearization is
possible, and breaks down for large fluctuations where interaction between each of the
modes is highly probable. The vorticity mode consists of only solenoidal velocity fluctu-
ations and the entropy mode has only non-isentropic density and temperature fluctuations.
The acoustic mode comprises of irrotational velocity, isentropic density and temperature,
and pressure fluctuations. The vorticity and entropy modes are ‘frozen’ (i.e., they have
no mean convection velocity) in nature whereas, acoustic modes travel with the speed of
sound.

Later in 1953-54, Moore [108] and Ribner [123] used this decomposition to study
the interaction of acoustic and vorticity waves with a normal shock, and laid out the
fundamentals of studying turbulence as a spectrum of these planar waves. Moore [108]
followed a linearized framework to study the interaction of a single oblique acoustic wave
and an oblique vorticity wave, each separately interacting with normal shocks of varying
strengths (M = 1, 1.5, 00). The interaction of acoustic waves was studied in detail for
two different scenarios: (1) moving normal shock interacting with a sound wave in a
stationary gas and (2) sound wave overtaking a shock from behind. In the former scenario,
depending on the incident angle of the sound wave, the post-shock sound field is either
propagating or attenuating whereas, the latter only shows reflection of the sound wave and
no attenuation of sound waves is observed. However, the range of incidence angles for
case (2) in his study was limited due to the problem definition that the sound wave must
overtake the shock wave. Thus the absence of attenuation cannot be proved to be true for
all incidence angles, though it is difficult to formulate a problem with the complete range
of incidence angles for this case.

Ribner [123] analyzed the interaction of a single vorticity wave with a normal shock
in the linearized sense with a different physical perspective than Moore. The unsteady in-
teraction is transformed as a steady interaction by imposing a transverse velocity. The in-
teraction results in refraction of the incident vorticity wave and simultaneously generates
entropy and acoustic waves. The acoustic waves can be either propagating or attenuating
depending on the incidence angle. In the second half of 1954, Ribner [124] extended the
earlier analysis of single wave interaction to a spectrum of similar waves, and computed

the post-shock root-mean-square (rms) values of various turbulent quantities. Expres-
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sions for spectra and correlations of various quantities in the post-shock turbulence field
were provided. The noise generated by the shock-turbulence interaction was calculated
for varying intensities and Mach numbers in this study. The analysis of the sound field
generated by a shock-isotropic turbulence interaction was presented with special empha-
sis on the flux of acoustic energy in [125]. The post-shock acoustic energy flux is found to
vary linearly with the shock strength. The results are found to match with Lighthill’s the-
ory, showing a similar asymptotic behavior for weak shocks and diverging significantly
for strong shocks. In 1987, Ribner [127] applied LIA theory to represent the interaction
of an infinite planar shock with a single three-dimensional spectrum component of tur-
bulence (an oblique sinusoidal “shear wave” by his definition) and provided in parts of
the three-dimensional spectrum analysis necessary to generalize the scenario to the in-
teraction of a shock wave with convected homogeneous turbulence. Root-mean-square
values of post-shock pressure, temperature and velocity fluctuations were calculated for
an isotropic pre-shock turbulence in addition to the one-dimensional power spectra of
these quantities. Ratios of the one-dimensional post-shock spectra of several quantities to
the longitudinal pre-shock turbulence spectrum were presented for a wide range of Mach
numbers. The major outcome of this theoretical work was that the STI is an excellent
noise generator but the far field noise (pressure fluctuations) generated is low for strong
shock interactions compared to weak shock interactions. The applicability of LIA to only
weak fluctuations in the upstream becomes a restriction when analyzing for weak shock
interactions.

Following the works of Ribner and Moore, Kerrebrock [74] carried out an exten-
sive analysis of interaction of small perturbation fields with a normal shock and extended
it to a flame, assuming the flame as a reactive gas dynamic discontinuity in the linear
limit. The generation/refraction of three types of Kovdsznay modes were observed for
the shock and flame also in the presence of any one of the modes upstream of the discon-
tinuity. A comprehensive set of expressions describing the post-shock statistics for the
different types of upstream waves was provided for the first time. The case of shock wave
being oblique was also analyzed with the necessary expressions provided. The limit of
linear analysis for weak shocks was also pointed out, as the expressions were found to
result in a singularity as the shock strength tend towards M = 1 limit. The case of only
entropy disturbances interacting with a normal and an oblique shock wave was studied by
Chang [17]. The effects of upstream entropy wave orientation on the sound generation
was studied in detail to understand indirect noise generation processes. The shock front

was found to be corrugated for planar entropy waves also, similar to the case of inter-
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action of vorticity and acoustic waves, and was attributed to the generation of velocity
fluctuations in the downstream region by the shock wave.

Higher order perturbation analysis based on the expansion of the disturbance field
amplitude was presented for a supersonic compressible flow by Chu and Kovasznay [19].
An extension of the earlier work on the decomposition of turbulence into Kovdsznay
modes where nonlinear effects due to the interaction between the three Kovdsznay modes
were included in this study. The second order interactions such as vorticity-vorticity,
vorticity-entropy, etc. are interpreted as source terms for the Euler equations and show
significance only when all three Kovdsznay modes have same orders of magnitudes in
their intensities and lengthscales. Thus, for cases where only one of the mode is signif-
icantly dominant such as the case of largely vortical turbulence, linear analysis seems to
be a valid approximation.

After Moore, Johnson and Laporte [72] investigated the interaction of cylindrical
sound waves with a stationary normal shock using the method proposed by Weyl for ra-
dio waves in 1958. The cylindrical sound wave is represented as a superposition of planar
sound waves of varying direction, and each plane wave independently interacts with the
shock front. The resulting waves are superimposed to form the post-shock deformed
sound wave (elliptic in shape) using the Fourier integrals approach. This is the first time,
a composition of sound waves was studied, though initiated back in 1956 by Kerrebrock
for this scenario. A decade later, McKenzie and Westphal [105] studied the interaction
of a planar acoustic wave and a vorticity-entropy wave with an oblique shock wave. The
effect of intensity and incident angles were studied in detail and the sound (and its energy
flux) generated behind the shock was described in detail. For an incident sound wave, the
post-shock sound wave was found to be O(M?) larger than the incident wave in amplitude,
and if the waves are inclined close to the critical angle, the post-shock amplitude was of
O(M?) larger. The analysis was applied to study the amplification of small disturbances
in a solar wind on the interaction with a bow shock produced due to the earth’s magnetic
field. The linear perturbation analysis of the interaction of entropy, vorticity and acous-
tic disturbances with a weak normal shock was studied by Hardy and Atassi [46]. The
interaction of acoustic waves was studied in detail and the amplification of an incident
acoustic wave was larger compared to an incident vorticity or entropy wave. Weak-shock
approximation was described to be valid for modeling of shock flows in complex geome-
tries for the reason that the generated acoustic waves and the entropy waves are generally
small in such scenarios.

Mahesh et al. in a series of articles compared LIA and numerical simulations of

the STI problem. In [96], they studied the interaction of an isotropic field of acoustic
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waves interacting with a normal shock wave using LIA and computations. The effects of
acoustic fluctuations were found to result in reduced amplification of turbulence at low
Mach numbers (M < 2) against purely vortical case. However, larger amplifications than
the vortical case was observed for high Mach numbers (M > 3). The computations were
found to follow the trend of the results predicted by LIA. The combined interaction of
vortical and acoustic waves with a normal shock was also discussed. In [99] and [98], they
introduced the concept of adding entropy fluctuations on top of a vortical turbulent field
and studied the combined interaction of vortical and entropy fluctuations. The upstream
vorticity-entropy correlation is shown to strongly influence the evolution of the turbulence
across the shock; positive correlation has a suppressing effect and vice versa. Morkovin’s
hypothesis was tested and was found to be invalid due to the shock-front oscillation.
Comparison of LIA and numerical simulation solutions were found to be satisfactory.
Similar type of study but with only vortical turbulence was carried out by Lee ef al. in
[85] and in [86].

Anyiwo and Bushnell [6] applied LIA to study the effect of shock wave on the tur-
bulent boundary-layer by following a local STI approach. The study identified that the
shock oscillation speed to be an important parameter along with the shock strength, inci-
dent angle of waves and fluid properties. Correction estimates with the help of LIA were
suggested for the distortion in the turbulence spectra due to the shock-amplification. The
turbulence closure models used in their period assumed spectral similarity in numerical
simulations, and these corrections were found to bring the numerical results closer to ex-
perimental values. Robinet and Casalis [129] showed that the critical angle which appears
as a singularity in the linearized Euler equations can be removed if the perturbations are
not considered as normal modes. A different form for the perturbations deduced from
the mathematical nature of the linearized Euler equations was proposed which resulted
in non-singular values at the critical angles. This analysis was then applied to the shock
wave oscillations occurring on a wing profile and in a nozzle. Good results were obtained
in comparison with the available experimental data.

Fabre et al. [35] presented the LIA theory of planar waves interacting with a nor-
mal shock in the form of compact matrices, especially the transfer functions. The theory
was then applied to study a cylindrical entropy spot with Gaussian entropy distribution
interacting with a normal shock wave. Qualitative results for entropy, vorticity and noise
generation were presented and compared with results from numerical simulation of the
full nonlinear Euler equations. Griffond [41] extended the LIA theory to analyze the in-
teraction of a gas concentration spot containing the mixture of two perfect gases with

that of a normal shock in a similar fashion. The study was used to address the creation



12 Literature Survey

of vorticity, entropy and acoustic waves by the interaction and the refraction of the inci-
dent concentration wave without any amplification in itself. This single wave analysis of
concentration waves was extended to the case of a shock wave traveling in a weakly inho-
mogeneous mixture [42] and in a Richtmyer-Meshkov instability (RMI) problem [101].
Lubchich and Pudovkin [94] studied the effect of acceleration of the shock corrugation
due to the incident perturbations, and claimed that an additional inertial force was in-
duced due to the acceleration. Suitable modifications to the Rankine-Hugoniot conditions
for the unsteady and distorted normal shock wave was proposed accounting for this iner-
tial force. Griffond’s [41] numerical experiments and Tumin’s [161] ‘vanishing volume’
concept showed that the effects of this inertial force to be negligible. One of the authors,
Lubchich [93] refuted their arguments, and emphasized that the inertial force should in-
deed be included in the pressure term. Sinha [144] also argued that the effect of the inertial
force to be negligible using theoretical arguments similar to Tumin’s. Till date, no one
has verified the effect of the inertial force due to frame acceleration.

Huete and his group studied the interaction of isotropic turbulent vorticity field
[165], density field (a random pattern of density non-uniformities) [60] and acoustic field
[59] with a normal shock in the linearized framework. Closed form analytical expres-
sions for various correlations as a function of specific heat ratio, a new non-dimensional
frequency and shock Mach number were presented. The non-dimensional frequency is
a function of the incident wave’s wavenumber, angle of inclination and the angular fre-
quency. These expressions were simplified further in the asymptotic limits of weak and
strong shocks, and highly compressible fluids. Various statistics including enstrophy am-
plification and acoustic energy flux generation are represented as functions of the three
parameters. The difference in critical angles with respect to each of the cases (vorticity,
entropy and acoustic) is discussed in detail along with the amplification ratios in each of
their articles. The discussion was extended to the RMI problem, and the interface growth
was described in detail with relevant formula. They have also explored the application of
LIA in the field of astrophysics (discussed below).

Recently, Sinha [144] studied the evolution of enstrophy in shock/homogeneous tur-
bulence interaction using LIA, and proposed models for the dissipation rate of turbulent
kinetic energy accounting for the correlation between vorticity and entropy fluctuations
(following [98]) in the upstream region. Quadros et al. [119] studied the generation of
turbulent energy flux when homogeneous isotropic turbulence passes through a normal
shock in the linear framework. The energy flux correlation was split into its respective
Kovasznay modes using LIA to understand the rapid non-monotonic variation behind the

shock. The various mechanisms responsible for the amplification and evolution of tur-
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bulent energy flux were identified, and the effect of compressible fluctuations was also
explained using LIA. The study included the interaction of planar vorticity waves and a
field of vortical turbulence with a normal shock using LIA, and supplemented the theory
with computations of Larsson et al., [81]. In [118], they decomposed the turbulent heat
flux correlation (’T”) term into its respective Kovasznay modes using LIA, and explained
the physical mechanisms responsible for the amplification and evolution of the velocity-
temperature correlation. An extensive discussion on the validity of LIA and the range of
Mach numbers for which viscous and nonlinear effects become important were provided.

The present work follows the methodology laid out by [99] (also mentioned in [119])
to study the thermodynamic fluctuations in STI using LIA. The earlier works of LIA
[85, 86, 98, 99] emphasized on velocity fluctuations and its derivatives like turbulent
kinetic energy and enstrophy, though some description about the thermodynamic field
was also provided. In this study, we investigate the post-shock thermodynamic field using
LIA and computations in detail, which is lacking in earlier studies.

Before proceeding, it is worth mentioning that Rapid Distortion Theory (RDT) has
also been used to study the STI. One can look at the recent work of Kitamura et al. [76]
for an extensive review of available literature where RDT has been used to study turbu-
lence interacting with strong compressions [39, 97], but not limited to only shock waves.
To the best of the author’s knowledge Kitamura et al. [76] are the first ones to explicitly
study the STI using RDT. Though, RDT supports sheared mean flow, which replicates
shock/boundary-layer interactions, it does not include the shock-distortion effect. The
importance of shock-distortion (or corrugation) effect, observed in STI scenarios is high-
lighted in [145], where the model developed by considering the distortion effect provides
better predictions than standard turbulence closure models. The recent work of Braun and
Gore [14] considers the shock-corrugation effect as an important physical feature in STI,
and they found improvements in the prediction of Reynolds stresses when the distortion
effects are considered. The applicability of RDT is thus, limited to weak interactions in
sheared mean flows, where there are no perturbations on the shock front.

In this section, theoretical tools which represent only linear effects of the canoni-
cal shock-turbulence interaction were emphasized. There are weakly nonlinear and fully
nonlinear statistical theories that are applied to compressible turbulence, which can be
extended to study the post-shock field generated by the shock wave. In fact the canonical
shock-turbulence interaction problem is a fully nonlinear problem and only a small param-
eter space can be approximated to be linear. For weak turbulence (characterized by very
low M, values), linear theories such as LIA or RDT, which do not consider any triadic in-

teractions can be used for analysis. Eddy-Damped Quasi Normal Morkovian (EDQNM)
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closure models and Direct Interaction Approximation (DIA) are some of the nonlinear
theories which consider triadic interactions that can be used to investigate high-intensity
turbulence flowfields. Turbulent flowfields, which have moderate intensities that cannot
be considered as weak or strong are analyzed using ‘wave-turbulence’ (WT) theories. The
WT theory consider only the resonant triadic interactions, i.e., interaction between waves
of the same type (for example, same wavenumber) and not all of the triadic interactions
possible. The book by Sagaut and Cambon [133] is a good reference to learn about the
various weakly and fully nonlinear theories, which are used in practice by many to in-
vestigate compressible as well as incompressible turbulence. The recent article of Mittal
and Girimaji [107] provides a mathematical framework for the analysis of internal energy
dynamics in compressible turbulence (see Fig. 1 in their article), which can also be used
to demarcate linear and nonlinear effects (see also the references therein). The parameter
space, which demarcates linear and nonlinear effects varies among different problems,
and the guidelines provided in Sagaut and Cambon [133] are helpful in the investigation

of canonical (or idealized) problems at the least, if not for complex problems.

2.1.1 Other applications of LIA

LIA has been used mostly for providing a theoretical framework for the STI problem
and to obtain first-order estimates of the post-shock field. There are many works where
LIA was applied to study problems other than STI, some of which are provided below.
Recently, LIA has been extensively used to study astrophysical problems.

Jackson et al. [62, 63] used LIA treatment for the interaction of a weak vorticity
wave and a reactive normal shock wave (or detonation wave). Linearized Euler equa-
tions are used for the flow upstream and downstream of the shock whereas, the linearized
Rankine-Hugoniot conditions with chemical heat-release term to accommodate for the
reactions. Exothermic reactions were found to increase the amplification of the refracted
waves, and the alteration of the shock front due to imposed perturbations in the upstream
flow was also discussed. The effect of the chemical heat-release term on the post-shock
turbulence statistics and the one-dimensional power spectra were studied as a function of
the upstream Mach number. The significance of the Chapman-Jouguet Mach number with
respect to the noise generated downstream was discussed in detail. Massa and Jha [101]
followed their analysis to investigate the effect of the reactivity on the RMI supported by
the density difference between burnt and fresh mixtures in a shock-flame interaction. This
scenario is usually observed in hydrogen combustion engines and is studied specifically to

address the safety issues of nuclear power plants. One can refer to this article where linear
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analysis was used for studying the RMI problem and the dissertation of Bhagatwala [10]
for relevant references on RMI with shock-turbulence interaction as a major component.

Huete et al. [56-58] studied the passage of a planar detonation front through a
gaseous mixture with nonuniform density perturbations using linear theory. Only the
fast-reaction limit where the detonation thickness is much smaller than the density per-
turbations was studied. Explicit expressions were obtained using Laplace transforms,
similar to their earlier works on conventional STI. The effects of the propagation Mach
number, chemical heat-release and burn rate were analyzed in detailed for both the fast-
reaction limit and the slow-reaction limit. Additional effects due to the reaction (or burn)
rate is analyzed using numerical simulations, and were compared with the linear theory
predictions. Similarly, Hejranfar and Rahmani [48] presented theoretical formula for the
interaction of freestream disturbances with a normal shock considering real gas effects.
They have used linearized RH conditions but with real gas state of equation to provide a
relationship between the disturbance field at the two sides of the shock.

Recently, Abdikamalov, Huete and their collaborators [1, 2, 55] are studying the in-
teraction of Mach > 5 shock with the vortical-entropy turbulence using linear interaction
approximation/analysis. They study the effects of vortical and entropic disturbances (pro-
duced due to the nuclear shell burning in the core collapse of a supernovae) on the shock
dynamics and on the post-shock flow field in the linearized sense. Effects of the generated
pressure and entropy fluctuations behind the shock on the critical neutrino luminosity (a
quantity which determines the possibility of supernova explosions) are discussed in de-
tail, and the limits of the linear theory are discussed by comparing with results from 3D
neutrino-hydrodynamics simulations. Upstream perturbations are found to decrease the
critical neutrino luminosity required for producing an explosion by approximately 12%
due to the additional pressure generated behind the shock. The first-order estimates ob-
tained using LIA helps in careful selection of the parameters to study with numerical
simulations, which would have been otherwise, a very expensive procedure, especially in

the framework of astrophysics (a mesoscale problem).

2.2 Experimental works

Due to difficulties in generating canonical shock-turbulence interaction in a laboratory
environment without wall effects (say, ‘parasitic’ shocks from the walls) has limited this
study experimentally. Experiments on Shock-wave/turbulent boundary-layer interaction,
on the other hand, have been carried out by a large number of researchers with prob-

lems such as oblique shock impinging on a flat plate, compression corners and conical
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flares. The reader can refer to the works of Delery [23, 24], Dolling [25], Holden [50],
Souverein [149], Sandham [135], and the recent works of Giepman [37, 38] for the vast
amount of experimental research carried in the field of SWTBLI with focus on aerospace
applications. Experimental studies of canonical shock-turbulence interaction have been
carried out in the past using shock tubes, wind tunnels and convergent-divergent (CD)
nozzles. Velocity fluctuations and its derivatives such as Reynolds stresses are predomi-
nantly studied in experiments, and thus there are only few experiments which have studied
or mentioned of thermodynamic fluctuations.

The earliest study of canonical shock-turbulence interaction in experiments can be
traced back to the work of Sekundov [140], published in a Russian article around 1974
which was later translated in English. He studied the passage of turbulence generated by
a screen (or grid) placed in front of a supersonic nozzle containing a standing shock wave.
He observed amplifications in the instantaneous values of velocity and temperature, mea-
sured using wire and film sensors. Due to limitations in the experimental apparatus, the
measurements in normalized amplifications (or ‘growth coefficients’ by his definition) of
turbulence values were found to be approximately 8 — 14%. A decade later, experiments
of STI were taken up by Trolier and Dufty [160], where they performed measurements of
amplifications in mass flux and total temperature fluctuations across the reflected shock
in a shock tube facility. One of their major findings within the limit of experimental
limitations and uncertainties is that the amplification in the turbulence quantities vary
non-monotonically against Reynolds number. The reflected shock amplified the turbu-
lence intensities by a factor of approximately 3. This was later complemented by the
experimental studies carried out by Hartung and Duffy [47]. They took turbulence mea-
surements in a low pressure shock tube using hot-wire anemometry. Velocity and density
fluctuations were obtained from mass flux and total temperature signals using low Mach
number assumptions. Behind the partially reflected shock, the turbulence intensity of
density increased to 0.2% from 0.1% and velocity increased from 0.6% to 0.8%. The
finding of Trolier and Duffy [160] regarding the decrease of fluctuations with Reynolds
number up to a ‘critical’ Reynolds number was also verified, and the rate of decrease was
attributed to the shock tube driver diaphragm characteristics.

Debieve and Lacharme [22] studied the interaction of turbulent flowfield from an air
injector with a M = 2.3 oblique shock generated by a compression ramp inside a CD noz-
zle. They compared the results using RDT and an intermittence diagram associating for
the shock rippling phenomenon. Thermodynamic fluctuations (density and temperature)
were found to be amplified across the shock and rapidly decayed in a monotonic fashion

along the direction of the flow. This experimental work suggested the importance of in-
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cluding the effect of shock-ripple (or intermittency by their definition) while computing
the production of turbulence. Later, Sinha et al. [145] arrived at the same conclusion from
a theoretical perspective. Hesselink and Sturtevant [49] studied the propagation of weak
shocks (M = 1.007-1.1) in a statistically uniform but random medium. They reported that
the turbulent mixing is enhanced by the shock-induced Rayleigh-Taylor instability. The
pressure fluctuations were amplified across the reflected shock, and that the amplification
ratios increased for increasing shock strengths in their experiments. The first reporting
of locally extinguished shocks (or the shock replaced by a series of compression waves)
was made in this experiment which was verified by a subsequent ray tracing method to
characterize the shock structure. Keller and Merzkirch [73] used a speckle photographic
method, which is sensitive to changes of gradients in fluid density to study the grid gen-
erated turbulence interacting with a nominally normal shock wave (reflected from the end
wall) in a shock tube. Spatial correlation coefficients, turbulent length scales, and energy
spectra were determined under the assumption of homogeneous isotropic turbulence up-
stream of the shock. Amplification of the turbulence intensity by the shock interaction
process was verified quantitatively and the spectrum shows that it to be restricted to the
lower wave numbers.

Similar results were obtained by Honkan, Briassulis and Andreopoulos [16, 52—-54]
in their study on the effect of a M = 1.24 nominally normal shock interacting with grid
generated turbulence. The amplification ratio was not the same for the range of length-
scales considered, and they reported that the transverse lengthscale increased across the
shock. The change in the transverse lengthscale reported in these experiments are in dis-
agreement with results from LIA and numerical simulations. Amplification of velocity
and temperature fluctuations and dissipative length scales has been found in all experi-
ments. Velocity fluctuations of large eddies were amplified more than the fluctuations of
small eddies. The dissipative length scale, however, of the large eddies were found to be
amplified less than the length scale of the small eddies. Xanthos et al. [166] conducted
similar experiments and showed the dependence of amplification ratios to the grid sizes.
Using spectral analysis they reported that the pressure fluctuations associated with large
eddies were amplified the most compared to those associated with the small scales.

Barre et al. [8] developed a new method to generate a quasi-homogeneous isotropic
turbulent supersonic flow at Mach number 3 using multiple nozzles. The interaction with
a normal shock wave (generated by means of a wedge shaped shock generator) was an-
alyzed by means of hot-wire anemometry and laser Doppler velocimetry. Results from
their experiments showed that the usual behavior of unperturbed turbulence was observed

(isotropy, spectra, integral scales, and decay) for this new method. The amplification ratio
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of longitudinal velocity fluctuations was about 2 in the near field and 1.5 in the far field,
which is close to the values reported by Ribner’s theory. The transverse lengthscale was,
however, found to be decreasing across the shock which contradicts the findings of earlier
experiments. They concluded that the homogeneous and isotropic initial turbulent field
becomes axisymmetric after the shock interaction. Later, Larsson ef al. [81] compares
their numerical simulation results with that of Barre ef al. [8] experiments and find good
agreement for Reynolds stress amplification across the shock.

Agui et al. [4] studied the interaction of grid generated turbulence with normal shock
waves generated in a shock-tube facility. In addition to studying the conventional statis-
tics such as turbulent kinetic energy and lengthscales, they also investigated the validity
of Morkovin’s hypothesis. They found that the root mean square value of the fluctuating
Mach number is significantly affected (almost as much as 100% variation) by changes in
the thermodynamic fluctuations. The debate about the decrease in the transverse length-
scale was partially resolved by their experiments for a range of Mach numbers. They
identified that the transverse lengthscale amplified for the low Mach numbers and de-
creased for the high Mach numbers, and thereby, proving that both Honkan and Co. as
well as Barre et al. were correct in their own experiments. The reason for such a change
was, however, not discussed and a hypothesis that the turbulent eddies were compressed
in all directions for only stronger shocks was proposed.

Recently, Kitamura et al. [77] studied the characteristics of divergence-free grid tur-
bulence interacting with a weak spherical shock wave of Mach number 1.05. Turbulence-
generating grids were used to generate nearly isotropic, divergence-free turbulence. The
turbulent Reynolds number based on the Taylor lengthscale was 49 < Re, < 159 and
the turbulent Mach number was of O(1073) respectively. The results showed that the
root-mean-square value of streamwise velocity fluctuations increases and the streamwise
integral length scale decreases after the interaction, which is in agreement with previ-
ous experiments. The change in both quantities, however, became small as the Reynolds
number and the turbulent Mach number were increased for the same strength of the shock
wave. They suggested that the changes in the Reynolds stresses (and so in TKE) is more
significant for initial divergence-free turbulence than for curl-free turbulence. Takagi et
al. [152] and Sasoh et al. [137] studied the statistical behavior of post-shock overpressure
(i.e., larger than dynamic pressure) due to the shock oscillations in the presence of grid
generated turbulence in a shock tube. The experiments were conducted to investigate the
shock wave modulation by the turbulent field in detail, with an additional objective of

relating the overpressure to the velocity fluctuations and its related lengthscales. In a sep-
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arate study, Inokuma et al. [61] proposed an empirical model to account for the change
in pressure due to the local shock oscillation for a similar experiment.

With the help of hot-wire measurements, experimental works reported on the change
of density and temperature (instantaneous values) across the shock wave, yet no detailed
analysis was carried out regarding the change in fluctuation levels. The amplification
and evolution of thermodynamic fluctuations behind the shock is still an untouched area,
except for the work by Agui et al. [4] and the recent works by the Japanese researchers
[61, 77]. The former’s objective was to check the validity of Morkovin’s hypothesis and
the latter attempted to quantify the increase in pressure due to shock wave modulation;
however, their works were not aimed to understand the dynamics of the thermodynamic

field generated by the shock wave upon interaction.

2.3 Numerical simulations

The first ever attempt of numerically simulating the interaction of turbulence (approxi-
mated as planar waves) with a normal shock dates back to the work of Zang et al. [170]
where they simulated the interaction of two-dimensional vorticity, entropy and acoustic
waves (each separately) with a normal shock in a shock tube. They found agreement be-
tween LIA and the simulations for cases with weak shocks and strong disturbances also,
which is a limitation in LIA. However, their simulations did not cover Mach numbers
greater than M = 2 and they found large discrepancies between the solutions obtained
at near-critical angles of incidence. Numerical simulations of SWTBLI problems, on the
other hand, were being performed from 1975 onward.

Lee et al. studied the interaction of temporally decaying isotropic turbulence with
weak shocks using shock-resolved [85, 87] and shock-captured [86] numerical simula-
tions for a perfect gas. They investigated the amplification of turbulence fluctuations and
the change in various lengthscales by the shock, the effect of turbulence on the shock
structure, and also checked the validity of LIA with their numerical solutions. They were
the first to report of the distortions in the shock structure due to turbulence by numerical
simulations and the possibility of localized shock extinguishment for high turbulence in-
tensities in the upstream flow, which would later be identified and subsequently verified
by Larsson ef al. [81, 83]. Larsson ef al. [81] showed by extensive numerical simula-
tions that this phenomenon (termed as ‘broken shock’) is physically possible and not a
numerical artefact. Recent theoretical works of Clavin [20] and Mostert et al. [109, 110]
have also shown that ‘broken shocks’ are physically possible in hydrodynamic and elec-

tromagnetic shocks, respectively. The comparison of shock-captured and shock-resolved
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simulations by Lee et al. provided a criteria for the required grid spacing in the shock-
capturing simulations to reproduce solutions equivalent to those of the shock-resolved
simulations. They also studied the relation between downstream thermodynamic fluc-
tuations by comparing with LIA solutions and investigated the change in the polytropic
exponent relating density, pressure and temperature fluctuations. The major discrepancy
in their work is the insufficient resolution in shock-parallel grid spacing for the Taylor-
scale Reynolds number studied, which resulted in incorrect values for the vorticity com-
ponent in the streamwise direction and the post-shock shock-normal Taylor lengthscale.
An excellent match between the LIA and numerical solutions (comparison of velocity and
thermodynamic statistics) was observed for low Mach number, low turbulence intensity
simulations in their study. In our opinion, this agreement was indicative of the underpre-
diction of nonlinear processes in their simulations, rather than confirmation of LIA theory.
Nonetheless, their work was the starting point in a series of similar numerical experiments
on STI, where the amplification of turbulence and the distortion of the shock structure for
different conditions was studied.

The case of incoming turbulence with both vortical and dilatational (or acoustic)
fluctuations interacting with a normal shock wave was investigated by Hannappel and
Friedrich [45]. They showed that there is nearly an order of magnitude decrease in the
amplification of turbulence fluctuations and in the change of lengthscales across the shock
for an incoming turbulence with 50% dilatational energy component compared to the
purely vortical turbulence case. They also studied the evolution of density variance in the
computational domain and reported that the production mechanism is responsible for the
enhancement across the shock wave while the density-dilatation correlation term balances
the convection term.

Jamme et al. [66, 70] also performed a similar study in a shock-resolved framework
with all three types of turbulence fields in the input data, i.e., with pure vorticity, vortic-
ity/entropy, and vorticity/acoustic fluctuations. They reported that the downstream levels
of the velocity statistics depend on the kind of turbulence which is introduced in the com-
putational domain. The presence of upstream entropy fluctuations was found to enhance
the amplification of the turbulent kinetic energy and transverse vorticity variances across
the shock compared to the purely vorticity case. More reduction of the transverse Taylor
lengthscale and integral scale was observed in the vorticity-entropy case while no influ-
ence was seen on the longitudinal Taylor lengthscale. When acoustic and vortical fluctu-
ations were associated upstream, less amplification of the kinetic energy, less reduction

of the transverse lengthscale and more amplification of the transverse vorticity variance
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were observed across the shock. These results agree with the findings of Ref. [45] and
[98].

Jamme and his collaborators also explored the interaction of an anisotropic turbu-
lence, a mean sheared flow and a combination of both, with that of a normal shock wave
in a series of articles [21, 67-69]. They found no significant differences in the underlying
mechanisms of second-order statistical quantities (such as TKE, enstrophy, etc.) between
cases with isotropic and anisotropic turbulence, upstream of the shock. They have found,
however, some differences in the evolution of vorticity variances [69] and thermodynamic
fluctuations [68] between cases with uniform mean flow and sheared mean flow, upstream
of the shock. Their article on the evolution of thermodynamic fluctuations in a sheared
flow case [68] explores the mechanisms responsible for density fluctuations, where they
proposed that the production of density fluctuations is due to the amplification of the
transverse Reynolds stress. They commented that the mechanisms responsible for the
post-shock evolution of the thermodynamic fluctuations remains the same, between the
uniform mean flow and the sheared mean flow cases. The only difference between the
cases is in the non-isentropic nature of the sheared flow case for the region upstream of
the shock wave.

Mahesh et al. studied the amplification of various statistics across the shock with
acoustic turbulent field [96] and vorticity-entropy turbulence[98, 99] in the upstream re-
gion. The effects of compressibility were found to result in reduced amplification of
turbulence at low Mach numbers (M < 2) with respect to the purely vortical case, and
larger amplifications for high Mach numbers (M > 3). The computations were found to
follow the trend of the results predicted by LIA. The combined interaction of vortical and
acoustic waves with a normal shock was also discussed but no results were shown. Apart
from the conventional study on the amplification of turbulence, the effect of entropy fluc-
tuations was also covered in detail [98, 99]. The upstream vorticity-entropy correlation
is shown to strongly influence the evolution of the turbulence across the shock; positive
correlation has a suppressing effect and vice versa. The validity of Morkovin’s hypoth-
esis was explored in their [98, 99] study, while in the presence of entropy fluctuations
along with vortical field. Morkovin’s hypothesis was found to be invalid due to the oscil-
lation of the shock wave. Comparison of LIA and numerical simulations were found to
be satisfactory.

Nearly a decade later, the numerical experiments with STI were revisited by Ses-
terhenn et al. [141] in which they investigated the amplification of Reynolds stresses
and vorticity variances using shock-fitting methodology. A similar work was carried out

by Rawat, Wang and Zhong [121, 122, 164], again using shock-fitting approach. Their
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results are in agreement with earlier studies carried out using shock-resolved and shock-
capturing simulations. It is to be noted that the major purpose of these studies were
to establish efficient numerical schemes to predict shock-dominated flows rather than to
study the STI problem. Grube et al. [43, 44] studied the interaction of forced isotropic
turbulence interacting with a normal shock and reported on the amplification of various
turbulence quantities across the shock. They considered shock strengths of M = 3.5t0 5
in their simulations with turbulent Mach numbers as high as M, = 0.85, and extensively
studied the budget of terms in the transport equations of Reynolds stress and vorticity
variances.

Larsson et al. [81, 83] carried out high-fidelity numerical simulations of the canon-
ical STI problem. One of the discrepancies in the earlier simulations was the inade-
quate resolution in the grids considered, which led to incorrect amplification of vorticity
variances, especially the streamwise component. They showed with extensive grid con-
vergence tests that their simulations were well-resolved to predict the amplification of
Reynolds stresses and the reduction in various lengthscales. They investigated the shock
distortion due to turbulence and identified broken regimes in the shock for very high tur-
bulence intensities. They provided a criterion which is used to identify the interaction
regimes. Donzis [26, 27] independently arrived with the same criterion but using theo-
retical and similarity arguments. The highest Re based on Taylor lengthscale of 75 was
investigated using numerical simulations for the STI problem by them. The methodology
provided in their work is followed in our work.

Livescu and Ryu [90, 132] studied the turbulence structures in the post-shock region
using shock-resolved numerical simulations. They used LIA extensively to verify their
simulations. They used LIA post-shock statistics to compute post-shock spatially devel-
oping turbulence fields which mimic STI problem with high Re, values in the upstream
flow (approximately 200). This procedure of using LIA along with numerical simula-
tions was proved to be cost-effective against very expensive simulations of similar order.
However, the turbulent Mach number and the flow Mach number are restricted to low
values in their study. The analysis of small scale turbulence structures and their dynamics
rigorously proved the axisymmetric nature of the shocked turbulence.

Recently, Tian ef al. [159] and Boukharfane et al. [13] studied the canonical STI
problem independently with the objective of investigating the dynamics of a scalar field in
the post-shock region. Their simulations are of the shock-capturing framework. Tian et al.
[159] explored the velocity and the thermodynamic field generated by both a single-fluid
and multi-fluid turbulence interacting with a normal shock. They reported that the TKE

amplification was larger in a single-fluid case compared to the multi-fluid case whereas,
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the vorticity amplification was found to be larger in the multi-fluid case. For the range
of turbulent Mach numbers and the Taylor lengthscale Reynolds number considered in
their work, the modification of scalar statistics is found to be similar for both the single-
and multi-fluid cases. They have also carried out extensive grid convergence tests and
showed that the grid spacing in the shock-normal direction should be less than or equal
to 1.4 times of the Kolmogorov lengthscale to obtain accurate results. Boukharfane et
al. [13] explored the turbulence structures in the shocked turbulence similar to the works
of Livescu and Ryu [90, 132] but for an upstream turbulence field containing an active
scalar field. They quantified the changes induced due to the shock on the scalar field
by separately performing spatially developing turbulence fields without a shock wave.
Another recent numerical work on canonical STI is by Tanaka et al. [154], where they
studied the modulation of pressure fluctuations for very low M, compressible turbulence
interacting with a normal shock in the shock-capturing framework. They found qualitative
agreements with the experiments of Inokuma et al. [61], which adds to the validity of
shock-captured numerical simulations.

At the time of writing this dissertation, the latest articles on canonical STI were
by Braun et al. [15], and Chen and Donzis [18]. Braun et al. [15] where they performed
large eddy simulations (LES) of the canonical shock-turbulence interaction using a hybrid
stretched-vortex model as the subgrid scale model (SGS) for the regions away from the
shock. The SGS model was not used at the shock for reasons of excessive dissipation, and
only the weighted essentially non-oscillatory (WENO) numerical scheme was applied at
the shock but with a modified adaptive mesh refinement (AMR) procedure to ensure that
the SGS kinetic energy is correct. They investigated the anisotropy in Reynolds stresses
primarily, which was later used along with the LIA theory to develop a model for the
same in [14], which would account for the shock-corrugation effects in Reynolds averaged
Navier-Stokes simulations (RANS) of canonical STI. They also investigated spatial evo-
lution of turbulence by LES with LIA generated post-shock fields similar to the procedure
followed in [90]. One of their interesting findings is that the amplification in Reynolds
stresses across the shock become independent of the Taylor-scale based Reynolds number
when the upstream turbulence shows inertial range scaling, which was observed in their
cases with Re, > 100. This is in agreement with the experiments of Kitamura et al. [77],
where they also observed no discernible difference in the rms values of velocity fluctua-
tions for Re, > 100. They have also discussed on the post-shock density fluctuations and
on the turbulent mass flux, which is in agreement with the predictions of LIA.

Chen and Donzis [18] investigated the effects of forced turbulence interacting with a

normal shock using shock-resolved simulations for a range of mean flow Mach numbers
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(M =1.07 - 1.4), turbulent Mach numbers (M; = 0.02 — 0.54) and Taylor-scale Reynolds
numbers (Re, = 4 — 65). They investigated the instantaneous jumps in thermodynamic
variables and also the structure of the shock wave using the Quasi-Equilibrium (QE) the-
ory of Donzis [26, 27]. According to the QE theory, the shock responds instantaneously
to the local changes due to the presence of turbulent fluctuations in the upstream condi-
tions. They found that the flow becomes subsonic locally, when the upstream turbulent
fluctuations are strong enough. They have proposed functional forms for the statistical
moments of thermodynamic variables using the QE theory and Gaussian probability den-
sity functions (PDFs). The moments predicted by the theory were found to match with
the available DNS data. In addition, the effect of turbulence on the structure of the shock
wave was quantified using the theory and DNS data. The criterion for ‘wrinkled’, ‘bro-
ken’ and ‘vanished” were provided. New universal scaling laws were proposed for the
amplification factors, which was found to collapse the available data and established the

applicability of theoretical limits.

2.4 Summary

The majority of the earlier works reported above have focused on velocity fluctuations and
its related statistics with limited and sparse data on thermodynamic fluctuations. The ther-
modynamic field investigated in these works were also limited to weak shock strengths
and very low turbulence intensities. We attempt to close this gap as a part of this work by
studying the thermodynamic field for shock strengths and turbulence intensities, which

are relatively higher compared to these studies.



Chapter 3
Linear interaction analysis

A brief description of the LIA methodology used in the study is provided in this chapter.
We consider the case of a ‘quasi-vortical’ turbulence interacting with a normal shock in
this study, i.e., turbulence with mostly solenoidal energy. The fluid medium is a calorically
perfect gas with v = 1.4. The formulations developed by Mahesh et al. [99] for the
case of vorticity waves interacting with a normal shock wave are reproduced here for
completeness. The reader is referred to Refs. [35, 41, 99, 119] for additional details and

for cases involving acoustic/entropy fluctuations.

3.1 Interaction of vorticity wave with normal shock

Turbulent flows can be decomposed as a linear combination of acoustic, vorticity and
entropy modes under certain conditions [78]. The entropy mode, which is convected
by the mean flow, is observed in the density and the temperature fluctuations only. The
vorticity mode is only present in the solenoidal component of the velocity fluctuations,
and is also carried by the mean flow. The acoustic mode travels at the speed of sound
relative to the mean flow, and is found in pressure, isentropic temperature and density, and
irrotational velocity fluctuations. According to the analysis of Ribner [123] and Moore
[108], these modes evolve independently in the uniform mean flow behind the shock. The
independent evolution of these modes in the inviscid limit implies that the fluctuating
velocity field is a linear combination of the acoustic and the vortical modes. The density
and the temperature fluctuations are combinations of the acoustic and the entropy modes.
The pressure field is associated solely to the acoustic mode.

We consider a two-dimensional (2D) planar vorticity wave of amplitude, A,,
wavenumber of magnitude, |k| and orientation, ¢ with respect to the streamwise direc-

tion. The wave is being carried by an inviscid and uniform mean flow with velocity, u,
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towards a normal shock, whose normal direction is aligned with the streamwise direction.

A simple schematic of the single wave interaction is shown in Fig. (3.1).
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Figure 3.1: A schematic of a single vorticity wave interacting with a normal shock (in

2D) and yielding three types of Kovasznay’s linear waves. Flow is from left to right

3.1.1 Linearized equations

The governing equations for the interaction are the 2D Euler equations,
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p (uf +u?)

D + 7 2’ has been written in terms of the

pLly
entropy, s. Entropy is given by the Gibb’s equation as,

where, the total energy term, Ey =

1
Tds:de+pd(—), 3.3)
0

where d represents the ordinary differential operator and e = ¢, T is the internal energy
with ¢, being the gas specific heat capacity at constant volume. Reynolds decomposition
is followed in the entire analysis, where the quantity, f is decomposed into its mean
component, f and the fluctuating component, f”.

In addition to the governing equations, relations for the linearized entropy and the
linearized equation of state are required to make the system complete. The additional

relations are,
, (3.4a)

, (3.4b)

SIS =

where the variables ¢, and ¢, are gas specific heat capacities at constant volume and
constant pressure, respectively. The governing equations and the auxiliary relations are
to be solved along with the boundary conditions at the shock to obtain the downstream
flowfield.

3.1.2 Boundary conditions at the shock

The frame of reference is fixed to the stationary planar normal shock wave with co-
ordinates xi, x,, and x3. The corresponding velocities for these directions are denoted as
uy, uy and usz. Though we started this analysis in 2D, we retain the spanwise velocity,
u3 to describe the problem in a generic sense. Subscript u refers to values upstream of
shock and d represents downstream of the shock. The density, velocity in three direc-
tions, temperature and pressure fluctuations are represented by p’, uj, u, u}, T’ and p’
respectively.

The upstream mean flow is one dimensional and steady (u;, # 0, uy, = us, = 0).
The upstream turbulence is obtained as a linear superposition of Fourier modes compris-
ing of only vortical fluctuations. Each of the vortical waves in the upstream turbulent
field is characterized by the parameters, (A,, |K|, ) as mentioned above. The frequency of
each wave is given by Q = [Kk| cos (¥) u; ,, which is due to the wave being carried by the
upstream mean flow, and does not possess its own wave/phase velocity like the acoustic

waves. The waves in the incident field upstream of the shock wave have the following
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form:
u/
_l,u = 1A, M (mx1+1x2—ﬁl,uml)’ (3.5a)
ul,u
u/
% — —mAU ei|k| (mx1+ZX2—51.umf)’ (35b)
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where m = cos(¥) and [ = sin(y). In the case of purely vortical turbulent field, the
upstream thermodynamic fluctuations are set to zero, p;, = T, = p;, = 0.

Upon interaction with the turbulent flow field, the normal shock is distorted from its
mean position (x; = 0) by a distance &(x,, x3,7) and at a shock-front speed of &(x;, x3).
The linearized Rankine-Hugoniot conditions are the boundary conditions at the shock,
and should be applied at the instantaneous position of the shock. Consider a coordi-
nate system, (X, X;) for the 2D interaction at the instantaneous shock front as shown in

Fig. (3.2), such that the reference frame is stationary with respect to the shock front.

Figure 3.2: A schematic the distorted shock front showing the instantaneous frame of

reference attached to the unsteady shock wave

For small shock distortions, the instantaneous reference frame is related to the iner-

tial frame of reference as,

X=x1—€&-x0&,, (3.6a)
D =x+x1&,, (3.6b)
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where &,, ! is the slope of the shock front in the (x;, x,) plane. The corresponding instan-

taneous velocity components (i1, it,) are given by,

h=u—&—wé, Uy +uy — &, (3.7a)

i =up +u &y, ® Uy + U &y, (3.7b)

where &, is the shock-distortion speed.
The analysis involves solution to the boundary value problem for the shock displace-

ment, and the flow field behind the shock wave is given by the linearized RH relations,
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where, Eq. (3.8a) is obtained from the Prandtl relation, u,u; = a*> with a* being the
sound speed corresponding to the characteristic Mach number, M* (see Ref. [5]). Equa-
tions (3.8b) and (3.8c) are obtained from the linearized RH relations for mass and enthalpy
conservation, respectively. Equation (3.8d) corresponds to the conservation of tangential
velocity across a normal shock wave.

The boundary conditions given in Egs. (3.8a) - (3.8d) are used to obtain the am-
plitude of the vorticity, entropy and acoustic modes downstream of the shock. Their

corresponding waveforms are obtained as shown in the following section.

3.1.3 Downstream wave forms and regimes

The downstream solutions are obtained as a linear superposition of all the modes
generated / refracted downstream of the shock [108, 123] for each incident wave. The
downstream solutions are functions of the incidence angle of the incident wave, i, ratio

of specific heats, y and the Mach number, M of the shock wave. The downstream pressure

'For small angles of inclination, tan (6) ~ 6 and sin (6) ~ 6, with @ being the angle of inclination
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field can be either propagating planar waves or exponentially decaying waves depending
on the incidence angle. The angle which demarcates the propagating field and the decay-
ing field is termed as the critical angle of incidence, .. The downstream vorticity and
the entropy waves are planar stationary waves carried by the uniform mean flow for all
incidence angles.

Firstly, we obtain the waveform for the pressure fluctuations generated downstream
of the shock. The pressure fluctuations behind the shock must satisfy the acoustic-wave

equation,
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where p/, is the downstream pressure fluctuation with u; 4 and a, being the downstream
mean flow velocity and speed of sound, respectively.

Considering the downstream pressure fluctuations to be in the form of planar waves,
P~ oK1 i Kl (l=mii, z)’ (3.10)

and substituting in Eq. (3.9) yields a quadratic equation for the streamwise acoustic

wavenumber, K in the region downstream of the shock as,
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and the other root is rejected because it leads to an unphysical solution that increases
exponentially behind the shock.
The critical angle which determines whether the acoustic wavenumber is real (prop-

agating field) or complex (decaying field) is given by,

(3.13)

and is a function of the Mach number only. For incident angles, ¥ > ., the k becomes
a complex quantity and the pressure fluctuations decay exponentially behind the shock
(termed as the decaying regime). The other regime, where ¢ < i, is called as the propa-

gating regime and there is no attenuation of pressure fluctuations in this regime.
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The vorticity and entropy fluctuations downstream of the shock are both convected
by the mean flow. These fluctuations should be of the same form to satisfy continuity

continuity across the shock. They follow the dispersion relation [105, 170],

ul,u

Uyd

Q=u,kim=uyk k=|klm = |k|mr,, (3.14)

where k is the downstream wave number for the vorticity as well as the entropy wave
forms and r, = p,/p, = u1./u14 s the density ratio across the shock wave. Note that
across the normal shock, the transverse component of the wavenumber remains constant
and the temporal frequency (Q) is kept constant, allowing only the streamwise component
of the wavenumber to change across the shock.

The waveform for the vorticity and the entropy modes in the downstream region of
the shock is given by,

oKt i K (L=miinu ), (3.15)

and the waveform for the acoustic mode is,
ei(R,+iRi)x1 ei\k| (I xo—miay , t) (3.16)
As mentioned earlier, we define the fluctuations of density, pressure, temperature

and velocity as a linear combination of the acoustic, vorticity and entropy modes with

their corresponding amplitudes and the waveforms given in Egs. (3.15) and (3.16).

3.1.4 Solutions across the shock

The expressions for the velocity and the thermodynamic fluctuations downstream of

the shock as a linear combination of the Kovdsznay modes are given below,
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where the coefficients F., G., H., 1., K. and Q. are the complex transfer coefficients
normalized by the amplitude of the wave, A,. Here, F., H. and K, are the coeflicients

associated with the acoustic component, G, and /.. are for the vortical components and Q.
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is for the entropy component. The coeflicients are functions of the upstream Mach num-
ber, M, the angle of incidence, ¥, and the wave amplitude A,. The boundary conditions

across the shock give the following expressions for the velocity and slope of the shock

front,
Ai g = [, e y-miun (3.182)
v uu
1 l ilkl(ly—mu,t)
) (3.18b)

where L. is the normalized transfer coefficient associated with the shock-corrugation due
to upstream fluctuations. Here, we have considered that the shock-corrugation velocity to
be of the same form as the incident wave where the real part is the component in-phase
with the incident wave and the imaginary part is the out-of-phase component with the
incident wave.

The expressions for the complex transfer coefficients are obtained by substituting
Egs. (3.17a) - (3.18b) in the linearized Euler equations for the region behind the shock and
by appropriate usage of the linearized boundary conditions at the shock front. Substituting
the downstream solution for the velocity components in the linearized Euler equations and

equating only the acoustic components yields the following relation,

F.=ak,, (3.19a)
H.=pBK,, (3.19b)

where we have introduced complex variables a and S to relate the potential velocity field

and the acoustic field. The complex variables are defined as,

2 &

a=—4 —H_ (3.19¢)
yu, m W
a 1

B=—2% —, (3.19d)
yu, m K~

where the incident wave orientation changes the variables from real to complex numbers
via the acoustic wavenumber, k. The irrotational component of the velocity field is thus
described now. By definition, the solenoidal component of the velocity field should satisfy
the incompressible continuity equation, V.V =0. Substituting the vortical components of
the velocity field in the incompressible continuity equation results in,

I = —# G.. (3.19%)
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which completes the relations for the velocity field. The linearized boundary conditions

at the shock front, Egs. (3.8a) - (3.8d), relates the complex transfer coefficients as follows,

F.+G.—L.=By(-L,), (3.19f)
% +0.=C (- L. (3.199)
K.=D{(-L,), (3.19h)
HC+IC:—m—EllLC, (3.191)

m

which gives us seven equations for the seven transfer coefficients.

The complete equations for the complex transfer coefficients are as follows,

—m—,BDll+m7r[—aDll+Bll]

Le= E/L-BD -2:(1-B +aD)) (3.202)
K.=-D;(I- L), (3.20b)
Fo=aD(-L) (3.20¢)
H.=BD (- L) (3.20d)
G.=L.(1-B +aD)—aDl+Bl, (3.20e)
IC:—mTr(l—Bl+aD1) LC—"/‘TF[—aDllJrB1 1, (3.20f)
O.=Ci(I-L)- % (3.20g)

where once the coefficient L. is known, the other coefficients can be obtained easily,

completing the solutions for the 2D wave interaction problem.

3.2 Interaction of turbulence with normal shock

The turbulent field upstream of the shock is considered to be isotropic. The incident tur-
bulent field is represented as a superposition of planar 2D waves and each of these waves
interact independently with the shock wave in the linear analysis framework. Integration
over all the waves behind the shock wave provides the turbulence statistics behind the
shock. The three-dimensional problem is related to the 2D analysis by considering that
the incident 2D wave lies in the plane, x; — e,, and makes an angle of  with the x; axis
as shown in Fig. (3.3).

The solenoidal nature of the incident velocity field imposes that the velocity vector
should be normal to the wavenumber vector and thus the velocity vector has a parallel
component (which is normal to the wavenumber vector) in the x; — e, plane and a per-

pendicular component in the ¢ direction (normal to the x; — e, plane). The component
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Shock wave

T3

Figure 3.3: Coordinate system used in the 3D analysis of the interaction of isotropic

turbulence with a steady shock wave

aligned with the ¢ direction will pass unchanged through the normal shock as tangential
components of velocity across the shock are unchanged. With respect to this new frame

of reference, the velocity field is given as,

u'l = u'l’ (3213)
uy = u, cos (@) — u sin (¢), (3.21b)
uy = u, sin (¢) + uy cos (¢), (3.21c¢)

where u; and uj; are the velocity components aligned with e, and e4 directions respectively.
This holds true for both the upstream and the downstream regions. The upstream velocity
components in the new reference frame are related to the 2D analysis as,
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where 7 = x, cos (¢) + x3 sin (¢) is the vector related to the transverse component of the

’

b,u
velocity which remains unchanged across the shock wave. This definition of the velocity

wavenumber in the new reference frame. Here, u, is the shock-parallel component of

field ensures that the integration of the energy spectrum in the the upstream region over

all the wavenumbers is equal to the turbulent kinetic energy of the incident turbulence.
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The corresponding components of velocity downstream of the shock are given by,

’

<

1 ' o K| (s
— = (F el + G&F¥) A, /M Tmin, (3.23a)
Uiy
u/
!d P i . 2 —_—
_r — (Heth +Ieth) Av ellkl(lr muul)’ (323b)
Uiy
u/
,d . . 2T
_¢ — Av elkxellkl(lr muut)’ (3230)
Uiy
where u;, , component retains the amplitude but undergoes compression in streamwise

wavenumber to ensure that the temporal frequency and the transverse component of the

wavenumber remains the same.

Consider the integration of the statistic, u]z , to obtain the Reynolds stress in the

streamwise direction behind the shock, which according to Ref. [99] is given by,

72
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with the elemental volume of integration in the wavenumber space given by,
dVy = |k|* sin (¥) dy dk| d, (3.25)

and the function, Ey, 4 ~ u/?, * is related to the 2D analysis as,

u'’? - - Lo
1ad LTk « T LT
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(3.26)
where |A,|> = A, A* and k* is the complex conjugate of k.

The upstream streamwise kinetic energy is related to the wave amplitudes as,

(3.27)

where Eyj, ~ u/>,. The incident turbulence is isotropic and thus the upstream energy
spectrum is given by,

_ E( (&, |k|i|k|j)’ (3.28)

U axkP T kP
where E(k) is the three dimensional energy spectrum. The upstream energy spectrum
E(k) is specified according to the form of von Karmén spectrum [80],

L ()

T

“Note that JTZ = f’ f"* with f* being the complex conjugate of f”

(3.29)
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where the peak energy wavenumber k is set at 4.

The wavenumbers in the Cartesian coordinates are given by,

k|1 = [k| cos (), (3.30a)
kl2 = |k| sin () cos (¢), (3.30b)
k|; = [K| sin (¥) sin (¢), (3.30¢)

and using the above relations in Eq. (3.27) yields,

E(k)

Al =
Al 47|k

(3.31)

The other components of the turbulent kinetic energy downstream of the shock wave

(E)r.a, Eppq) are obtained as follows,
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which due to the axisymmetric nature of the turbulence behind the normal shock wave is

related to the Cartesian system as,
Eya+ Eszg = Eqa+ Egpa, (3.33)

and is true in the upstream region also.
For a purely vortical turbulence upstream of the shock, the problem is symmetric
about ¢ and the function E, 4 is independent of ¢. Thus the integration in Eq. (3.22a)

reduces to,

u’z 0o /2

=< =4n f f E1q kP sin () dy dIK| (3.34)
ui, k=0 Jy=0

where E 4 1s given by the expression in Eq. (3.22c¢). Similarly, the transverse components

of the Reynolds stresses can be obtained as follows,

7”2 72
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where E,, ; is given by Eq. (3.28). Similar expressions can be obtained for other statistics
by making use of their respective 2D correlations. For example, the evolution of scalar
quantities like pressure variance is given by,

00 /2
L = 4n f f E,pa K sin () dy d|K|, (3.36)
P k=0 Jy=0
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where E,,q = |K.?> ¢ ®¥)%1|4,]2. Note that the exponential term in E,,, vanishes for
the propagating regime, where k* = k. Statistics involving derivatives such as vorticity
variances, dilatation variances, etc. require additional steps but follow the same procedure
as mentioned above. The reader is referred to Ref. [99] where required expressions for

vorticity and Taylor lengthscales are provided.

3.3 Limitations of LIA and its implications

In the previous section (3.2), we derived the expressions for second-order statistical mo-

ments (f*?) of different flowfield variables for the case of vortical turbulence interacting
with a planar normal shock. Mahesh et al. [96, 99] and Fabre et al. [35] have provided
ample information for obtaining the post-shock field for single waves of each type in-
teracting with a normal shock. The procedure mentioned above can be used to obtain
second-order moments for upstream fields with entropy and acoustic modes also. The
limitation is that the analysis assumes that there is no interaction between the different
modes in the upstream turbulence, essentially the linearity assumption. Each mode is rep-
resented as a single wave, which independently interacts with the shock. Nonetheless, we
would be able to obtain reasonable approximations of the higher-order moments as long
as the intensity of the upstream turbulence (f’/f) remains small. “How small or high is
this limit?” is still an open question, yet to be addressed.

The assumption of linearity in the analysis obviously removes the nonlinearity of
the problem, which is usually seen in the turbulent diffusion terms (W} of the Navier-
Stokes equations (in the kinetic energy equation). In the wavenumber space, the tri-
adic interaction of the turbulent diffusion terms characterizes the energy cascade from
smaller wavenumbers (energy containing range - large lengthscale structures) to the larger
wavenumbers (dissipation range - small lengthscale structures). It is to be recalled that in
the present analysis, the upstream turbulence is not developed from a random state, but is
specified using a known turbulent energy spectrum only (E(k)) or to be more specific only
the shape of the turbulent energy spectrum is required. In essence, we do not require the
details of how the turbulent flowfield achieved its fully developed state. The post-shock
field is obtained as a product of the transfer function(s) and the upstream turbulent energy
spectrum, where only the shape of the spectrum is provided as an input in the analysis.
Therefore, it is not even essential that the specified shape of the energy spectrum cor-
responds to a fully developed turbulent flowfield, but it would be more meaningful to

compare with DNS data only if it is so.
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The post-shock fluctuations in the flowfield predicted by LIA are used to obtain sta-
tistical moments, and not to reconstruct a turbulent flowfield. Livescu [90] and Braun et
al. [15] used LIA to obtain only the linear fluctuations immediately behind the shock,
which along with a mean field was used as an inflow condition for a spatially developing
turbulent flowfield. They did not use the LIA post-shock field to construct a turbulent
flowfield. Livescu [90] compared higher-order statistics obtained from this exercise (re-
ferred to as Shock-LIA) with that of the full shock-turbulence interaction problem (re-
ferred to as Shock-DNS) and found a good match with negligible error for the low M,
cases. The maximum upstream turbulent Mach number in Livescu’s study was 0.05 and
the post-shock M, was less than 0.1 for all of the cases, i.e., the assumptions of LIA were
not violated. This ascertains that the post-shock field predicted by LIA is a reasonable ap-
proximation for low M, turbulence, at least for the region immediately behind the shock.

The other major limitation of traditional LIA is that it does not consider the viscous
effects. By doing so, the shock can be considered as a discontinuity across which the
linearized Rankine-Hugoniot conditions are valid. In addition to neglecting the turbulent
diffusion effects due to the assumption of linearity, the removal of viscous effects in the
analysis results in an inviscid evolution of the turbulent flowfield behind the shock. In
the absence of production mechanisms, there is no decay of the fluctuations in the spatial
direction. Important features such as the return-to-isotropy and the decay of turbulent
kinetic energy are not predicted by LIA solutions accurately. This implies that recon-
structing a turbulent flowfield from the fluctuations predicted by LIA would not be the
same as the turbulent flowfield obtained from a DNS. Though the instantaneous flowfield
may not be the same, the statistical moments (of 2nd order) predicted by LIA are similar
to those obtained from the DNS, except for the quantities strongly affected by viscous
decay. It is to be noted that no one has compared statistics of order three or higher as well
as the reconstructed instantaneous post-shock turbulent field directly from LIA with the
DNS data. In this study also, we do not compute moments of order greater than two from
LIA.

The conventional LIA followed in this study assumes uniform mean flow (6]_”/ ox; =
0), which restricts the class of problems that can be analyzed. This also limits any ac-
curate reproduction of the post-shock turbulent flowfield, essentially for problems, which
have mean shear. Production of turbulence due to mean shear is one of the major pro-
duction mechanisms in boundary layers, and thus conventional LIA finds only limited
applicability in such class of problems (those with mean gradients). For shock-turbulence
interaction studies with a mean shear, RDT is preferred as the primary choice of a linear

theoretical analysis [76]. The conventional LIA can be extended to include viscous effects
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(see Ref. [106]) and a preliminary framework for the same is described in Appendix (A).
LIA with viscous effects has not been widely used by many due to the rather cumbersome
procedure, which includes complexities such as solving for a nonlinear dispersion rela-
tion, estimating and using the correct shock thickness, balancing the viscous stresses at

the shock, etc.

3.4 Summary

A concise description of the LIA procedure is provided in this chapter. LIA makes use
of linearized Euler equations and linearized RH relations to compute solutions behind the
shock. The interaction of a single planar vorticity wave with the shock wave is computed
by solving the boundary value problem. The single wave solution is integrated in the
wavenumber space for all the waves (as in a spherical shell) to obtain the statistics behind
the shock for the interaction of isotropic turbulence with a normal shock wave. Purely
vortical is considered upstream of the shock in the present analysis. Extension to entropy
fluctuations requires modification in the transfer functions and the linearized RH relations
only, whereas the other relations remain the same. The interaction with acoustic waves is
slightly more involved but the methodology is the same as mentioned in this chapter (see
Ref. [35, 96, 99] for more details). The 3D analysis can be easily extended to anisotropic
turbulence also (see Ref. [69] for details). We compute the variances of density, pressure,
temperature and entropy along with the Reynolds stresses and vorticity variances (or en-
strophy), which are statistical moments of second-order determined from the linearized
fluctuations (first-order) obtained from LIA. These second-order terms are compared with

their DNS counterparts in Chapters (5) and (6) to assess the predictions of LIA.






Chapter 4
Numerical methodology and verification

A description of the numerical method and the simulations carried out are provided in
this chapter. Computations are performed for the interaction of a temporally decaying
homogeneous isotropic turbulence with a normal shock wave using the shock-capturing
methodology. The turbulence database is generated in a separate precursor simulation.
Code titled “hybrid” developed by Prof. Johan Larsson is used in this study. The code is
written in C++ language and is parallelized using MPI with fully non-blocking commu-
nication. The code is highly scalable, and has shown excellent scalability in very large
machines [9]. The code has been tested and verified extensively for the case of shock-
turbulence interaction [81, 83]. Figure (4.1) shows the schematic of the computational

domain with the shock-normal direction aligned with the streamwise direction (x).
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Figure 4.1: A schematic of the shock-turbulence interaction computational domain used

in the numerical simulations

The accuracy of the simulations carried out in this work is established by extensive
grid convergence tests and comparisons to LIA solutions; which are discussed at length in

the subsequent sections. The list of simulations performed and other necessary details are

41
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provided in table (4.1). The upstream mean flow Mach number, M, = g is varied from

ay
Rk

ay
flow Mach numbers is varied from 0.05 to 0.40 comprising a total of 16 cases. The tilde

pf

denotes Favre averages computed as ]7 = — and the double primes (f”’) represent its

1.23 to 3.5 and the upstream turbulent Mach number, M,, = for each of the mean

/I /I

corresponding fluctuations. The Reynolds stresses are R;; = u;" u’/ and turbulent kinetic

Il 1

energy is given by TKE = 0.5Ry = 0.5u) w;/. The upstream Reynolds number based

Ou Rkku/ A
on Taylor lengthscale, Re;, = —————— is approximately 33 for all of the cases.

L (0.5 Rieu)’?
The upstream dissipation lengthscale, L., = ———— and Taylor lengthscale, 1, =
ELl

Ry,

ﬁ are approximately 0.75 and 0.175, respectively. The dissipation rate of
(Ouz,y [ 0x2)

u/l

1
TKE is given by, € = = o —— 3 . The Kolmogorov scale, 5 = v°/* e /4

Xk
0.015 upstream of the shock.

is approximately

Table 4.1: List of simulations carried out in the present study along with the important
parameters. The specific gas constant is given in the column under R and the regime of

interaction for the cases is provided in the last column

M, M, koA, Rey, koLe, Rer, kon, R Regime

1.23 0.05 0.68 33 2.78 136  0.06 117.5 Wrinkled
1.23 0.15 0.69 33 2.80 132 0.06 13.25 Borderline
1.23 025 0.73 33 296 135 0.06 4.7 Broken

1.23 040 0.77 32 3.08 130 0.07 1.85 Broken

1.50 0.05 0.68 33 2.78 136  0.06 117.5 Wrinkled
1.50 0.15 0.70 33 282 133 0.06 13.25 Wrinkled
1.50 0.25 0.70 32 2.77 127 0.06 4.7 Borderline
1.50 040 0.75 31 2.93 126  0.07 1.85 Broken

2.50 0.05 0.68 33 2.78 136 0.06 117.5 Wrinkled
250 0.15 0.69 33 2.82 134 0.06 13.25 Wrinkled
250 025 071 32 2.81 128  0.06 4.7 Wrinkled
250 040 0.75 32 3.03 129 0.07 1.85  Wrinkled
3.50 0.05 0.67 33 2.77 137 0.06 117.5 Wrinkled
350 0.15 0.69 33 2.82 135 0.06 13.25 Wrinkled
350 025 071 32 2.83 129  0.06 4.7 Wrinkled
350 040 0.75 32 3.07 130 0.07 1.85 Wrinkled
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Figure 4.2: Parameter range for the present cases in the (M,,, M,,) domain (squares). The
regimes of the interaction are demarcated by the solid line (left - broken shock, right -
wrinkled shock) and the dashed line (below - linear effects, above - nonlinear effects). The
solid line corresponds to M;, = 0.6 (M, — 1) and the dashed line represents M,, = 0.1 M,.

Additionally, the cases from Larsson et al. [81] are also shown for reference (diamonds)

Figure (4.2) depicts the regimes of interaction, ‘wrinkled’ and ‘broken’, based on
the criterion provided in Ref. [81]. The linear and nonlinear regimes are distinguished by
the criterion, M,, = 0.1 M, [132], which assumes that fluctuations greater than 10% of
their corresponding mean value fall in the nonlinear regime.

We follow the convention of Larsson ef al. [81] to identify the interaction regime
of our cases. They proposed the criterion, M,, > 0.6 (M, — 1), for which the shocks are
found to be extinguished locally. They termed such interactions as the ‘broken’ shock
regime. In the ‘broken’ shock regime, the local shock surface disappears and through
which the turbulence passes through without any significant change (see Figs. 9 and 16
in Ref. [83] and Fig. 19 in Ref. [81]). There is also another scenario in which the local
shock surface is replaced by a series of very weak compression waves through which
the shock undergoes a smoother compression rather than a very steep gradient as is the
case for a normal shock. Larsson et al. [81] attributed this local extinguishment of the
shock surface to the near-sonic or subsonic flow due to the intense turbulent fluctuations
at the corresponding location in the upstream region. However, they also found that in
the ‘broken’ shock regime, only 1% of the shock surface had holes, even for their most
intense turbulence case. The reader is referred to their articles [81, 83] for more details

on the local extinguishment of the shock.
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Recently, Chen and Donzis [18] performed simulations of very high intense turbu-
lence interacting with a normal shock and investigated cases with intensity as high as
M,;, > (M, — 1). They introduced a new regime called the ‘vanished’ shock regime,
where they found no amplification in the Reynolds stresses but the mean quantities still
displayed a shock-like behavior. This inconsistency in their naming convention prompts
us to use the convention of Larsson ef al. [81], which is followed throughout this study.

We term the cases as the ‘wrinkled’ shock regime when they satisfy criterion,
M,, < 0.6 (M, — 1), i.e., there are no local extinguishment(s) in the shock surface, but the
shock could be strongly distorted (or corrugated). The ‘borderline’ regime is used for the
cases in this study, which are +0.05 of the criterion used to distinguish the ‘wrinkled” and
the ‘broken’ regime, though a much stricter criterion based on the PDFs (probability den-
sity functions) of the density difference across the shock should be used as mentioned in

Ref. [81]. The regimes of the present cases are tabulated in the last column of table (4.1).

4.1 Governing equations

The governing equations are the three-dimensional, unsteady, compressible Navier-Stokes
(NS) equations with the assumption of perfect gas. The equations are solved in the Carte-

sian coordinates for the conservative variables p, p u;, p Ey as shown below,

dp  Opu)
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where, p is density, u; is the velocity vector, p is the pressure, Ej is the total energy, o
is the viscous stress tensor and ¢ is the heat conduction vector. The viscous stresses and
the heat flux are modeled using Stokes hypothesis and Fourier’s law of heat conduction,

respectively. They are expressed as follows,
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State equation for the perfect gas holds and thus pressure, p = pRT. The thermal
conductivity, « is related to molecular viscosity, u through the assumption of constant
Prandtl number Pr = uc,/k, with ¢, being the gas specific heat at constant pressure. The

molecular viscosity varies as a function of temperature, which according to a power law is
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given as, s (T/T,, f)3/ 4. Here, Mrer and T,y are the reference viscosity and temperature

of the gas, respectively.

4.2 Numerical procedure

The compressible NS equations are solved using a solution-adaptive finite difference
method for the perfect gas. The inviscid fluxes near the shock are calculated using a
fifth order accurate weighted essentially non-oscillatory (WENO) numerical scheme with
Roe flux splitting. The fluxes in the remainder of the domain are calculated using a
sixth order accurate central difference scheme in the split form proposed by Ducros et
al. [31]. The use of the split form is known to improve the nonlinear numerical stability,
and no de-aliasing filter is required. The shock wave(s) are identified as regions where
the negative dilatation is greater than the low pass-filtered vorticity magnitude i.e., where
—— > +Jwi wy [81]. This shock-sensor is a modified form of the well-known Ducros
sensgr [30], which is widely used in computations of shock-dominated flows in the re-
cent years. The other widely used shock-sensor is the Jameson sensor [65, 151], which is
based on pressure fluctuations. There are also shock-sensors based on empirical relations
such as the one used in Refs. [112, 113, 146] and only with dilatation as in Ref. [134]. The
present shock-sensor is inspired by the observation that shock waves are associated with
large negative dilatation (compression), whereas turbulence is more typically associated
with large vorticity. Since it is a modified form of the Ducros sensor, it inherits all the
properties of the Ducros sensor such as Galilean invariance and the ability to distinguish
weak compression waves from shock waves.

Having identified the grid points occupied by the shock wave(s), the WENO scheme
is applied to the narrow region comprising those points as well as three additional grid
points in every direction. This is carried out in order to ensure that the central scheme is
never used across any shock wave(s). It is indeed a standard practice to use a sensor to
identify shocks when hybrid numerical methods such as the one mentioned above are used
in computations. Many have used shock-sensors (or switches) [3, 13, 15, 81, 83, 114, 154]
in their computations to restrict the application of a numerical method to only a portion
of the domain; though the sensors used are different amongst each other. The switching
between the WENO and central differencing schemes, introduces internal ‘interfaces’ in
the domain. The method devised by Pirozzoli [114] is used to ensure proper conserva-
tion across these interfaces and the linear stability of these interfaces has been verified
by Larsson and Gustafsson [82]. Any spurious oscillations that are introduced due to the

solution-adaptive switching of the numerical schemes are thus bounded. The entire sys-
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tem of equations is integrated in time using a fourth order accurate explicit Runge-Kutta
(RK4) scheme.

This numerical procedure has been verified and validated on several problems of
interest [71, 80, 81, 83]. It was also identified that the solution-adaptive method has no
effect on the results provided that there is sufficient grid resolution [81]. The present study
uses the term ‘DNS’ in the extended sense, where all scales of the turbulence are com-
puted but the shock waves are captured numerically. This implies that the methodology
assumes that there is sufficient separation between the turbulence lengthscale (usually 7)
and the shock lengthscale (its physical thickness ¢;). In the shock-capturing framework,
the interaction problem is accurately described if the numerical shock thickness, d,, is suf-
ficiently small than the Kolmogorov lengthscale, 7. Larsson [80] has shown that any error
induced by the shock-capturing scheme is of the O(Ax?) with Ax; being the grid spacing
in the streamwise direction. When the streamwise grid spacing is sufficiently refined, the

numerical errors in the statistics are found to decrease considerably.

Table 4.2: Table of initial conditions for each of the cases given in table (4.1). Values are

truncated to two decimals for brevity

M, M, p, Uy Pu Pa Uig Pa 1
1.23 0.05 1.00 15.81 118.01 1.39 11.34 188.88
1.23 0.15 1.00 540 13.75 139 3.87 22.21
1.23 0.25 1.00 3.32 5.19 139 238 8.48
1.23 040 1.00 2.22 233 139 1.59 391
1.50 0.05 1.00 19.28 118.01 1.86 10.35 290.24
1.50 0.15 1.00 6.58 13.75 1.86 3.53 33.91
1.50 0.25 1.00 4.04 5.19 186 2.17 12.73
1.50 040 1.00 2.71 233 1.86 145 5.63
250 0.05 1.00 32.13 118.01 3.33 9.64 840.77
250 0.15 1.00 10.97 13.75 3.33 3.29 97.97
250 025 1.00 6.74 5.19 333 2.02 37.10
250 040 1.00 4.51 233 333 1.35 16.58
350 0.05 1.00 4499 118.01 4.26 10.56 1666.79
350 0.15 1.00 1536 13.75 426 3.58 194.22
350 025 1.00 943 5.19 426 221 73.31
350 040 1.00 6.32 233 426 148 32.92
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4.2.1 Initial conditions

The governing equations are solved in the dimensional form itself with upstream
mean density, p, and mean temperature, T, being set at a value of 1. In essence, the
upstream values are setup in the non-dimensional form instead of the governing equations.
The results are always presented in the normalized sense and thus the present approach
is acceptable to describe the shock-amplified turbulence quantities. The value of p,.r =
0.002 yields a Taylor-scale Reynolds number of Re, 4, = 34 in the turbulence database.
The specific gas constant, R determines the turbulent Mach number, M, of the turbulence
database, and varies as shown in table (4.1). The Prandtl number and the ratio of specific
heats are kept at a constant value of Pr = 0.7 and y = 1.4, respectively for the perfect gas.

The upstream mean value of pressure, p, is set up according to the mean pressure
value in the turbulence database, and varies for each of the M, , cases. The mean pressure
in the turbulence database initially, p;, o = R due to the mean density and temperature
values being 1. As the turbulence develops in the temporal simulation, the mean value of
pressure increases in the database, and is usually closer to the value of R. The upstream
mean sound speed, @, and the Mach number are used to calculate the upstream streamwise
mean velocity, u;,. The downstream mean values are specified using the laminar RH
relations with slight adjustments to the pressure value, which will be explained later. The
initial field in the STI computation is specified with the mean values of density, pressure

and streamwise velocity as given in table (4.2) for each of the cases,

4.2.2 Computational grid

The schematic of the computational is shown in Fig. (4.1). The computational do-
main is kgL,, = 9x long in the streamwise direction with the shock initially placed at
kox, = 1m. The length of the domain in the shock-parallel direction is koL,, = koL,, = 8.
The computational grid is stretched in the shock-normal direction to facilitate finer grid
sizes near the shocks and relatively coarser sizes away from the shock. A uniform grid
spacing in used in the shock-parallel directions. The grid sizes are varied to ensure that
the anisotropically compressed post-shock turbulence is captured as the shock strength is
varied. We note that the present simulations have grid resolution comparable to the vis-
cous shock thickness estimate [132] for the low Mach number cases and vary by a factor

of 4 to 5 for the high Mach number cases, when the same relation is used.

'The exact value is significant up to 5 decimal places, and is necessary to ensure that the shock drifting

speed is minimal (elaborated in Appendix (D))
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The grid used in shock-turbulence interaction needs to have the smallest grid spacing
around the shock and larger grid spacings upstream and downstream of the shock. The

grid index in the computational domain is defined as,
X = x4 (x, — xl)f(ﬁ), i=0,..N—1 4.3)

where, x; is the discretized spatial coordinate in the stream wise direction with x; and
x, being the end locations. The normalized coordinate is given by f(s), a polynomial
with multiple hyperbolic functions which varies as f(0) = 0, f(1) = 1, for s € [0, 1].
Additional details on the formulas and relations used in the rectangular Cartesian grid
generation are provided in Appendix (B). Variation of grid spacing against the shock-

normal spatial coordinate is shown in Fig. (4.3).
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Figure 4.3: Grid spacing against streamwise coordinate, x,. (a) Case of 1042 x 3842, The
grid points are clustered in the region of the shock located at x = 0.257 with grid spacing
equal to 0.5Ay. Grid spacing in the transverse direction, Ay = 2x/N,. The sponge has
the coarsest grid spacing which varies from Ay to 3Ay from its start to the end. (b) Grid
spacing for the different Mach numbers in the M,, = 0.15 dataset

The grid spacing at the shock was varied to follow the approximate relation provided
in Ref. [83] such that the post-shock Kolmogorov scale is sufficiently resolved as the
shock strength is varied (see Sect. (4.4.1)). Figure (4.3b) highlights this variation, where
the M, = 3.5 case has the smallest grid spacing at the shock compared to the M, = 1.23
case for M;, = 0.15 dataset. The transition of grid spacing in the useful domain to
the grid spacing in the sponge region is also ensured to be ‘gradual’ such that no grid
induced oscillations arise. Table (4.3) shows the details of the grid used in the simulations
along with the number of grid points in the streamwise direction for each region in the

computational domain. The sponge region has the coarsest grid spacing (=~ 250—-300 grid
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points over a length of ko Ly, = 11m). Unless stated otherwise, the data presented in the

subsequent chapters use these grid sizes in the simulations.

Table 4.3: Details of grid spacing in each region of the computational domain. Columns
4 to 6 show the number of grid points in the shock-normal direction only. The number
of grid points in the shock-parallel directions is 384 in each direction for all of the cases.

Here, x; corresponds to the inlet, x; is the location of the shock, xjfpa_” is the start of the

end

sponge region and x{’*

is the end of the sponge region

M, M, Grid XXy X oo xg o xﬁ;’,d
1.23 0.05 882 x 384> 70 558 254
1.23 0.15 882 x384% 70 558 254
1.23 0.25 888 x 3842 65 569 254
1.23 0.40 888 x 3842 65 569 254
1.50 0.05 1042 x 3842 90 654 298
1.50 0.15 1042 x 3842 90 654 298
1.50 0.25 1042 x 3842 90 654 298
1.50 0.40 1046 x 384> 80 667 295
2.50 0.05 1142 x 3842 102 748 292
2.50 0.15 1142 x 3847 102 748 292
2.50 025 1142 x 3847 102 748 292
2.50 0.40 1142 x 3847 102 748 292
3.50 0.05 1313 x 3842 131 872 310
3.50 0.15 1313 x 3842 131 872 310
3.50 0.25 1313 x 3842 131 872 310
3.50 0.40 1313 x 3842 131 872 310

4.2.3 Inflow and outflow conditions

The turbulence immediately upstream of the shock is needed to be realistic, fully
developed and well-characterized. For this, the inflow turbulence is generated in several
steps essentially following the technique proposed by Xiong et al. [169]. First, several
independent but statistically identical fields of isotropic turbulence in periodic boxes are
generated using the methodology proposed by Ristorcelli and Blaisdell [128]. These fields
have been generated with initial energy spectra of the form similar to the von Kérman
energy spectrum [80] with peak energy at wavenumber k, = 4 and Taylor lengthscale

Reynolds number of Re, ;o = 114. They are then allowed to decay temporally in periodic
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boxes for approximately 1 —2 units of the dissipation time scale, 7., which ensures that the
turbulence is fully developed and realistic. These independent realizations (or flowfields)
of turbulence are then blended together into a longer inflow database [79], which is then
used together with Taylor’s hypothesis to specify the time-dependent inflow turbulence.
This technique leads to very accurate spatially decaying turbulence immediately behind
the inlet [82, 169]. A detailed study on the generation and analysis of isotropic turbulence
databases is provided in the following section and in Appendix (E).

The resolved (or useful) part of the computational domain ends at an arbitrary length
(Ly, = 2.25x in this study). A sponge region is appended beyond this length to gently
damp the disturbances before reaching the outlet, thus minimizing spurious reflections

towards the shock. In the sponge layer, source terms in the form of,

— 2 _
mp. (%) (r-7,.). (4.4)
sp

are added to the RHS of Egs. (4.1a) - (4.1c), where f denotes the conserved variable in
each equation. Here, o7 is the strength coefficient, x;, is the location in the computational
domain where the sponge begins, and Ly, is the length of the sponge. The target state,
]_Cy’z for all quantities is taken as the post-shock state obtained from laminar RH shock
relations, except for pressure. The target state for pressure is taken as the backpressure
specified at the outlet, and is usually closer to the RH value for pressure. Additional
details on the sponge region and the verification tests to obtain an optimized sponge are
provided in Appendix (C).

The formulation proposed by Poinsot and Lele [115] is used at the outflow bound-
ary (or exit plane) following the sponge region, which is an extension of the charac-
teristic boundary conditions developed for Euler equations by Thompson [157]. The
non-reflecting Navier-Stokes characteristic boundary condition (NSCBC) with local one-
dimensional inviscid (LODI) assumption is used to make the outflow boundary ‘almost’
non-reflecting. A perfectly non-reflecting NSCBC with LODI is possible, but is found
to make the system of equations ill-posed in a multi-dimensional setting [115]. A simi-
lar procedure of using a sponge region before the non-reflecting outflow boundary with
NSCBC was also followed in the work of Mahesh et al. [99].

The implementation of these boundary conditions is equivalent to specifying condi-
tions on the derivatives of the flow variables normal to the boundary. The inviscid part
of the NS equations (or Euler equations) display a hyperbolic behavior, which emanate
waves that propagate both inward and outward of the computational domain at the outflow
boundary. The characteristics of the outgoing waves are determined from the solution

inside the computational domain, while that of the incoming waves are specified. The
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following is only a brief description of the boundary conditions and the complete details
can be found in Poinsot and Lele [115].

The inviscid part of the NS equations (Eq. (4.1a) - (4.1c)) are written in the
form of characteristic variables at the outflow boundary. Out of the five eigen values
(u — a,u,u,u,u + a) in the system of equations, the incoming wave that needs to be spec-
ified corresponds to the u — a eigen value since the outflow boundary is subsonic. The
amplitudes of the characteristic waves (denoted by L; for i = 1 to 5) are related to the spa-
tial derivatives of the physical variables in the linear limit. The amplitude of the incoming
characteristic wave (L) at the outflow boundary is determined by specifying the value of
pressure, whereas the other characteristic variables (L; for i = 2 to 5) are estimated from
the interior solution. The viscous part of the NSCBC is satisfied by setting the gradients
of the viscous stresses and the heat conduction terms to zero in the direction normal to the
outflow boundary as suggested by Poinsot and Lele [115].

The issue of avoiding acoustic reflections from the outflow is common in literature;
however, the more interesting issue is that of specifying the backpressure, p., such that
the shock is stationary in the mean. The RH relations are only valid instantaneously, but
not on average in a turbulent flow. Lele [88] used RDT to develop approximate shock
relations for turbulent flow, and found that the density and pressure jumps decrease in the
presence of turbulence for a given shock Mach number. Thus, the value of p_, that yields
a stationary shock for a given M and M, should be slightly lower than that predicted by
the laminar RH relations. Larsson et al. [81], however, showed that there is one additional
effect that counteracts this decrease in jump across the shock. The decay of turbulence
kinetic energy in the downstream region implies a spatially increasing internal energy,
which causes the outlet state to be different from the state immediately downstream of the
shock. More specifically, it suggests that the p., value which yields a stationary shock
is slightly higher than that given by the turbulent shock jump. These two effects make
it nearly impossible to find the exact p., value that yields a stationary shock a priori.
Multiple runs, possibly on a coarser grid, are required to identify the correct value of p,
that keeps the shock nearly stationary. The average shock speed, u, is < 0.001u,, for
all of the cases in the present study. A brief explanation of the procedure and additional
details are provided in Appendix (D).

To ensure high accuracy at the boundaries as in the interior of the domain, the solu-
tion at the boundaries are calculated such that they satisfy the summation by parts (SBP)
property using the simultaneous approximation terms (SAT) method [102, 103, 150]. This
type of boundary treatment is found to be better than other high-order boundary treatments

such as the projection method, injection method, etc., due to its superior numerical stabil-
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ity and an energy estimate that restricts the growth of instabilities at the boundaries. These
properties are essential for turbulence resolving simulations to ensure that there is no ad-
ditional dispersive errors and loss in resolution due to the reduction in order-of-accuracy
at the boundaries. The SBP/SAT boundary treatment with additional artificial dissipation
of Mattsson et al. [104] is used at the supersonic inflow of the computational domain and
the subsonic outflow uses the regular SBP/SAT treatment of Mattsson [102]. The artificial
dissipation in the SBP/SAT inflow treatment is set to zero for all of the cases, except for
the (M, ,,, M,)) = (0.25,1.23),(0.40, 1.23) and (0.40, 1.50) cases.

4.3 Homogeneous isotropic turbulence database

Decaying isotropic turbulence fields were generated with using the gas properties, R =
(117.5,13.25,4.7,1.85) and p,..r = 0.002 for the cases provided in table (4.1) in a pre-
cursor simulation. First, initial fields of turbulence are generated as per the steps given

below,

1. generate a random velocity field with chosen peak energy wavenumber and a de-
caying velocity spectra in Fourier space. We consider the von Kidrman spectrum

[80] given in Eq. (3.29) with peak energy wavenumber of ky = 4.

2. filter to avoid aliasing errors. When the product of two Fourier modes (say, f *
g) with different wavenumber k; and k, is discretized, the resultant would have
modes with wavenumbers of ks + k,, which are not resolved. On the discrete grid
points, these modes will be identical to modes that lie within the range of resolved

wavenumbers, leading to ‘aliasing’ errors [11].

3. normalize the velocity field such that the isotropic condition is satisfied. We now

have a solenoidal isotropic turbulence.

4. solve a Poisson equation for pressure (see Eq. (3) in Ref. [128]) and ensure positive
pressure by using limiter functions. The pressure field needs to be transformed to

the physical space to check for positiveness.

5. solve a Poisson equation for time-derivative of pressure and use it in conjunction
with the isentropic mass equation (see Eqgs. (10) and (11) in Ref. [128]) to obtain

the fluctuations of dilatation.

6. extract the irrotational velocity field from the fluctuations of dilatation and add them
to the solenoidal velocity field. We now have the compressible velocity field in the

wavenumber space.
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7. transform to physical space by means of inverse Fourier transforms.

8. add the pressure fluctuations and the isentropic density fluctuations in physical

space to the velocity field.

The initial field of compressible turbulence generated as mentioned above allows the
flow to develop more naturally as the pressure field is associated with the vortical motions.
The compressible NS equations are solved with these initial fields in a triply periodic box
of length 2 to generate the isotropic turbulence fields. There are no forcing mecha-
nisms added to the governing equations and the fields are allowed to decay temporally.
The numerical procedure for these precursor simulations remains the same as provided
in Sect. (4.2). The fluxes are solved using sixth-order central differencing scheme and
the time integration is by the RK4 method. The boundary conditions are periodic in all
directions. For the high M, cases, eddy shocklets are found in the turbulence fields [134],
which are captured using the fifth-order accurate WENO scheme.

The turbulence field to be fed at the inflow of the STI domain is collected after
t = 0.8 7., at which time, the velocity derivative skewness has obtained a value of —0.5
[156] (approximately) and the dissipation lengthscale has started to increase [81]. Here,
7. = 0.5Ry /€ is the dissipation timescale, which is used to characterize large scale
motions. The small scale resolution in the turbulence field is represented by the parameter
knaxm and the fields are adequately resolved as per the criterion given in Ref. [34]. The
grid size for the turbulence fields are finalized after a thorough grid independence test for
the chosen Re, value. The grid sizes considered for the test are: 1283, 1923, 256° and
3843. The periodic boxes are uniformly spaced. The grid resolution only depends on the
Re, value and need not be changed for the different M, cases.

First, we compare the temporal variation of key quantities/parameters for the differ-
ent grid sizes in Fig. (4.4). The case shown is that of M, = 0.15 and Re, = 35 at the
time of collection (denoted by 7.,jecrion)- As the turbulence develops over time, enstrophy
increases and reaches a peak value around 0.1 7. and then decreases continuously. The
Kolmogorov scale, which is related to the vorticity variances, also has a similar trend,
where it decreases and then increase after 0.1 7. units. The skewness and the dissipation
lengthscale criterion are met at around 0.8 7. o units, and the turbulence field to be fed into
the STI domain is collected around this time. The grid sizes of 256 and 384> are found
to satisfy the small scale resolution criterion of k., 7 > 1.5 [34] for the chosen Re, value.
We finalize the turbulence field with 3843 grid size to be used as inflow turbulence and

the same grid size is considered for the other M, cases also.
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Figure 4.4: Temporal variation of (a) turbulent Mach number, M,, (b) Taylor lengthscale
Reynolds number, Re,, (c) enstrophy, W normalized by its initial value (denoted by sub-
script, t = 0), (d) dissipation length scale, L. normalized by the peak energy wavenumber,
ko, (e) Kolmogorov lengthscale, 7 normalized by the maximum wavenumber, k,,,,, and (f)
Skewness of velocity derivative, S,;. Time is normalized by the initial dissipation time

scale, 7. and the collection time is denoted by #,,yection
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Next, we check the energy spectrum of the turbulence fields at the time of collec-
tion. The compensated kinetic energy spectrum, E(k) k>3 €2/* and the normalized dissi-
pation spectrum, k D(k) ! [116] are shown for the M, = 0.15 isotropic turbulence field
in Fig. (4.5). The spectra show convergence as the grid is refined from 1923 to 384°.
These spectra show that high-wavenumber fluctuations of both the velocity and vorticity
fields are well resolved in our simulations; the same holds true for the other values of M,
considered. For the low Reynolds number considered here, the spectra do not show an

inertial subrange.

10*}
10°®
10°F
.7““““““““““““: .57““““““““““““7
W05 1+ 75 2 25 3 WOo 05 {75 2 25 3
kn kn
(a) Kinetic energy spectrum (b) Dissipation spectrum

Figure 4.5: Spectra of (a) total kinetic energy in its compensated form and (b) normalized
dissipation. The spectra correspond to the M, = 0.15 isotropic turbulence fields, collected
at t = 0.8 7. for the various grids shown in the legend. The wavenumber is normalized

by the Kolmogorov lengthscale, n

Multiple realizations of the isotropic turbulence fields were generated and were
blended together using the technique described by Larsson [79]. This method is based
on the work of Xiong et al. [169] but with an additional procedure of dilatation re-
moval using a least-squares method based optimization approach, which reduces memory
requirements and increases parallelism. A total of 8 independent turbulence fields are
‘stitched’ together using the method of Larsson [79] to form the homogeneous turbu-
lence database. This blending procedure introduces additional dilatation fluctuations and
requires ‘tweaking’ of the blending region size to limit the added fluctuations.

The blending of multiple turbulence boxes is achieved by solving a constrained min-
imization problem, where the dilatation error is removed by solving a Poisson equation.
Additional details of the blending procedure are provided in Appendix (F). In the present
work, the length of the blending region (/) is set equal to the Taylor lengthscale (4 at

teotiecrion) Of the developed turbulence box. The size of the region, where the Poisson equa-
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tion is solved (L;) is specified as five times the Taylor lengthscale (i.e., 5 1) following a
trial and error approach. These parameters are given in relation to the Taylor lengthscale,
since velocity gradients in the turbulence box scale as u;/A. The error due to the added
dilatation fluctuations scale as u;/[;, and so the blending region size should be proportional
to the Taylor lengthscale. For easiness, the size of the blending region was fixed to one
Taylor lengthscale and the region for the Poisson equation was varied until we achieved
reasonable dilatation levels in the blended region. In this approach, we found the results
to be not very sensitive to the values of /, and L;, provided that the latter is at least 4 times
larger than the former.

Figure (4.6) shows the normalized dilatation variance for each of the cases between
two of the different isotropic fields and the final blended database. The discrepancy be-
tween the isotropic database and the blended database is within the limits of the actual
variance. This indicates that the error introduced by the blending procedure is very small
even for the highest M, case considered here.

It is to be noted that each individual realization is isotropic but the blended database
is homogeneous due to the variations in the blending region. The use of a sufficiently
longer database generated a priori as the inflow turbulence is cheaper than using one
isotropic turbulence field and solving for multiple flow-through times in the STI domain.

Additional details for the other M, cases are provided in Appendix (E).

4.4 Simulation parameters and verification

Simulations have been carried out for four different Mach numbers, M, = 1.23, 1.50,
2.50 and 3.50 in the present study with Taylor lengthscale Reynolds number, Re,, = 33
and with varying turbulent Mach numbers, M,, = 0.05, 0.15, 0.25 and 0.39 as given in
table (4.1). Here, the subscripts u# and d are used to denote the upstream and the down-
stream states, respectively. The slight reduction in the values of M, and Re, compared to
the inflow turbulence is due to the decay of turbulence as it traverses the upstream portion
of the STI domain.

Taylor’s hypothesis is used to specify the homogeneous isotropic database as the
time-dependent inflow turbulence for the canonical STI problem. The blending procedure
is found to have a very small effect on the realism of the turbulence, and changes the root-
mean-square (rms) values of the thermodynamic fluctuations by less than 5% and that of
the dilatational fluctuations by 10% for the highest M, 4, case of 0.40. The assumption of
Taylor’s hypothesis when convecting the inflow database into the domain introduces much

larger errors since it is inaccurate for the acoustic waves [84]. For example, it increases
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Figure 4.6: Variation of normalized dilatation variance against streamwise direction for

the different M, cases.

The streamwise direction is normalized by the peak energy

wavenumber and additionally scaled by a factor of 2. The dilatation variance is nor-

malized by the square of the product of the peak energy wavenumber, ky and the mean

sound speed, a. The dashed lines lines represent the isotropic fields and the solid line cor-

responds to the blended database. The thin dashed and solid lines represent the streamwise

averaged values of the isotropic field and the blended database, respectively. Differences

are observed only at the boundaries and in the blended regions
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the rms of the thermodynamic fluctuations by 5% and that of the dilatational fluctuations
by 25% in the case of M,, = 0.15. However, the resulting turbulence is at least 97%
vortical with only a minimal amount of thermodynamic and compressible fluctuations for
M,, < 0.25, and 90% vortical energy for the M,, = 0.40 case. The error introduced due
to the use of Taylor’s hypothesis is analyzed in Appendix (G).

Before proceeding, we note that the results (or statistics) presented throughout this
dissertation are space averaged over the homogeneous directions (x;, x3) and time aver-
aged over one inflow turbulence time period, 74, = M, where Nj is the number
of turbulence fields ‘stitched’ in the blended database. Tlﬁue statistics are collected after
the flow has reached a statistically steady state, which is achieved after the turbulence
traverses the entire length of the domain and travels back to the shock wave. The time
taken to achieve steady state is termed as the pass-over time [159], and is calculated as,
L  Lea | Lua

Uiy Uig g —ad’

(4.5)

T, =

where the wave from the outlet (3 term) to the shock is the slow acoustic wave [81]. The
wave from the inlet to the shock and then to the outlet is the vorticity wave. The pass-over

time is approximately 2 — 3 times of the inflow turbulence time period.

4.4.1 Grid convergence and verification

We consider the dataset of M,, = 0.15 and Re,, = 33 for the grid convergence
test. For each of the turbulent Mach numbers considered, a similar grid convergence
test needs to be done. Due to computational resource limitations, we proceed with the
same grid resolution verified in the subsequent discussion for the other M,, values also.
The simulations of Larsson ef al. [81] also use similar grid resolution for the different
M, , values considered in their study, and thus we believe that the present simulations are
indeed grid converged.

Table (4.2) provides the necessary details on lengthscales and the grid resolution for
all of the cases in the M, = 0.15 dataset including the cases considered in grid conver-
gence tests. The upstream shock-turbulence intensity given by M,,/(M, — 1) varies from
0.65 to 0.06, which shows that the M, = 1.23 case is in the ‘broken shock’ regime and the
remaining cases are in the ‘wrinkled shock’ regime [26, 27, 81]. The reduction in Kol-
mogorov lengthscale is described with respect to the numerical shock thickness, ¢,, [159]

in the sixth and the seventh columns of the table, respectively. The pre-shock Kolmogorov

2Ratio of viscous shock thickness to Kolmogorov lengthscale, 6,/ ~ 7.69M,,/(\/Re,(M,—1)) [132].
This formulation is not valid for M,, > 2 [158]
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Table 4.4: List of cases simulated in the present study including the cases considered in
grid convergence tests. Axys; is the transverse grid spacing, Ax, ; is the shock-normal
grid spacing at the shock, ¢, is the numerical shock thickness, ¢, is the viscous shock
thickness and 7 is the Kolmogorov lengthscale. Note that k,,,,, is based on the transverse
grid-spacing. Cases denoted by bold characters are the finalized cases used for presenting

the results

M, (AZI—I_MD Grid Axops/Ax1s MulSn Mal6n KnaxTDmin 165
1.23 0.65 882 x 384> 1.66 071 0.57 2.38 1.11
1.50a 0.30 695 x 2567 2.00 0.55 0.36 1.30 2.44
1.50b 0.30 522 x 3842 1.00 045 0.30 1.98 2.44
1.50c 0.30 1042 x 3847 2.00 095 0.61 1.91 244
1.50d 0.30 1566 x 3842 4.00 1.69 1.08 1.90 2.44

1.50e 0.30 1390 x 5122 2.00 1.15 0.75 2.55 2.44
2.50 0.10 1142 x 384> 2.50 1.18 0.56 1.40 7.14

3.50a 0.06 875 x 2562 3.03 0.72  0.33 0.90 12.5
3.50b 0.06 658 x 3842 1.51 0.64 0.30 1.39 12.5
3.50c 0.06 1313 x 3842 3.03 1.30 0.58 1.32 12.5
3.50d 0.06 1844 x 3842 6.25 250 1.11 1.30 12.5

3.50e 0.06 1750 x 5122 3.03 1.36 0.61 1.71 12.5
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lengthscale varies from 0.7 — 1.3 times the numerical shock thickness for the cases consid-
ered here and the post-shock Kolmogorov lengthscale is about half the numerical shock
thickness. The normalized Kolmogorov lengthscale, k., 17 1s usually taken to be > 1.5 to
resolve features of small lengthscales in turbulence [116]. The post-shock Kolmogorov
lengthscale based on the largest grid size among all three directions defined as (kyuux 17)min
[159] (eighth column in the table), is satisfied for the low Mach number cases (M, = 1.23
and 1.50) and is marginally less for the high Mach number cases of 2.50 and 3.50.

We show by a detailed grid convergence test that the chosen grid sizes for each of the
case are sufficiently resolved for the statistics considered here. In all the cases, the ratio
of the post-shock dissipation lengthscale to the Kolmogorov lengthscale (L. 4/7,) is > 40,
which is sufficiently large enough to resolve the large scale quantities such as Reynolds
stress [81]. The last column provides the ratio of upstream Kolmogorov lengthscale, 7,
to the viscous shock thickness, d; [132], which provides an estimate for the difference in
grid spacing resolution between the shock-captured simulations in the current study and
their corresponding shock-resolved simulations. The ratio of numerical shock thickness
to the viscous shock thickness in the post-shock region is approximately 3 for the low
Mach number cases and 10 for the high Mach number cases, assuming that the viscous
shock formulation can also be applied to the stronger shocks. The statistics for the current
simulations are computed by averaging over a time period of one flow-through time of the
turbulence database, 74, which is 8 isotropic boxes long.

Grid convergence test for various statistics has been carried out for the case of M, =
1.50 and 3.50 with M,,, = 0.15 and Re,, = 33 using grids varying from 256 to 512 grid
points in the shock-parallel directions. Larsson and Lele [83] noted that the Kolmogorov
lengthscale decreases behind the shock due to the increase in the viscous dissipation rate,
which implies that the grid size behind and at the shock should be refined sufficiently
to resolve the shock-modified turbulence. The grid aspect ratio (GAR) at the shock is

. . Ax . . o
given by the ratio, J, which has been varied to resolve the reduction in Kolmogorov

X2/3
lengthscale behind the shock. In the present work, the GAR at the shock is estimated

T\ (pd Axi
" (_d) (&) T (4.6)
Nu Tu Pu A-)62/3
which is provided in Ref. [83]. Recently, Tian ef al. [159] computed the numerical shock
0
thickness as 6, = (u1, — U1.4) / h

using the relation,

8X1 max
in the post-shock statistics when the numerical shock thickness is 1.4 times smaller than

, and noted that there are no significant errors

the Kolmogorov lengthscale. Boukharfane et al. [13] used grid spacing which is 4 — 8

times smaller than 7, at the shock, and emphasized that such fine resolutions are required
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for accurate results. We show by a thorough grid refinement test that these values are not
universal, and are dependent on the numerical methodology adopted.

Figure (4.7a) shows negligible differences (= 2%) in the post-shock values of the
Kolmogorov lengthscale as the grid spacing is refined in the shock-normal direction. Fig-
ure (4.7b) shows the ratio of Kolmogorov lengthscales as a function of shock strength
obtained from the numerical simulations which closely follows the estimate obtained us-
ing the expression given in Eq. (4.6) [83]. We observed that the estimate in Eq. (4.6) to
be sufficient (with a variation of 10%) for determining the required grid spacing in the
shock-normal direction a priori. However, the importance of a thorough grid refinement

test cannot be understated.
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Figure 4.7: Variation of the Kolmogorov lengthscale ratio, fha (a) as a function of the
shock-normal direction for the cases mentioned in Table (4.142): 1.5b (solid line with
squares), 1.5¢ (solid line), 1.5d (solid line with circles), 3.5b (dashed line with squares),
3.5¢ (dashed line), 3.5d (dashed line with circles). The vertical lines around kyx; = 0 show
the mean shock thickness for each of the cases, where the Mach 3.5 case has the shortest
thickness, and (b) as a function of the upstream Mach number with symbols representing
the values from the numerical simulations and the solid line represents the estimate for

fa given in Eq. (4.6)

u

Figures (4.8) and (4.9) shows the grid convergence of statistics of interest for the
case of M,, = 3.50, M,,, = 0.15 and Re,, = 33. The large scale features such as Reynolds

stresses, R,, = u//u// and small scale features such as the transverse vorticity variances,

44
i
8)(7]'
convergence of the thermodynamic variances are shown in Fig. (4.9). The maximum

wjw} and the dissipation rate of TKE, pe = o, are shown in Fig. (4.8). The grid

difference in various statistics between the grid sizes mentioned in 3.5¢, 3.5d and 3.5¢ is

found to be < 2%. We find similar error values (< 2%) between cases 1.5¢, 1.5d and
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1.5€ (not shown). The corresponding case of M,, = 0.16 and Re,, = 40 from Larsson et
al. [81] is also plotted for comparison. There are differences between the present cases
and that of Larsson et al., which are expected to be due to the differences in the inflow

turbulence properties.
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Figure 4.8: Grid convergence for the case of M,, = 3.50, M,, = 0.15 and Re,, = 33 on
the grids 875 x 2562 (dashed), 658 x 3842 (dash-dotted), 1313 x 3842 (solid), 1844 x 3842
(x symbols), 1750 x 512% (dash-double dotted): (a) shock-normal Reynolds stress; (b)
transverse Reynolds stress; (c) transverse vorticity variance; (d) dissipation rate of TKE.
All the quantities are normalized by their corresponding values upstream of the shock.
Corresponding data from [81] for the case of M, = 3.50, M,, = 0.15 and Re,, = 40
(circles) is also plotted for comparison. Inset shows the variation in the short region
enclosed by the rectangle. Vertical dotted lines around kyx; = 0 denote the region of

unsteady shock movement

We present the results with grid resolution equal to the cases of 1.23, 1.5¢, 2.5 and
3.5¢ provided in table (4.4) only in the subsequent sections. These grid resolutions are

used again for the different M, , cases within the corresponding M, dataset. We found that
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Figure 4.9: Same as Fig. (4.8) but shown for the thermodynamic variances. (a) density
variance; (b) pressure variance; (c) temperature variance; (d) entropy variance. All the
quantities are normalized by the square of their corresponding mean values downstream
of the shock (p,, p, and T,) except for the entropy variance which is normalized by the
square of the gas specific heat capacity at constant pressure (c,). The quantities are addi-
tionally scaled by the normalized TKE (O.SE/E%’M). Lines and symbols are as mentioned
in the caption of Fig. (4.8) with the insets showing the short region enclosed by the rect-

angle
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the present numerical method produces very thin numerical shocks with refinement in the
shock-normal grid spacing but very less changes in the post-shock turbulence. In a similar
vein, we find the cases 1.5¢ and 3.5¢ to be grid-converged with the cases 1.5d, e and
3.5d, e, respectively, though the former cases do not meet the scale separation criterion,
which is < > 1.4 of Tian et al. [159).

n

4.5 Convergence to LIA values

Scale separation, defined as % poses a physical problem in shock-resolved simulations
and is necessary to ensure that the shock width and the turbulence scales do not overlap.
In the shock-capturing simulations where the viscous shock profile is replaced by a nu-
merical shock, a large scale separation would imply that the numerical shock-capturing
methodology does not alter the post-shock turbulence i.e., the turbulence is resolved albeit
the shock is captured [81, 86]. Recently, Tian et al. [159] discussed extensively on this
scale separation ratio, where it was defined as % and used the ratio as a measure to verify
the shock-capturing framework of numerical simulations. By systematic variation of M,
and Re,, Tian et al. [159] were able to show convergence of Reynolds stresses obtained
from shock-captured simulations to the LIA solutions which are also in agreement with
the results of low M;, shock-resolved simulations of Ryu and Livescu [132]. Boukhar-
fane et al. [13] took a different approach where they used the similarity scaling of Donzis
[26, 27] to show scale separation in their simulations and subsequently, the convergence
towards LIA solutions.

We adopt the approach of [159] to discuss on the convergence to LIA values as
M,, — 0 (negligible nonlinearity) and Re, , — oo (towards inviscid limit) for the numeri-
cal methodology used in the current work. Figures (6.6) - (6.8) in Sect. (6.3) of Chap. (6)
shows the convergence of the thermodynamic variances towards the LIA solution as the
upstream turbulent Mach number, M,, is reduced for the different M, cases. The con-
vergence towards LIA indicates that there exists a sufficient scale separation between the
shock wave and the incoming turbulence [90, 132, 159], even for low Taylor lengthscale
Reynolds number considered in this study.

The effect of Taylor lengthscale Reynolds number on the statistics related to velocity
components are discussed in detail in [81] and for the turbulent heat flux in [119]. We
found similar effect for the thermodynamic variances also (see Fig. (6.10) in Sect. (6.4)
of Chap. (6)), where they converge towards the LIA solution as the Reynolds number is
increased. The present simulations cover only Re,, = 33, and thus we draw inferences

from the comprehensive statistics of Larsson et al. [81].
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4.6 Summary

A brief description of the DNS methodology is also provided. Temporally decaying ho-
mogeneous isotropic turbulence databases are generated separately and blended together
to form a sufficiently long database for statistical convergence. Taylor’s hypothesis is used
to specify the turbulence database as inflow condition to the STI domain. The discretized
governing equations are solved using a solution adaptive finite difference method with
fifth order accurate WENO scheme in the shock region and sixth order accurate central
differencing scheme with Roe flux splitting form for the rest of the domain. Time ad-
vancement is done by explicit fourth order Runge-Kutta scheme. Non-reflecting boundary
conditions are used at the outflow with periodic boundary conditions on the shock-parallel
directions. Grid-convergence study shows that the computational domain with 384 grid
points in each of the transverse directions to be sufficient for the statistics of interest. The

shock-normal grid spacing, however, changes for each of the shock strength considered.






Chapter 5

Evolution of thermodynamic

fluctuations

In this chapter, the thermodynamic variances (;7, p’%, T2, s'?) obtained from the DNS

of canonical shock-turbulence interaction are compared with the LIA predictions. The

density, pressure and temperature variances are normalized by the square of their re-

spective mean downstream values (ﬁi, ﬁf,, fj). The entropy variance is normalized by
. . 2 ..

the square of the gas specific heat capacity at constant pressure (c;,). Additionally, the

variances are scaled by the upstream turbulent kinetic energy divided by the square of the
2
upstream mean shock-normal velocity, Tl” This helps to compare different cases with

ul,u

varying upstream turbulence intensities, (]\/Iji/l—t—ul) The streamwise coordinate is normal-
ized by the peak energy wavenumber (ky) in the upstream field. This normalization is
used throughout this dissertation unless otherwise stated. For comparisons between the
LIA and the DNS data, we use f” and f” interchangeably since they are found to be the
same for this problem. The Favre averaged variance ;“”5 can be expanded in terms of its

Reynolds averaged counterpart as,

7”2 — f/2 — /_) R (51)

-2 —
= _Ta (pf]+pf2

where the last two terms are higher order terms with respect to the variance. Comparison
of the mean and variance of entropy is shown in Fig. (5.1) which clearly shows that the
higher order terms are negligible, and that the Reynolds averaged and Favre averaged
statistics are the same away from the mean numerical shock.

In this study, we compare results from purely vortical turbulence with the numerical
simulations, which have finite thermodynamic fluctuations upstream of the shock. Ta-

ble (5.1) shows the rms values of thermodynamic fluctuations just upstream of the shock.

67
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The values are normalized as per isentropic relations and additionally scaled by the square
of the upstream turbulent Mach number as mentioned in Ref. [83]. The thermodynamic
fluctuations are approximately but not perfectly isentropic in each of the cases whereas,
the entropy fluctuations are almost constant between the different cases as shown in the
table. As noted in Appendix G, the error due to Taylor’s hypothesis is very small for the
thermodynamic fluctuations. The short length of the upstream region also prevents sig-
nificant modification of the fluctuation levels due to the decay of turbulence. These imply
that the levels of thermodynamic fluctuations just upstream of the shock are nearly the

same as in the inflow turbulence.

Table 5.1: Table of normalized rms values of thermodynamic fluctuations upstream of
the shock. Density, pressure and temperature fluctuation levels increase with M, , but the

entropy levels remain constant

M, M, _pi,m- fims Tr’nis Srms ﬁims
@M ML) (y-UT, M) (M) (kea,M?,)
123 005 0.44 0.38 0.51 0.17 0.89
123 015 052 0.46 0.57 0.17 0.98
123 025  0.70 0.66 0.74 0.16 1.66
123 040  0.70 0.67 0.74 0.16 1.88
1,50 0.05 042 0.35 0.48 0.17 0.83
1,50 0.15  0.50 0.44 0.55 0.17 0.73
1,50 025  0.68 0.64 0.72 0.16 1.50
1.50 040  0.69 0.66 0.72 0.15 1.89
250 0.05  0.40 0.32 0.46 0.17 0.96
250 0.16 047 0.41 0.52 0.17 0.50
250 025  0.65 0.61 0.69 0.16 1.14
250 040  0.69 0.66 0.73 0.15 1.50
350 0.05 039 0.32 0.46 0.17 1.10
350 0.16  0.46 0.40 0.51 0.16 0.47
350 025  0.63 0.59 0.67 0.16 1.05
350 040  0.68 0.65 0.72 0.15 1.40

5.1 Spatial profiles

Spatial variation of density, pressure, temperature and entropy from the dataset of M, , =

0.15 and Re,, = 33 is shown in Fig. (5.2). The thermodynamic variances exhibits a large
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Figure 5.1: Spatial variation of normalized (a) mean entropy and (b) variance of entropy.
The mean entropy is normalized by ¢, and the variance is normalized by c?,. The quantities
are, however not additionally normalized by the upstream TKE as mentioned in the text.
Lines represent Reynolds averaged quantities (s, ﬁ) and symbols represent their Favre
averaged counterparts (s, ;’72). Legend: M, = 1.23 (solid line and squares), M, = 1.50
(dashed line and triangles), M,, = 2.50 (dash-dotted line and circles) and 3.5 (dash-double
dotted line and diamonds). The sum of higher order terms in the variance (see (b)) is

shown by a dotted line. Dataset corresponds to M,, = 0.15 and Re,, = 33

jump at the shock wave, followed by a rapid decay in the downstream flow, except entropy
variance which shows a gradual decrease in the entropy variance. There is a mismatch
between LIA and DNS decay rates (prominent for the higher Mach number), but the DNS
far-field values are found to be comparable to those obtained from LIA.

Figure (5.2a) presents the pressure fluctuations computed from simulations and LIA
for two Mach numbers. The shocks are located at kyx; = 0, and the region of unsteady
shock oscillations are marked by vertical lines. The pressure variance 17 exhibits a large
jump at the shock wave, followed by a rapid decay in the downstream flow. There is a
mismatch between the LIA and the simulation decay rates (prominent for the higher Mach
number), but the simulation far-field values are found to be comparable to those obtained
from the LIA. The pressure variance obtained from the numerical simulation is higher
than the LIA predictions in the range of 0" < kox; < 6. This is possibly due to non-
linear effects at finite M,, and are expected to vanish in the limit M, — 0. The pressure
field is dominated by the pressure-dilatation effect, as per the budget data in Sect. (7.1.2),
which is an inviscid mechanism. The fact that the pressure fluctuations approach a finite
asymptotic value far away from the shock is entirely consistent with the notion that the

shock produces a far-field radiating sound field. There are negligible pressure fluctuations
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in the flow upstream of the shock wave, and this is consistent with the purely vortical

turbulence (p/X/4 = p/HA = T'HA = ¢/LIA = () assumed in the linear theory.
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Figure 5.2: Spatial variation of normalized (a) pressure, (b) entropy, (c) temperature,
and (d) density variances. Lines represent LIA solution and symbols represent results
from the numerical simulations. Legend: M, = 1.50 (solid line and squares) and 3.5
(dashed line and circles). The vertical dotted lines around kox; = O correspond to the
region of unsteady shock movement for the Mach 1.50 and 3.5 cases respectively. Dataset

corresponds to M,, = 0.15 and Re,, = 33

The post-shock variation of 52 shown in Fig. (5.2b) is qualitatively different in the
sense that it does not exhibit a rapid exponential decay as the pressure variance. There is
a jump across the shock, as expected, followed by a gradual decrease in the downstream
flow. The LIA predictions match the simulation values obtained immediately behind the
shock, but do not reproduce the post-shock decay in the entropy variance. The interaction
yields locally high values of 52 in the shock region due to the unsteady oscillation of the

shock wave. The same is true for the pressure variance in Fig. (5.2a).
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The temperature variance shown in Fig. (5.2¢) is similar to 17 (Fig. (5.2a)), with
high values across the shock that decay rapidly in the downstream flow. Additionally, the
temperature fluctuations exhibit a slower but steady decrease farther away from the shock
wave (kox; > 2). This is more prominent in the higher Mach number case, and is akin
to the decay of entropy fluctuations observed earlier. On the other hand, the temperature
variance reaches an asymptotic far-field value in the LIA solution.

The density variances plotted in Fig. (5.2d) exhibit different qualitative variation at
Mach 1.5 and 3.5. At the lower Mach number, it attains relatively high values across
the shock, followed by a rapid decay in the downstream flow, similar to pressure and
temperature variances presented earlier. LIA results, once again, compare well with the
DNS data, similar to pressure and temperature variances presented earlier. At the higher
Mach number, the simulation density variance has a non-monotonic variation behind the
shock, with a peak value around kox; = 1. The trend is similar to that of the shock-
normal Reynolds stresses [81, 83, 86, 98] and the turbulent energy flux [119], and is also
observed in LIA. The LIA gives low density fluctuations in the near-field (kyx; = 0*) and
it increases rapidly to high far-field values. As earlier, the linear theory results reach an
asymptotic finite ;7 far away from the shock, whereas the simulation data shows a steady

viscous decay downstream of the local peak behind the shock wave.

5.1.1 Comparison with viscous LIA

Reference is made to App. A for details on the viscous LIA used in this section. The
framework of viscous LIA used here is a work in progress and thus used as a demonstra-
tive tool than as a complete analysis of the problem. We consider the post-shock entropy

fluctuations to be of the following form for the viscous fluid,

1 - A\ (1 \(Kk)-
Kvé = -0, exp|ikx| exp [— (5) (R%) (k_o) kxl] (5.2)

where the effect of the viscous term is shown in the exponent containing Rey,. Here,

u .

Rey, = . is the Reynolds number based on the peak energy wavelength of the upstream
VKo

turbulence. In essence, we have non-dimensionalized the argument of the viscous term in

Eq. (5.2) as a Reynolds number. The post-shock entropy variance is then computed as

S/2 00 /2
< =4n f f Eq K[ sin () dy d|K|, (5.3)
1o k=0 Jy=0
where -
8 1 k) -
Ega =0/ -1 = —|k A%, 54
=10 e |- (5) (o) (1) R s (54

with Rey, computed using post-shock values.
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Figure 5.3 plots the spatial variation of entropy variance computed using constant
values of Rey, in the viscous LIA formulation (Eq. (5.3)) and compares the predictions
against the DNS solutions for the case of M, = 3.50. The upstream Rey, from the DNS
is approximately 45 for all of the cases and the post-shock Rey, varies between 70 - 130
depending on the local M, value. The viscous LIA prediction for Re;, = 1000 matches
the entropy variance of M,, = 0.05 case, whereas the predictions of Rey, = 30 are closer
to the other M, cases, at least in the far-field region (kox; > 10). A possible reason for
this behavior is that the viscous dissipation for M,, = 0.05 is very small compared to the

other M, , cases (€ ~ O(Mf )). However, we are not sure of the exact mechanism yet.

—
Increasing -
Re, |, |

—_—
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Figure 5.3: Spatial variation of the normalized entropy variance for the case of M, =
3.50, Re,,, = 33 and varying M,,. The entropy variance is normalized by the square
of the gas specific heat capacity at constant pressure (cf,) and the normalized upstream
TKE. Symbols correspond to DNS solutions and the lines represent viscous LIA solutions
computed as per Eq. (5.3) shown above. The region of unsteady shock movement for
M,, = 0.15 is shown by the grey band. Legend: DNS - M,, = 0.05 (triangles), 0.15
(squares), 0.25 (circles), and 0.40 (diamonds). LIA - Re;, = 10 (dashed), 30 (dotted), 100
(dash-double dotted), 1000 (dash-dotted), 10000 (long dashed) and oo (solid)

The post-shock amplification (at kox; = 0%) predicted by the current formulation
of the viscous LIA remains the same for all values of Rey, and is slightly higher than its
DNS counterpart for the M,,, = 0.05 case. For increasing M,, values, the DNS shows
larger values than the LIA predictions. This is probably due to the effect of the neglected
non-linear terms and also due to the consideration of only purely vortical turbulence in the

viscous LIA. Including the effects of acoustic and entropy fluctuations in the upstream tur-
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bulence have been found to yield larger post-shock values compared to the purely vortical

case [98, 99]. Similar results are obtained for the vorticity variances.

5.2 Kovasznay mode decomposition

Koviasznay showed that small perturbations in a compressible turbulent flow can be de-
composed into vortical, entropy and acoustic components, which evolve independently in
the linear inviscid limit. This forms the foundation of the LIA framework, and is used here
to decompose the post-shock thermodynamic fluctuations namely, density (p’), pressure
(p’), temperature (7”), and entropy (") into their respective component modes. The objec-
tive is to use the modal decomposition to gain insight into the thermodynamic fluctuations
generated behind the shock wave and their variation with the shock Mach number.

In the linear limit, the post-shock thermodynamic field comprises of only the acous-
tic and the entropy modes. It is recalled that the acoustic mode consists of isentropic
pressure, density and temperature fluctuations, and a dilatational velocity field. The en-
tropy mode consists of isobaric temperature and density fluctuations. The post-shock
entropy and the pressure fluctuations correspond to the pure entropy and the acoustic
modes, respectively in the linear limit.

We note that the different Kovdsznay modes are governed by different physical pro-
cesses. Hence, identifying the modal contributions allows us to investigate the physics
behind the observed trends in the post-shock thermodynamic field. A similar Kovasznay
mode decomposition of the turbulent energy flux is reported in [118], where the modal de-
composition is used to investigate the peak positive turbulent energy flux in the post-shock
flow. The modal contributions are also used successfully to develop advanced turbulence
models for the turbulent heat flux in canonical shock-turbulence interaction [117] and a
variable turbulent Prandtl number model for shock-boundary layer flows [131].

The LIA solution in the post-shock region is a superposition of acoustic, entropy
and vorticity waves (denoted by the subscripts a, e and v, respectively), with a collection

of orientation angles and wavelengths. The density variance is thus given by,

PPy = O+ 04 = PhaPlia + Prclie + 2P0 4L0e (5.5)

which allows us to decompose the full density variance into a pure acoustic contribution
(the first term), a pure entropy contribution (the second term), and a combined acoustic
/ entropy contribution (the third term). There is no pure vorticity contribution (o, , = 0)
in the density variance. These correlations are hereby denoted as aa, ee, ae, respectively.
A similar decomposition is possible for the other quantities that are defined by multiple

modes.
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The 2D planar wave solution of the post-shock density fluctuation is given by (same
as Eq. (3.17d) in Chapter (3)),

1
A,

K, I
— _elkx+ Qc elkx ellkl(ly muut)’ (56)
d Y ~——
N—— entropy
acoustic

N

and the post-shock density variance is obtained from the integration of all such waves,

p:12 00 /2
- =4n f f E.pq k|* sin () dy d|K|, (5.7
P k=0 Ju=0
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[ 1 2 2, x| i (k—K) x L. —i (k-k) x 2
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m
for ¢c<¢<§,

with k* being the complex conjugate of the acoustic mode wavenumber and . is the
critical angle. In a similar fashion, the aa, ee, ae components of the density variance are

obtained as,

00 /2
L —4n f f Eppa K sin () dy dK|, (5.9)
k=0

¥=0

where B = a or e. The energy density functions (E,

sp5) for each of the correlations in

Eq. (5.5) is given by,

1 C (e _Te* X
Eppod = 7 K |* &' ®K)x 4,17, (5.10a)
E, .a= 10 AL, (5.10b)

E

ped = 5 [IKe Q10T + 1K 0 7 E 0] AP, (5.10c)
Y

with the superscript * denoting the complex conjugate of the quantity. It is to be noted
that (k — k*) is non-zero only for the waves, whose orientation angles () are greater than
the critical angle (). The same procedure is also applied to the temperature variance to
obtain its corresponding aa, ee, ae components of the correlation.

The Kovasznay modes of entropy and acoustics are fundamentally different in terms
of their evolution behind the shock wave. As per LIA, the majority of the acoustic en-
ergy decays with distance from the shock wave; in particular, those associated with the

single-wave interactions exceeding the critical angle. On the other hand, the entropy
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mode generated at the shock propagates downstream without any change in amplitude
as per the linear inviscid framework adopted by LIA. The thermodynamic field, with
contribution from the acoustic and the entropy modes, exhibit a combination of these
trends, as seen in the Kovédsznay mode components of density and temperature variances
shown in Fig. (5.4). The acoustic components have an exponential variation with xj,
while the entropy component is constant in the downstream flow. The acoustic-acoustic
and entropy-entropy components are positive, while the correlation between the acous-
tic and the entropy modes can be positive or negative. In the acoustic-adjustment region
(0 < kox; < 2), the balance between all the three components determine the behavior of
,17 and T’2.

(a) Density (b) Temperature

Figure 5.4: Spatial variation of normalized Kovdsznay mode components of (a) density
and (b) temperature variances. Legend: M, = 1.50 (solid line and squares) and 3.5
(dashed line and circles). The entropy-entropy component is represented by solid lines,
the acoustic-acoustic component is by open symbols, and the acoustic-entropy correla-

tions is by filled symbols

The spatial variation of the temperature variance is explained in terms of the Kovasz-
nay modes in Fig. (5.4b). The Kovasznay mode decomposition of the temperature vari-
ance is similar to the decomposition of density variance given by Eqgs. (5.5) and (5.9).
The energy density functions (E7, 7,) for the aa, ee, ae components of the correlation are
given by,

2
-1 .
Err.a= (YT) K? ' ® A, P, (5.11a)

107 1A%, (5.11b)

Err,.q

7_1 « i(k-k)x * —i(k*—k) x
Er.a= —(7) |IK. Q21 ®0% 1 |KZ Ol e ® 0] 1A, P, (5.11c)
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which are similar to the energy density functions of the density variance, except for the
additional factor of (y — 1). The results are qualitatively similar to that for Mach 1.5 pro-
vided in Ref. [118], except for the large entropy component at the higher Mach number.

The farfield 72 is almost entirely given by the entropy-entropy component, which is in-

variant in kgx; as per the inviscid analysis. The post-shock rapid decay in 772 is due to the
acoustic-acoustic and acoustic-entropic components, both related to the acoustic mode

generated at the shock wave. All the components are positive for the temperature fluctua-

tions, giving a large value at the shock and they together give a monotonic decay of 7’2 to
its far-field value due to the decrease in the acoustic components along the shock-normal
direction.

The Kovédsznay mode decomposition of the density variance shown in Fig. (5.4a)
explains the non-monotonic behavior observed behind strong shocks. The components of
the density variance are obtained from Egs. (5.9) and (5.10a) - (5.10c). As expected the
acoustic components have an exponential variation with x;, while the entropy component
is constant in the downstream flow. The acoustic-acoustic and entropy-entropy compo-
nents are positive, while the correlation between the acoustic and the entropy modes has
a negative contribution to the density variance. It is to be noted that the amplitude, Q.
is negative, which results in a negative value for the acoustic-entropy correlation in the
density variance and a positive value in the temperature variance. At low Mach num-
bers, the variation of F in the post-shock field follows a monotonic decay due to the
small magnitude of the acoustic-entropic component. By comparison, the large negative
acoustic-entropic contribution to ﬁ at Mach 3.5 counters the positive pure-acoustic com-
ponent resulting in a non-monotonic variation behind the shock wave. This, along with
the viscous decay in the farfield, results in the local peak in the density variance observed

in the Mach 3.5 simulation data plotted in Fig. (5.2d).

5.3 Near-field and far-field values by spatial
extrapolation

LIA yields solutions as a function of the upstream Mach number for a particular gas but
neglects nonlinear and viscous mechanisms. DNS, on the other hand includes both of
these effects, and provides solutions which are functions of M,, M,, and Re,,. Thus,
it is necessary to extract DNS data in a way that it makes sense when comparing with
LIA data. Near-field (x; = 0") and farfield (x; — oo) are the two locations of practical
interest where, the former is of interest to shock-induced mixing applications and the

latter is for farfield noise predictions. Comparison of the near-field solutions between
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Figure 5.5: Spatial variation of normalized variances of (a) density, (b) pressure, (c) tem-
perature and (d) entropy from the M, = 1.50 and 3.50 of the M,, = 0.15 and Re,, = 33
dataset. Solid lines correspond to LIA results and the symbols represent DNS data. The
dotted lines extending to the center of the mean shock are the linear extrapolations. The

grey band shows the region of mean shock movement for the M, = 3.50 case

the two methods requires the shock to be approximated as a discontinuity in DNS and
for the farfield solutions, the viscous effects in DNS should be neglected. The existing
procedures are used to extract only farfield data by spatial extrapolation [81, 118, 119] or
by identifying the location behind the shock where the acoustic transients have died out
[26].

Figure (5.5) shows the spatial variation of normalized density, pressure, temperature
and entropy variances from DNS and LIA along with extrapolated values obtained by
performing a linear least-squares fit over the DNS data from 0.57 < kox; < 2. The LIA
solutions are obtained by integrating over all the waves in the post-shock field, similar
to Eq. (5.7), with the respective energy density functions. The spatial extrapolation to

the center of the mean shock is used extensively in the literature, for example [81, 118,
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119], when comparing farfield values between LIA and DNS. This procedure works well
for velocity related quantities which have a non-monotonic variation, i.e., a peak value
behind the mean shock thickness and for profiles with gradual variations. It has been
found to predict farfield values very well but not the values immediately behind the shock,
especially when there is a rapid variation such as those found in the pressure and the
temperature variances at low Mach numbers. The farfield values, thus estimated are also
in fact the values, one would obtain when there is no viscous decay.

The true farfield value which is affected by the viscous decay has to be computed
with a different method; one common procedure is to take average over the values in a
small portion at the end of the domain considered. The near-field values, however, are
poorly estimated by spatial extrapolation. There have been attempts to perform the linear
extrapolation on a log-scale and estimate the near-field fluctuations, since the variances
with rapid decay are very similar to exponential functions. The near-field variances were
still poorly estimated. This indicates that a new procedure is required to estimate near-
field values accurately, even though the farfield variances can be predicted (to a reasonable

accuracy) using the spatial extrapolation method.

5.4 Statistics at the shock
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Figure 5.6: Representative schematic showing instantaneous (solid lines) and mean
(dashed lines) profiles. The dilatation value used as the threshold to identify the extent
of the instantaneous shock is shown by a horizontal dash-dotted line. The vertical dashed
lines represent the mean shock thickness and the vertical dotted lines represent the instan-

i

taneous shock thickness. The edges of the instantaneous shock are denoted by (x/ ,, x' ;)

and that of the mean shock are shown by (x;,, X;.4)



5.4 Statistics at the shock 79

The different statistics presented in Figs. (4.8) and (4.9) are computed at fixed x; by
averaging over the transverse planes for a number of flow realizations. This conventional
averaging gives a mean shock thickness determined by the unsteady oscillations of the
shock. The turbulent statistics computed in the region of unsteady shock is governed by
the Rankine-Hugoniot jump values across the unsteady shock wave. Larsson et al. [81]
showed the contribution of the unsteady shock oscillations for the shock-normal Reynolds
stress to be very large inside the shock. This effect is also seen in other statistics and the
values are found to be large if one would compute them at the edges of the mean shock.
By comparison, statistics conditioned by the local position of the instantaneous shock

wave, is unaffected by the shock oscillations.

o
A
|
—_
o

\
\
\
g I } _16 ..?:‘
=  Threshold ‘ =
© -4[value (1%) \ S
SR | {140
E B | g
s 6 | 5
2 i | Most negative |4, Z
I i " dilatation value |
-8; 7 \
H _é ‘ |
Ho—e—— } 41
01 -005 0 005 0.15 0.2

k, x

0 ™M

Figure 5.7: Schematic reproduced from a flowfield in the case of M, = 1.50, M,,, = 0.15
and Re,, = 33 to elaborate on the threshold method. Dilatation (solid line with squares)
is normalized by kou;,, whose scale is given at the left axis. Density (dash-dotted line with
circles) is scaled by p, and its values are given at the right axis. The symbol x marks the
instantaneous downstream location (xi ’ ,) obtained using the 1% threshold value, and is
extended to the density curve by a thin dashed line. The grid point enclosed by the hollow
rectangle is the location from which the values are computed as kox; = 0* (or near-field)

values

We employ a novel method to compute statistics at the instantaneous shock locations
instead at the edge of the mean shock location. A threshold value based on the instanta-
neous dilatation is used to identify the shock thickness in the flowfield. This is similar to
the dilatation-based shock-sensors used in the simulation, but in a much simpler form.

A threshold value of 1% of the most negative dilatation in an instantaneous flow field

is used (see Fig. (5.7)) to identify the bounds of the shock (x! ’s &)+ The instantaneous

s,u’
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numerical shock thickness is much smaller than the mean shock thickness (see Fig. (5.6))
defined by (x,,, X;4). The post-shock statistics are then computed by obtaining values
at the downstream edge (xi ’ ,) of the instantaneous shock wave for each (xy, x3,7), and
then by averaging suitably. This corresponds to the nearfield location defined in linear
interaction analysis (discussed below) and is denoted by kox; = 0.

Using this procedure, termed as the threshold method, we get finite values of the
post-shock variances, instead of the very large values obtained in the conventional av-
eraging method due to the inherent effect of unsteady shock oscillations (for example,
Fig. (4.9)). We have assessed the accuracy / convergence of the method and found it to be

about 10% in a series of consecutive grid spacings.

5.5 Summary

The spatial variation of the thermodynamic variances are compared between LIA and
DNS solutions. Kovasznay mode decomposition of LIA statistics is used to explain the
nature of the profiles. Far-field and nearfield fluctuation levels are of practical interest.
The existing methods do not provide nearfield values correctly. A new method using
dilatation value as a threshold is used to compute nearfield values from the DNS data. In

the next chapter, we use this technique to precisely compute the nearfield values.



Chapter 6
Effect of the governing parameters

The post-shock thermodynamic field as a function of upstream flow Mach number M,
turbulent Mach number M, , and Taylor-scale Reynolds number Re,, is discussed in this
chapter. The present simulations along with the DNS dataset of Larsson ef al. [81, 83]
are used to compare with the LIA predictions for varying shock strengths and turbulence
intensities. The effect of Re, on the thermodynamic variances is studied using the datasets
presented in Refs. [83] and [81]. The present simulations cover 12 new cases with varying
M, for the four different Mach numbers and Re,, ~ 30, which are not available in the

datasets of Larsson et al.

6.1 Effect of flow Mach number at various locations

Figure (6.1) shows the thermodynamic variances from LIA and DNS, taken at different

locations. The LIA solutions are calculated using the integration,

72 00 /2
=5 =4n f f Ejpalk sin () diy d|K], (6.1)
fa k=0 Jy=0

where f could be either p, p, or T. The corresponding energy density functions for each

of the thermodynamic quantities are,
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where the term, (k — k*) is non-zero only for ¢ > . (non-propagative regime). Except
for the entropy variance, which is constant in space, the other thermodynamic variables
display an exponential variation along the streamwise direction. Note that the entropy
variance is also similar to Eq. (6.1), except that it is normalized by clz7 instead of the
square of its post-shock mean value.

Ideally, we would like to assess the far-field LIA predictions, but the viscous decay
in the simulation data makes this difficult; we therefore perform the assessment at multiple
x; locations between kgx; = 1 and farther downstream. The current DNS simulations are
for an upstream turbulent Mach number of 0.15, which is lower than that in the Larsson
et al. [81] cases (M,, = 0.22) used for comparison. The present simulations also differ in
terms of the Taylor-scale Reynolds number from the cases of Larsson et al. [81] and thus,
the spatial decay in the post-shock region between the two datasets are slightly different.
The pressure and the entropy variances obtained from the current simulations (discussed
below) are arguably closer to the LIA results, which are valid in the limit of M, — 0.

First, we study the post-shock pressure variance as a function of shock strength
in Fig. (6.1a). The results show a monotonic increase in 17 with shock strength, and
the simulation data, irrespective of the location, match the trend observed in the LIA
predictions (computed using Eq. (6.1) and (6.2b)). In fact, the higher kyx; values are
closer to the LIA curves, which collapse to the asymptotic far-field solution predicted by
the linear theory. There are discrepancies at lower Mach number, as well as at lower kx;
(for higher Mach numbers), which are similar to those presented in Fig. (5.2a). These
discrepancies are attributed to the nonlinear effects due to finite M, in the simulations.

The entropy variance plotted in Fig. (6.1b) also shows a monotonically increasing
trend with shock strength, but it seems to saturate at high Mach numbers. LIA predict
a single value of 52 for a given Mach number (computed using Eq. (6.1) and (6.2d)),
whereas the entropy variance in the DNS continuously decreases with distance from the
shock wave, owing to viscous effects. The far-field DNS data does not collapse, unlike
the pressure variance; in fact, the decay appears to be stronger at high Mach number, in-
dicating a higher viscous effect behind stronger shocks. Comparing the kpx; = 1 values
of the entropy variance, there is excellent match between DNS data and LIA predic-
tions, for the entire range of Mach numbers. The only exception is at low Mach numbers
(M = 1.23/1.27), where the DNS data is under-predicted by the linear theory. This could
possibly be a result of the small amount of entropy fluctuations in the upstream flow,
which is not accounted for in the LIA predictions.

The variation of ]7 and s at low Mach numbers show interesting differences. The

post-shock entropy fluctuations take very low values for transonic shock waves, whereas
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Figure 6.1: Variation of normalized (a) pressure, (b) entropy, (c) temperature, and (d)
density variances at four different downstream locations from LIA (lines) and DNS (sym-
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double dotted, diamonds). Open symbols are from data of Ref. [81] for the cases of
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the pressure fluctuations increase rapidly to values that are two or more orders in magni-
tude higher than 572 at comparable Mach numbers. This has important consequences on
the thermodynamic fluctuations, which have contributions from both the acoustic and the
entropy modes. Further, the far-field pressure variance appears to saturate in the range
1.2 < M, < 1.4, before rising again for higher Mach numbers. Similar trends are also
observed in other thermodynamic variances, as discussed subsequently.

A comparison of the temperature fluctuations computed at different streamwise lo-
cations in Fig. (6.1c) shows an increase with shock strength, except for a small range of
non-monotonic variation near Mach 1.2. The LIA results (computed using Eq. (6.1) and
(6.2c)) are qualitatively similar to the pressure variance, with the different kyx; curves
collapsing to the far-field value of T’2. The DNS data, by comparison, exhibits the steady
decrease with kyx;, akin to the entropy variance plotted in Fig. (6.1b), especially at high
Mach numbers. In spite of the scatter, the data points follows the trend in the LIA curves
well, for the entire range of Mach numbers.

Figure (6.1d) plots the variation of density fluctuations with Mach number at dif-
ferent locations downstream of the shock. All the LIA curves (computed using Eq. (6.1)
and (6.2a)) converge to the far-field ;? values, except for minor variations at low Mach
numbers. As expected, the density variance increases with shock strength, but saturates
in the limit of M, — oo. Interestingly, LIA predicts that the post-shock fluctuations in
pressure, density and temperature scale with their respective post-shock mean values. For
a fixed upstream thermodynamic state, the mean pressure and temperature continue to
increase at high Mach numbers, and the same is true for the corresponding fluctuations.
By comparison, a finite asymptotic density jump in the hypersonic limit results in a finite
p'/pas M, — co.

The DNS data points at the different spatial locations follow the LIA trend with
increasing Mach number. The variations are similar to that of the temperature fluctuations
shown in Fig. (6.1c¢), such that the LIA values are lower than DNS for locations closer to
the shock, and are larger than the DNS values further downstream. Once again, the scatter
in the DNS data is due to viscous effects, which appear to increase with Mach number as

the magnitude of the post-shock density variance increases.

6.2 Near-field variation of thermodynamic variances

Figure (6.2) presents the LIA near-field (kox; = 0%) predictions, where the pressure vari-
ance shown in Fig. (6.2a) is the value prior to the exponential decay, and it is 4 — 5 times

larger than that at kyx; = 1 presented in Fig. (6.1a), especially at low Mach numbers.
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At high Mach numbers, the near-field pressure fluctuations are found to asymptote to a
constant value. The near-field entropy variance (Fig. (6.2b)) is identical to the far-field

values, owing to the zero streamwise variation in 52 as predicted by LIA.
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Figure 6.2: Variation of normalized (a) pressure, (b) entropy, (c) temperature, and (d)
density variances at the near-field location (kgx; = 0*) from LIA (lines) and DNS (sym-
bols). The symbols are 1.23, 1.5¢, 2.5, 3.5¢ (squares) ; 1.5d, 3.5d (triangles) ; 1.5¢, 3.5¢

(diamonds). The error bars denote the +/ — 10% error, estimated between different grids

As noted earlier, it is difficult to obtain the near-field variances using conventional
(fixed point) averaging of the DNS data. The high values of the thermodynamic fluctu-
ations computed in the region of the shock wave are largely due to the unsteady shock
oscillation. On the other hand, the statistics computed at the edge of the mean shock
thickness is strongly affected by the rapid exponential decay, at least for the pressure vari-
ance. By comparison, the threshold method computes statistics based on the data at the
edge of the instantaneous shock. It follows the idea of near-field LIA solution closely, and
captures the fluctuation levels that are largely unaffected by the post-shock variations. It

is found that the entropy variances obtained using the threshold method match the LIA
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results closely whereas, the pressure variances differ largely at low Mach numbers. Note
that the DNS data corresponds to the STI cases computed in the current work, as the
instantaneous shock data is not available from the earlier DNS cases of [81].

To show the effectiveness of the threshold method, an error estimate is obtained from
the sequence of grids provided in table (4.2). The largest error in the statistics between two
consecutive finer grid spacings in the shock-normal direction for the same transverse grid
spacing is found to be slightly less than 10%. The statistics obtained using the threshold
method, though having a relatively large error, are found to be close to the LIA near-field
values presented.

The DNS statistics computed using the threshold method for the temperature vari-
ance in Fig. (6.2c) shows a much better match with the near-field LIA predictions. The
values are, once again, higher by about an order in magnitude compared to the far-field
T2 ata given Mach number. The DNS data points are limited to Mach 3.5, corresponding

to the current simulations, and it is lower than the LIA results.
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Figure 6.3: Variation of normalized (a) density, (b) pressure, (c) temperature, and (d) en-

tropy variances at the near-field location (kgx; = 0%) from LIA (lines) and DNS (symbols)
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Figure (6.3) plots the near-field variation of the thermodynamic variances computed
using a modified version of the threshold method, where the shock location is identified
using a normalized value of the instantaneous dilatation. The dilatation is normalized by
the L, norm (denoted by ||.||,) of the local vorticity, which is also equivalent to the local
solenoidal velocity gradient norm. The threshold measure is also normalized accordingly
by the maximum value of the L, norm of the vorticity. The bounds of the instantaneous
shock, are thus identified as the locations corresponding to the relation,

min(6)
lwill: — max(llwill)’

(6.3)

which essentially follows the procedure mentioned in Sect. (5.4), but with normalized
values. The near-field predictions of the thermodynamic variances using the normalized
threshold method are smaller than their non-normalized counterparts (or conventional
threshold method) for the low Mach number cases and are comparable for the high Mach
number cases. The reason for this behavior is currently unknown, however both the meth-

ods follow the same trend observed in the LIA as evident from Fig. (6.3a).
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Figure 6.4: Variation of Kovasznay mode components in temperature variance for the (a)

near-field location (kyx; = 07) and the (b) far-field (kox; = 27) locations

Figure (6.4) presents the Kovdsznay mode decomposition of the LIA temperature
variance (computed using Eq. (6.1) and Eqgs. (5.11a) - (5.11c¢)) and is plotted as a function
of the shock Mach number. The far-field (kox; = 27) and the near-field (kox; = 0%)
data are shown to contrast the variations at the two locations. The far-field data (in
Fig. (6.4b)) shows that the temperature fluctuations at high Mach number are entirely
due to the entropy mode, whereas the acoustic mode is dominant in the transonic range.
This is similar to the observation in Ref. [118] in terms of the percentage contribution

of each component to the temperature variance. Interestingly, the data presented here
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shows that the non-monotonic behavior of far-field 7’2 with Mach number is caused by
the switch (around M, = 1.4) between the acoustic and the entropy contributions to the
temperature field. The near-field data (in Fig. (6.4a)) has a similar trend, except for a large
contribution from the correlation between the acoustic and the entropy modes for M,, > 2.
The acoustic-entropy component dies down quickly, and has a vanishing magnitude in the
far-field, owing to the different wave speeds of the acoustic and non-acoustic modes. For
the propagating acoustic waves, the integration of the acoustic-entropy correlation term

can be shown to algebraically decay with x; [41, 96].
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Figure 6.5: Variation of Kovdsznay mode components in Density variance for the (a)

near-field location (kyx; = 0*) and the (b) far-field (kox; = 2r) locations

The LIA near-field density variance in Fig. (6.2d) show a unique variation with Mach
number. It increases to attain a peak value for Mach 1.2 and then decreases at higher Mach
number. As per the Kovasznay mode decomposition analysis (see Egs. (6.1) and (5.10a) -
(5.10c)) shown in Fig. (6.5a), this non-monotonic variation is caused by a rapid increase
in the magnitude of the acoustic-entropy component at higher Mach numbers. It is found
that the acoustic and the entropy components of the density field are out-of-phase with
each other. A large negative acoustic-entropy component cancels the positive acoustic-
acoustic and entropy-entropy contributions to result in vanishingly small near-field den-
sity fluctuations in the limit of infinite shock Mach number. The values computed at Mach
1.5 and 2.5 are comparable to the LIA results. On the other hand, the threshold method
under-predicts the near-field density variance at the weakest interaction case (Mach 1.23)
and over-predicts the LIA value for Mach 3.5. The reason for these discrepancies is not
known.

Kovasznay mode decomposition for the far-field density variance is also plotted as

a function of the shock Mach number in Fig. (6.5b) for comparison. The data corre-
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sponds to kgx; = 2m and there are minimal changes beyond this value. Both the entropy
and the acoustic contributions increase with Mach number, with a large entropy-entropy
component in the high Mach number interactions and the acoustic-acoustic component
dominating at low Mach numbers. The acoustic-entropy contribution to the far-field den-
sity variance is vanishingly small, as the correlation between the acoustic and the entropy
modes decay away from the shock wave. A small plateau is visible in the lower Mach
number range, and it is characteristic of the acoustic mode (in Fig. (6.1a)). The switch be-
tween the dominant acoustic-acoustic component to the large entropy-entropy component

occurs near Mach 1.6, resulting in a further rise in ;7 with Mach number.

6.3 Effect of turbulent Mach number

The spatial variation of thermodynamic variances for different upstream turbulent Mach
numbers is plotted in Fig. (6.6) - (6.8). The LIA solutions computed using Eq. (6.1)
represents the M; — 0 limit in the figures. As expected, increasing the upstream turbulent
Mach number results in increased amplification across the shock. For the case of M, =
1.50 and Re,, = 33 shown in Fig. (6.7), it is observed that the thermodynamic quantities
decay rapidly behind the shock after attaining large values at the downstream end of the
mean shock wave, except for entropy which decays gradually. This is similar to the effect
of increasing shock strengths but with amplification proportional to M.

It is to be noted that the upstream turbulence in the DNS has thermodynamic fluctu-
ations due to the usage of ‘pseudo-sound relationships’ for adding compressibility to the

initially solenoidal turbulence,

-1
p~m, p~B iy (6.4)

Y

This results in the variation of the thermodynamic fluctuations as M, , is varied, with large
thermodynamic fluctuations for the case of M,, = 0.4 and relatively small fluctuations for
the M,, = 0.05 case. The non-monotonic variation of density variance observed for low
M, , values for the M, = 3.50 case disappears at high M,, values. This is due to the
relatively larger component of acoustic fluctuations present in the M,, = 0.25 and 0.40
cases, which in turn is amplified largely across the shock. The amplification in the entropy
component for a purely vortical upstream field is small compared to the amplification in
the acoustic component (discussed in earlier sections using Kovdsznay decomposition).
At very high turbulent Mach numbers, the amplification factor of the entropy fluc-
tuations are found to be small compared to their low M,, counterparts. It is hypothesized

that the reduction in the amplification factor is due to the presence of shock holes, a
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phenomenon in which the local shock is replaced by multiple compression waves, and
resulting in a smooth variation of the fluctuations inside the numerical shock instead of
very large values. This is clearly observed in Figs. (6.6d), where there is no amplifica-
tion for M,, = 0.4 and very small amplification for M,, = 0.15 and 0.25, and in (6.8b),
where there is very small amplification for M,, = 0.4 case. These cases have the up-
— ™ __ to be greater than 0.6, which is

(Mu -
the criterion for broken shocks proposed in Refs. [27, 81]. For high M, cases, the amplifi-

stream shock-turbulence intensity defined as,

cation ratios increase with increasing M, , values also, which supports the hypothesis that

‘broken shocks’ are due to the local shock-turbulence intensity than the M, , value.

0.4 0.6 —— s ——— ————r
[ [ A LIA
i 05F | . M,, = 0.054
i 0.4F n = 29 ]
;‘ i N . M, =0.40 ]
0_2; } 03F ’ ]
L r e 1
o S M ]
PR 02} ;
01} | . A S 1
B Y 01k ™ 000.,,,““&
AE ’ ;Al‘: AAAAAAAAAAAAAAAAi
boo [ [e® SCacccaaaa
O'Q‘V 0 (] T Sy
0 0 5 10 15 20
kOX1
(b) Pressure
0'07;“: - - A ] 0'012'“"”"HH"H‘L'lAHH
006F |a . M,, = 0.057 L . M, =0.05]
0.05f ¢ . M, =0.15 ] T . M. =0.15
r ’ 1 [ tu N 1
: E : . Mt,u =0.25 E 0.008 i A Mt,u =0.25]
0.04 :_ 0{ A * Mx.u = 0.40_: r tu Ps M(,u =0.40 ]
oosl SRS { o006} .
Or T e E i tes
002f e 0.004 teen, ]
' E Ao I AAAA ‘e .
st 4o 0.002 . faaas s
0.01: :. i "0.......00::::::;
bed L A E e T T T NN NN NNNN
) 510 15 20 0 —30 5 20
k, X Ko X,
(|
(c) Temperature (d) Entropy

Figure 6.6: Spatial variation of normalized (a) density, (b) pressure, (c) temperature, and
(d) entropy variances for varying upstream turbulent Mach numbers from the case of
M, = 1.23 and Re,, = 33. The solid line is the LIA solution which is based on the
M,, — 0 assumption. The region of unsteady shock movement for M,, = 0.15 is shown

by the grey band

The amplification of pressure and temperature fluctuations for the highest M, , value

is comparable to the amplification obtained at very high Mach numbers but with lower
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Figure 6.7: Spatial variation of the normalized density variance for (a) M, = 1.50, (c)
M, = 2.50 and (e) M, = 3.50 in the dataset of Re,, = 33 for all M,, values. The

corresponding pressure variances are shown in (b), (d) and (f). The solid line is the LIA

solution and the symbols are DNS results. The region of unsteady shock movement for

M,, = 0.15 is shown by the grey band
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Figure 6.8: Spatial variation of the normalized temperature variance for (a) M, = 1.50,
(c) M, = 2.50 and (e) M, = 3.50 in the dataset of Re,, = 33 for all M,, values. The

corresponding entropy variances are shown in (b), (d) and (f). The solid line is the LIA

solution and the symbols are DNS results. The region of unsteady shock movement for

M,, = 0.15 is shown by the grey band
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M,,. The unsteady shock displacement is directly proportional to the M,, value and
the region of mean shock thickness increases in size for higher M,,. The broken shock
cases have a very wide mean shock profile, which is actually due to the averaging of the
distance between widely spaced compression waves over the time period of collection of
flowfields.

Interestingly, the temperature variance for M,, = 0.05 and high Mach numbers
(M, = 2.50 and 3.50) decays at a much slower rate than the other M,, values. This can
be interpreted using the quasi-equilibrium assumption of Sarkar e al. [33, 136], where
the acoustic component of the fluctuations have decayed at a very fast timescale (or short
length of approximately kox; = 2), leaving only the entropic component to decay the
fluctuations.

Atlow M, values, the contribution from the entropy component is minimal, display-
ing a rather slow decay rate due to viscous effects compared to the exponential behavior
observed for the other M,, values. The tendency of equipartition between the pressure
fluctuations and the dilatational component of the turbulent kinetic energy in contribut-
ing towards the total turbulent energy could explain the underlying mechanism for the

dissipation effects.

6.3.1 Near-field variation for varying turbulent Mach number

Figure (6.9) shows the near-field values of the DNS cases computed using the thresh-
old method in comparison to the LIA solution. The values are closer to the LIA predic-
tions for up to M,,, = 0.15, and significant deviations are observed for the higher M,
values, especially for the temperature and entropy variances. The cases M, = 1.23 with
M,, = 0.25 and M, = 1.23, 1.50 with M,, = 0.4 show different trends compared to the
other cases. This is most probably due to their ‘broken shock’ nature, where the method
was not able to find a proper shock.

The density, pressure and temperature variance values show an opposite trend com-
pared to their counterparts shown in Figs. (6.6) - (6.8), where they were increasing with
increasing M, , values. It is to be noted that the increasing trend corresponds to the values
beyond kpx; > 1, and not at the shock. The unphysical peak value observed in the center
of the mean shock region (when computed in the conventional averaging procedure) de-
creases for increasing M, , values. This implies that at each instant, the peak in the shock
region is also decreasing for increasing M, values. This effect is reproduced in Fig. (6.9)
by the threshold method, which finds lower peak values at the shock for increasing M,
values. The entropy variance, on the other hand, is increasing with increasing M, value,

since its peak in the numerical shock region is found increasing correspondingly.
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6.4 Effect of Reynolds number and spectrum shape

The effect of Taylor scale based Reynolds number and the shape of the upstream en-
ergy spectrum are investigated with the available DNS data in this section. Thermody-
namic variances for low and high upstream Taylor scale Reynolds numbers are plotted in
Fig. (6.10). The spatial variation of the variances is similar to the variations observed in
Fig. (5.2) with large values in the shock region and rapidly decaying trend immediately
behind the shock. The high Reynolds number case has a faster decay rate compared to the
low Reynolds number flow, which is contradictory to the observations found for velocity
and its related statistics.

The scaling of the spatial direction with the characteristic wavenumber (k) does not
show this decay rate, but is used here since comparisons with LIA solutions have been
made. Many reasons can be attributed to this discrepancy, but the most probable one is
the difference between the turbulence spectrum used to generate the inflow turbulence.
The effect of the shape of the upstream turbulence spectrum is also shown in the figure by
comparing the LIA thermodynamic variances for two different turbulence spectrum.

The spectra used in this analysis are the exponential spectrum given by the expres-
sion,

E(k) ~ (k[ko)* e™2*/h" (6.5)
and the von Karmén spectrum [80], which is expressed as,

(k/ko)*

E(k) ~
|(k/ko)” + (5/6)

e (6.6)

The variances are found to be independent at the locations immediately behind the
shock (x; = 0%) and at the far-field (x; — oo). In the rapidly decaying region (1 < kyx; <
4), there are significant variations between results from the two spectrum shapes. The von
Kérman spectrum fairs better in comparison to the exponential spectrum since the initial
spectrum in the DNS cases were also of the former type. There are still variations between
LIA and DNS results, especially in the pressure fluctuations which implies that an exact
match is possible only when the same energy spectrum used in the DNS is also applied in
LIA. This was also verified in the work of [90] where the inflow turbulence from DNS is
applied in LIA to obtain reliable post-shock flowfields for high Reynolds numbers, which
are in general difficult to obtain using DNS.

The Re,, = 40 cases from [83] used an exponentially varying turbulence spectrum
whereas, a von Kdrman type turbulence spectrum was used for the Re,, = 75 cases

[81]. As it is found that the decay rate of the variances depend on the inflow turbulence
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spectrum, it is necessary to have different Re, , cases generated using the same turbulence

spectrum to make a meaningful comparison.

6.5 Summary

The effect of the shock strength on the thermodynamic variances is extensively analyzed,
and the near-field and far-field predictions of LIA in comparison with the DNS are as-
sessed. The effect of the turbulent Mach number is as expected; higher the upstream
value, higher is the downstream value. Of the thermodynamic variances studied, the en-
tropy field behind the shock is altered drastically whether the case is in the wrinkled shock
regime (shock is highly displaced but with no holes locally) or in the broken shock regime
(shock is replaced by multiple smooth compression waves locally). To understand the ef-
fect of Taylor-scale Reynolds number, additional data with the same inflow turbulence

spectrum is required.






Chapter 7
Budget analysis

In this chapter, the significant terms responsible for the amplification and evolution of the
post-shock thermodynamic field is investigated by computing the budget of the terms in
their respective transport equations. The results are from the dataset of M, = 0.15 and
Re,, = 33 for varying Mach numbers. The dominant terms for the variances and the
fluxes are found to be the same for the other turbulent Mach number cases also, though
their spatial evolution profile is different. The significant terms predicted by LIA are also
the same terms found from the numerical simulations and show similarities qualitatively

but the quantitative agreement is poor.

7.1 Budgets of thermodynamic variances

The different post-shock behavior exhibited by the different thermodynamic variances for
varying Mach numbers is explored further in terms of their transport equation. DNS data
is used to compute the budget of the source terms, so as to identify the dominant physi-
cal mechanisms responsible for a particular post-shock behavior. Note that the transport
equations presented in this section are for steady one-dimensional mean flow encountered
in canonical shock-turbulence interaction. A more detailed description of the transport
equations for the thermodynamic variances can be found in [36]. For canonical shock-
turbulence interaction with a steady mean shock (a = 0) and one-dimensional mean
flow, the averages are functions of t_he shogk—normal direction x; only, i.e., the derivatives
of _ of

in the shock-parallel directions, pralalirale 0. The thermodynamic variances are nor-
X2 X3

malized as mentioned earlier; by the square of their downstream mean values (/_)fi, ﬁﬁ and

Tz), except for the entropy variance which is by the square of the gas specific heat ca-

pacity at constant pressure (cf,). Additionally the variances are scaled by the normalized

99
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)
DU, . . Jd . .
upstream TKE, T’" The spatial gradient operator (6_) is normalized by the peak
up, X1
energy wavenumber, k) and the velocity fluctuations are factored by their upstream mean

values, u;,. This normalization procedure is followed through out this chapter unless

mentioned otherwise.

7.1.1 Density variance

The transport equation for density variance (ﬁ) can be obtained by multiplying p’
to the continuity equation and taking the respective averages. The transport equation for

our problem reduces to,

0 p?) _ W) 5500 _ i
0x; 0x; 0x, b ox
—
Convection Diffusion Production (7 1)
o’ o’
_2ﬁpl _J _ ,0,2 _J
Oxj a)Cj
Dilatation
u!
where —~ is the fluctuation in dilatation.
Xj

Figure (7.1) shows the budget of the terms in the transport equation for density vari-
ance for the DNS cases computed as part of the current work. The term on the LHS of
Eq. (7.1) is the convection term, which is the transport of density variance by the mean ve-
locity field. The convection term is usually negative and for the sake of easy comparison,
the negative of the convection term is shown in the figure. The last two terms represent
dilatation effect on density fluctuations, with the second term being of higher order, and
hence has negligible contribution. The first dilatation term is the primary source term in
the post-shock evolution of density variance, and is comparable to the convection term.
This is similar to that reported by [45] for a Mach 2 shock-turbulence interaction. In
the absence of a strong mean compression outside the region of unsteady shock motion
(shown by the vertical dotted lines near to kyx; = 0), the fluctuating dilatation is the main
contributor to the source terms as well as the overall budget. The density-dilatation corre-
lation is positive for the first three cases resulting in a negative source term. It monoton-
ically decreases in magnitude with increasing distance from the shock wave with a small
exception for kpx; < 1 in the M,, = 2.5 case. For the Mach 3.5 interaction, the convection
and dilatation terms have a non-monotonic variation, similar to the spatial variation of the
density variance in this case. The budget terms change sign behind the shock wave, and

the zero crossing corresponds to the peak in the density variance observed in Fig. (5.2)
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for this particular turbulent Mach number. For high Mach numbers cases with high turbu-
lent Mach numbers, there is no zero crossing, due to the acoustic component being much

larger than the entropic component, and replicate the variation as observed at low Mach

numbers with low turbulence intensities (say, M, = 1.5 and M,, = 0.15).
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Figure 7.1: Budgets of terms in the transport equation of p’? for different Mach numbers
from the present simulations. Convection (solid), diffusion (dashed), production (dash-
dotted), dilatation (dash-double dotted), and the sum of all terms (square symbols). The
density variances are normalized as mentioned in the text whereas, the streamwise di-
rection is normalized by the peak energy wavenumber in the inflow turbulence. Region
of unsteady shock motion is shown by a grey band. Inset shows the contribution of the

production and the diffusion terms which are at least an order of magnitude lesser than

the dominant terms.

The diffusion term (first term on the right-hand side) represents the turbulent trans-
port of density fluctuations in the post-shock flow. It is of an order higher than the con-
vection term and is expected to have a small contribution. The production term generates

density fluctuations through the gradient of mean quantities (density and velocity). [83]
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report small variation in the mean velocity and density in the region immediately be-
hind the shock. This is due to the fact that the jump conditions across a shock wave are
slightly different for a turbulent flow than the standard RH conditions for flows without
fluctuations [88]. Small variation in mean quantities behind the shock results in a finite
gradient in the shock-normal direction, which in turn results in a non-zero production
term behind the shock wave. The inset in each sub-figure of Fig. (7.1) shows a highly
magnified view of the region immediately behind the shock, where the diffusion and pro-
duction terms have non-negligible contribution. The diffusion and the production terms
are indeed smaller than the dominant terms by at least an order of magnitude. The error
computed as the sum of all the terms in the transport equation (with the convection term

placed on the RHS) is also found to be small.
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Figure 7.2: Same as Fig. (7.1) showing only the dominant terms for all the Mach numbers
in the same plot. Legend: M, = 1.23 (solid), M, = 1.5 (dashed), M,, = 2.5 (dash-dotted)
and M, = 3.5 (dash-double dotted). The square symbols represent the sum of all the terms
in Eq. (7.1). The grey band shows the region of unsteady shock motion for the case of
M, = 3.50.

Figure (7.2) shows the variation of the significant terms for increasing Mach num-
bers. The convection (+ axis) and the dilatation (— axis) terms are only plotted against the
shock-normal direction. For the turbulent Mach number of M, , = 0.15, the terms change
sign after the acoustic adjustment region (around kox; = 1). The plot indicates that the
terms rapidly increase across the shock, followed by a rapid decrease in magnitude for
increasing shock strengths. This seems to be counter-intuitive and requires clarification.
Immediately behind the shock there is large amplification of density variance, followed

by an acoustic decay and additional dissipation of entropy fluctuations for the stronger
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shocks. The rapid decay for stronger shocks is due to the variations in the mean shock
thickness as the flow Mach number changes. The thin shock of M, = 3.5, thus shows
a rapid decay compared to the weak shock cases at a particular kyx; location behind the
shock, but the decay rate of all the cases is almost similar. Beyond kyx; = 10 (range not
shown), all the terms decay which implies that the convection of density variance is zero

and that density variance asymptotes to a constant value.

7.1.2 Pressure variance

The transport equation for pressure variance (p’?) is obtained by taking a moment of
the pressure transport equation with p’. The transport equation for instantaneous pressure
can be obtained from the energy conservation equation using the relation p = (y — 1)pe’
where, ¢/ = ¢,T is the internal energy and c, is the gas specific heat capacity at con-
stant volume. The simplified version of the pressure variance transport equation for the

canonical shock-turbulence interaction is given by,
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The transport equation for pressure variance has a form similar to that of the density
variance presented above, with terms representing mean convection, diffusion, production
and dilatation. In addition, there is dissipation effect and a triple correlation including vis-
cous stresses. The dissipation term consists of the product of the gradients in fluctuating
pressure and temperature with the conductivity of the fluid, whereas the triple correla-
tion can be interpreted as a correlation of the pressure fluctuations with the viscous work

that contributes to the energy of the fluid element. Both the viscous correlation and the

dissipation terms are found to be negligible in the p’? budgets computed using the DNS
data. On the other hand, the pressure dilatation correlation term is the main contributor
to the budget, and it is about two orders in magnitude larger than the other source terms.

The first part balances the convection term, as in the ;? budget, while the second part of
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the dilatation term consists of higher order correlation, and is found to be comparatively

small. Unlike earlier, the pressure-dilatation term is always negative, and it exponentially

decreases with distance from the shock wave - a trend similar to p’? at all Mach numbers.
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Figure 7.3: Budgets of terms in the transport equation of p’? (Eq. (7.2)) for different
Mach numbers: M, = 1.23 (solid), M, = 1.50 (dashed), M, = 2.50 (dash-dotted), M, =
3.50 (dash-double dotted) from the current simulations. Convection terms are represented
on the positive axis and the dilatation terms are shown at the negative axis. Region of
unsteady shock motion for M, = 3.50 (thinnest shock) case is shown by the grey band.
Production, diffusion, dissipation and triple correlation terms (not shown) are very small
in magnitude compared to the dominant terms. The square symbols represent the sum of

all the terms in Eq. (7.2).

The production of pressure fluctuation due to mean pressure gradient depends on
the pressure-velocity correlation. A second production term is given by the mean velocity
gradient in the streamwise direction. These are, once again, found to be negligible, owing
to the small magnitude of the post-shock mean field variation. Diffusion of pressure
fluctuations are due to the turbulent transport of pressure fluctuations by the velocity field,
as well as a correlation of the fluctuating pressure with the conduction heat flux. Both the
diffusion terms are much smaller than the dominant dilatation effect, and this is similar to
the density budget presented in Fig. (7.1).

Figure (7.3) plots the mean convection and the dilatation source term for varying
Mach numbers. All the curves are qualitatively similar, and there is a clear trend of an
increase in magnitude with increasing Mach number (to be interpreted as same as the

density budget profiles. The effect of dissipation due to thermal conduction are found
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to be negligible for the case considered here. Thermal dissipation effects are observed
for the M,, = 0.4 case due to the presence of relatively large amount of entropy fluctua-
tions. However, they are still very small compared to the dilatation term and thus can be

neglected to a certain degree of approximation.

7.1.3 Temperature variance

We follow the Favre averaging procedure for temperature and thus, the temperature
variance transport equation, given in Eq. (7.3) is obtained by multiplying p7" with the
transport equation for temperature, followed by Reynolds averaging, and reducing it to
the canonical shock-turbulence interaction case. The transport equation for temperature
is obtained from the internal energy component of the total energy conservation equation

and can also be obtained once the pressure transport equation is known.

o pT"?) _(9(p T2 uy) N 201" q1)

ox 0x c, Ox
Convection Diffusion
" 12 aT =Y 14 ’ 174 aﬁl 2 14 6%
2pT"u) — —(pT"+p'T") —+—T" 0y —
ox, ox, ¢, 0x,
Production
7 7 (7.3)
250 %2 0%
Cy ox; ¢ Ox;
Dilatation
2 01" 2 ou!
’” !
—4j +—=T"0y——,
¢, T 0x; ¢ Ox;
Dissipation Triple correlations

where ¢, = 1 is the specific heat capacity of the gas at constant volume and R is the

specific gas constant.

The above equation matches term-by-term to the pressure variance equation. There
are minor differences in terms of p’ replaced by p7” and ¢, in place of the factors of y
in Eq. (7.2). The budget of temperature variance is once again dominated by the acous-
tic effect, with a large dilatation source term balancing the convection term behind the
shock wave (see Fig. (7.4)). The main difference is the dissipation term at higher Mach
number. The dilatation effect decays rapidly to take very small values away from the
shock, while the dissipation term shows a slow decrease in magnitude. So, the viscous
dissipation of temperature fluctuations takes over the inviscid dilatation effect at some dis-

tance away from the shock wave. The location of this change moves closer to the shock

with increasing shock strength as the dissipation becomes more negative with increasing
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Mach number. Farther away from the shock, the budget is dominated by the negative
dissipation term, which balances the dilatation and convection effects. Interestingly, the
dilatation source term changes sign to become positive for kpx; > 1. This is true for all
Mach numbers, and is not seen in the pressure and density budget plots, except for Mach
3.5 density budget, where the change in sign is associated with a local peak in the density
variance downstream of the shock. The temperature variance has no such local peak in
magnitude, and it is governed primarily by the viscous dissipation at large distances from

the shock wave.
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Figure 7.4: Budgets of terms in the transport equation of p7"> (Eq. (7.3)) for the four
different Mach numbers: M, = 1.23 (solid), M, = 1.50 (dashed), M, = 2.50 (dash-
dotted), M,, = 3.50 (dash-double dotted) from the current simulations. Region of unsteady
shock motion from the M, = 3.50 case is shown by the grey band. Production, diffusion,
dissipation and triple correlation terms (not shown) are very small in magnitude compared
to the dominant terms. The square symbols represent the sum of all the terms in Eq. (7.3).
The thermal dissipation term is observable only for the M, = 3.5 case and is shown by

pink, dash-dotted line.

7.1.4 Entropy variance

Using the fundamental thermodynamic relation, specifically the form of Gibbs re-
lation: T ds = de — % dp, the transport equation for entropy (s) can be obtained from
the internal energy equation. The transport equation for its variance is obtained by taking
a moment with ps” similar to the procedure followed for temperature variance given in

Eq. (7.3). For the case of canonical shock-turbulence interaction, the transport equation
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18 written as,
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Figure 7.5: Budgets of terms in the transport equation of ps”’? (Eq. (7.4)) for different
Mach numbers: M, = 1.23 (solid), M, = 1.50 (dashed), M, = 2.50 (dash-dotted), M, =
3.50 (dash-double dotted) from the current simulations. Convection terms are represented
on the positive axis and the dissipation terms are shown at the negative axis. Region
of unsteady shock motion for M, = 3.5 (thinnest shock) case is shown by the grey band.
Production, diffusion and triple correlation terms (not shown) are very small in magnitude
in comparison to the dominant terms. The square symbols represent the sum of all terms

in the transport equation and indicates budget closure when zero.

The entropy variance transport equation and its budget plots in Fig. (7.5) are very
different from those for the other thermodynamic fluctuations. The entropy budget is
entirely governed by the thermal dissipation term, which includes a product of fluctuating
heat flux vector and entropy gradients in the fluid. There is a slow monotonic decay in the
dissipation rate and the steep gradient in the vicinity of the shock wave is due to unsteady

shock oscillations. The triple correlation term has a non-negligible contribution to the
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overall budget, especially at low Mach numbers, indicative of high turbulence intensity
resulting in entropy fluctuations. It has the usual correlation of the viscous work with the
entropy fluctuations. There is an additional term consisting of the viscous dissipation of
temperature fluctuations and the fluctuating entropy.

The dissipation effect balances the positive convection and small values of triple
correlations for weaker interactions. The magnitude of viscous dissipation increases with
Mach number. A similar increase in the dissipation of temperature fluctuations is reported
in Fig. (7.4). We note that the entropy being a pure mode, has no contribution from the
acoustic waves generated at the shock. This is evident from the absence of the dilatation
effect in the 572 transport equation. We also identify that the diffusion term has the same
form as earlier, and is negligible except for the immediate vicinity of the shock wave.
Production due to the post-shock gradients in mean entropy, mean temperature and mean

velocity is also small and comparable to the error in the budget.

7.2 Modeling implications

It is identified that the transport of the thermodynamic variances in the post-shock region
to be dominated by dilatational effects and dissipative mechanisms (see Sect. (7.1)). The

full transport equations can be approximated to a suitable degree in the form of,
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where only the dominant source terms are retained on the right-hand side.

The dilatation source terms in the transport equations for density, pressure and tem-
perature variance represent inviscid mechanism; they are devoid of any viscous or con-
duction effects. These source terms are also dominated by the acoustic mode, which has
isentropic thermodynamic fluctuations. The isentropic relations between p’, p” and T’
can thus be used for modeling the unclosed correlations in the respective dilatation source
terms. Also note that the isentropic thermodynamic field is expected to correlate well
with the dilatational velocity field, as both correspond to the acoustic waves generated at

the shock wave. The fact that LIA is able to reproduce the acoustic mode, namely the
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pressure fluctuations, makes the linear inviscid framework appropriate for modeling the
simplified transport equations given in Egs. (7.5) - (7.8).

The dissipation term in the entropy equation shown in Eq. (7.8) has to be modeled
differently, as the LIA theory does not provide information on the viscous and heat con-
duction effects. The entropy mode generated at the shock, and its isobaric nature can
be exploited to develop closure models for the dissipation source terms in the entropy
and temperature equations. The model equations can be cast in the k — € framework,
in line with the modeling of the vorticity variance and the solenoidal dissipation rate in
Ref. [144]. Also, the variation of the mean conductivity across shock wave has to be ac-
counted for, akin to the effect of the mean viscosity on the turbulent dissipation rate. The
new physics-based models thus developed can be applied to canonical shock-turbulence
interaction cases from the current DNS as well as those of Larsson et al. [81]. The mag-
nitude of the thermodynamic variances generated for different Mach numbers and their
post-shock evolution can be compared to the extensive DNS and LIA results presented in
Chaps. (5) and (6).

7.3 Summary

For the region behind the shock. correlations of density-, pressure- and temperature-
fluctuations with dilatation is found to be the dominant term in their respective variances.
For entropy, the balance is due to the viscous dissipation term. The amplification at the
shock, however, is found to be due to production mechanisms. These findings suggest
that for the case of canonical STI, the thermodynamic field is governed by mostly inviscid
mechanisms, the dilatation correlation, which is an acoustic effect that can be predicted
using the LIA theory. Their implications for modeling the thermodynamic variances are
highlighted.






Chapter 8

Modeling of thermodynamic

fluctuations

In the previous chapter, the comparison of budget of terms for the thermodynamic vari-
ances showed that the dominant terms are linear in nature (mostly) and could be pre-
dicted by LIA. We follow the methodologies provided in the works of Sinha et al.
[144, 145, 163], and Quadros and Sinha [117] to develop algebraic models for predicting
the amplification (or production) of thermodynamic fluctuations across the shock. One
of the important features of STI is the shock-corrugation effect (or shock-unsteadiness
effect [145]), which is not incorporated in standard turbulence models such as k — € and
k — w when used in shock-dominated problems. This results in an incorrect prediction of
TKE which are mostly larger than those observed in DNS/LIA data. The inclusion of the
shock-unsteadiness effect damps the excess (or incorrect measure) of the production of
TKE, leading to an accurate prediction of the amplification of TKE across the shock. In
this chapter, we explore the effect of shock-unsteadiness on the thermodynamic fluctua-
tions via an integrated budget approach as followed in [145], and then follow up with the
development of a model for the thermodynamic fluctuations.

Models for the temperature fluctuations [168] and for the density fluctuations (and
also its flux) [139, 148, 155] in the differential equation form are available in literature
for shock-dominated problems. Xiao et al. [168] proposed a differential equation based
model for the turbulent enthalpy variance, which can be rewritten in terms of the temper-
ature variance for perfect gases. Taulbee and VanOsdol [155] proposed models for the
density variance and the turbulent mass flux using gradient diffusion hypothesis. Soulard
et al. [148], on the other hand, proposed a model for the density variance based on pseudo-
compressible approximation. Schwarzkopf et al. [139] proposed models for the unclosed

second-moment terms in the transport equation of the Reynolds stress, which rely on a

111
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differential equation for the modeled turbulent lengthscale of the problem. Additional
closures for the density variance and the turbulent mass flux were also provided based on
the same turbulent lengthscale by them. These models are complex in nature compris-
ing multiple effects such as diffusion and pressure gradients. Our objective is rather to
develop simple, yet robust models for the post-shock thermodynamic fluctuations, which
are also algebraic in nature.

We make use of LIA and the shock-unsteadiness k — € model of Sinha et al. [145]
(hereby, referred as SU k — € model) to develop the models for the shock-amplified ther-
modynamic fluctuations. The proposed models have been developed in the phenomeno-
logical sense, and are compliant with the underlying physical mechanisms. DNS data
from the M, = 0.22 and Re; = 40 dataset of Larsson et al. [81] are used to validate
the proposed models. The models assume the inflow turbulence to be purely vortical,
which implies that there are no thermodynamic fluctuations upstream of the shock wave.
The DNS data, however, has some finite thermodynamic fluctuations in the upstream re-
gion but are very small compared to the vortical fluctuations [83]. We further consider
that this canonical problem can be represented in a one-dimensional framework, since
the averages (or moments in general) are functions of only the shock-normal direction
(x1 or just x here). In this chapter, subscripts 1 and 2 are used to represent upstream and
downstream values, respectively, instead of u and d. It is to be noted that k;, mean the
upstream/downstream TKE in this chapter whereas, kq is still used to denote the peak

energy wavenumber for consistency.

8.1 Linearized transport equations

The governing equations for the transport of thermodynamic variances and the budget
analysis of the DNS data showing the dominant terms for each of the thermodynamic
variances were already discussed in the previous chapter (also provided in Ref. [142]). In
this section, the transport equations of the thermodynamic variances are linearized (about
the uniform mean flow) and the budget of each term is computed using LIA. The dif-
ferential form of the linearized equations is written in the frame of reference attached
to the unsteady shock [99]. The equations are then integrated across the shock to iden-
tify the contribution of each term in the post-shock region (see [145, 163] for a detailed

procedure).
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8.1.1 Temperature variance

The conservation of total enthalpy in its linearized form,

or’ ou’ 8u ou
Cp—— P —u Frie u f, e (8.1)

is used to obtain the linearized transport equatlon for the temperature variance in the
unsteady shock frame of reference. Here, &, is the shock-unsteadiness velocity. Taking a

moment with 7’ and neglecting higher order terms, the linearized equation is obtained as,

ary p) ox’

where the first term on the RHS is the production term due to the gradient of mean ve-
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locity. The second term is the shock unsteadiness term and the last term is the correlation
between temperature and dilatation fluctuations. From the linearized Rankine-Hugoniot
relation for enthalpy conservation across a normal shock, the change in temperature vari-

ance 18 written as,
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where T, = . Equation (8.3) is the integrated form of Eq. (8.2) across the shock,

2
where the first term on the RHS is the production due to mean velocity gradient (Pro-
duction), followed by the damping of the Shock unsteadiness term and the temperature-
dilatation correlation term (Dilatation).

Figure (8.1) shows the budget of Eq. (8.3) for different Mach numbers where the

ki
terms are normalized by ¢, T2 ( ) The integrated budget for the temperature variance

across the shock show that the Pb;lﬂé)duction term to be the dominant term, contributing to
the entirety of the amplification of temperature variance (Amplification) across the shock.
The Dilatation term albeit small, is finite and is responsible for the amplification of tem-
perature variance for the low Mach number cases. The Shock unsteadiness term is found
to be negligible except for the high Mach number cases, where it balances out the con-
tribution from the Dilatation term. The correlations such as w7’ and T"&, are computed

using the LIA theory, similar to Eq. (6.1) in chapter (6).

8.1.2 Density variance

The linearized transport equations for the density variance is obtained from the lin-

earized mass conservation equation,
_0p’ _ou ,0u 8p
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Figure 8.1: Budget of Eq. (8.3) for different Mach numbers. The terms are shown as they
appear in the equation with the plusses denoting the balance between the LHS and RHS.

All terms are normalized by ¢, T; (ky J153)

by taking a moment with p” and neglecting higher order terms. The linearized equation is

given by,
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where the first and the second terms on the RHS are production terms due to mean gra-
dients of density and velocity, respectively. The third term accounts for the damping in
production due to the unsteady shock and the last term is the correlation between density
and dilatation fluctuations. From the linearized RH relation for conservation of mass, the

change in density variance across the shock is written as,
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where p), = 2 Equation (8.6) can be interpreted as the integrated form of Eq. (8.5)
across the shock. The term Amplification describes the change in density variance across
the shock, Production-1 is the production due to mean density gradients, Production-2 is
the production due to mean velocity gradients, Shock unsteadiness is the damping term
due to the unsteady shock, and Dilatation corresponds to the density-dilatation correlation

term.
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Figure 8.2: Budget of Eq. (8.6) for different Mach numbers. The terms are shown as they
appear in the equation with the plusses denoting the balance between the LHS and RHS.

All terms are normalized by ﬁ% u ky /ﬁf

Figure (8.2) shows the budget of Eq. (8.6) against different Mach numbers for the

)
U

The integrated budgets across the shock show that the Dilatation term to be the domi-

o . —— [k
case of purely vortical inflow turbulence, where the terms are normalized by p% U [—1)

nant term matching the Amplification term. The effect of the Shock unsteadiness term is
found to damp the Production-1 term. The Production-2 term is identically zero due to
assumption of purely vortical turbulence upstream of the shock. The total density variance
immediately behind the shock (or near-field density variance) tend towards zero at high
Mach numbers, which is due to the balance between the acoustic and the entropy modes.
The density variance away from the shock (or far-field density variance), however, is fi-
nite due to the entropy mode being larger than the acoustic mode [142]. For the case of
upstream turbulence comprising of both vorticity and entropy fluctuations, the near-field
density variance is found to be finite for the high Mach number interactions and strongly

depends on the correlation between the vorticity and the entropy modes [99].

8.1.3 Pressure variance

The linearized transport equations for the pressure variance is also obtained in a
similar way as that of the density variance. The linearized streamwise momentum con-

servation equation is,
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Taking moment of the streamwise momentum conservation equation with p” and neglect-

ing higher order terms yields the linearized equation for pressure variance,
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which is similar to Eq. (8.5) with the first and the second terms in the RHS being the pro-
duction terms, the third term is the shock unsteadiness term which damps the production
due to mean velocity gradients and the last term is the correlation between pressure and
dilatation fluctuations. The change in pressure variance across the shock is now obtained

from the linearized RH relation for conservation of streamwise momentum,
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where p; = — The above equation is analogous to Eq. (8.6) and can be taken as

the integrated form of Eq. (8.8), with the first two terms representing the production of
pressure variance, the third term represents the shock unsteadiness effect and the last term

denotes the pressure-dilatation correlation.
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Figure 8.3: Budget of Eq. (8.9) for different Mach numbers. The terms are shown as they
appear in the equation with the plusses denoting the balance between the LHS and RHS.

All terms are normalized by p; (k, /u})

Figure (8.3) shows the budget of Eq. (8.9) for different Mach numbers where the
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terms are normalized by p% _—; . The integrated budgets across the shock show that the
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Production-1 and the Dilatation term to be the dominant terms whereas, the effect of
Shock unsteadiness 1s negligible except for low Mach numbers. The Production-2 term
which comprises of the correlation of pressure fluctuations with upstream density fluctu-
ations is identically zero due to the consideration of purely vortical turbulence upstream
of the shock. This term, however, would have significant contribution to the change in
pressure variance if the upstream turbulence is of a mixed type such as vortical-entropy
turbulence as considered in Refs. [98, 99] and [163].

The integrated budgets for the density, pressure and temperature variances indicate

that the Production term in the form of f’u’ o and the Dilatation term in the form of
X

I ( au ) to be the dominant terms. We, thus, model the production of thermodynamic
x

variances at the shock as the product of the correlation f”u’ and the mean velocity gradient
P

(6_u) The effect of the dilatation term, as will be shown later, would be to damp the
by

production at the shock and to model the decay of the thermodynamic variances in the

region behind the shock.

8.2 Model development

The predictive models for temperature, density, pressure and entropy fluctuations are de-
veloped from the linearized equations in this section. The procedure used in the develop-
ment of the models is analogous to the procedure followed in the works of Sinha ef al.
[145] and Quadros & Sinha [117]. We make use of the understanding of the underlying
dynamics from earlier analysis on the thermodynamic fluctuations (previous chapters and
also summarized in [142]) and on the turbulent energy flux [118, 119] for the model de-

velopment. The following points consolidate the key messages from the previous studies:

e Thermodynamic variances obtained from LIA match well with the DNS data, and
thus LIA predictions can be used to model the underlying physics (by providing

closures for the generally unknown correlations).

e Reynolds and Favre averaged quantities were found to be approximately the same,
ie., f~ fand ]72 ~ }72

e Density (;7), pressure (ﬁ) and temperature (77?) variances show a large amplifi-
cation at the shock followed by a rapid decay. This rapid decay is mostly due to

acoustic mechanisms.
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e Entropy variance (s2) also show a large amplification at the shock but a rather
gradual decay compared to the other thermodynamic quantities. This slower decay

is mostly due to viscous mechanisms.

e Decomposition of the post-shock thermodynamic variances in terms of their
Kovasznay modes [78] (acoustic, entropy and vorticity modes) showed that the
entropy-entropy correlation to be significant in the far-field (x — oo0) and the
acoustic-acoustic correlation to be dominant in the near-field (x = 0%). Here, the

shock is located at x = 0.

e At high Mach numbers, the effect of the acoustic mode in the variances is found to

be small compared to the entropy mode in the thermodynamic fluctuations.
8.2.1 Temperature flux correlation

The model for turbulent temperature flux is derived here. This is similar to the
model development procedure followed in Ref. [117]. First, we start with the linearized
RH relation for the total enthalpy in the frame of reference attached to the instantaneous
shock,

“» ox ué?x ”ax "ox’

which upon taking a moment with u’ gives the linearized equation for temperature flux as,

(8.10)

c,,%(ﬂ') = —ﬁ% (“;]—w%m'_g,%wp T’%, (8.11)
where the first two terms on the RHS are the production terms, the third term is the shock
unsteadiness effect and the fourth term is the temperature-dilatation correlation.

Assuming w? = % and wé, = biu'?, Eq. (8.11) is rewritten in terms of turbulent
kinetic energy, k. Here, b; = 0.4 + 0.6 ¢>1~M i5 the modeling coeflicient obtained using

LIA [145]. The modified equation reads as,

0 —— 4 ou ou’
c,,a(ﬂ):—§ (I=by) kot ¢, T/~ (8.12)
where the model equation for k from Ref. [145],
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is used to solve for the turbulent kinetic energy.

Similar to the procedure used in Ref. [145] to determine the amplification of turbu-
lent kinetic energy, we can compute the amplification of the turbulent temperature flux by
considering the production term alone. The modeled equation for «’7" thus reduces to,

ou

8 —— 4
¢ (wT") ~ —5 A =bk o (8.14)
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Integrating Eq. (8.13) across the shock yields the relation,
— \-3a-b)
k2 uz 3 ( 1
— == . 8.15
c-(2) (8.15)
which is a function of the upstream Mach number only, and can be used to obtain a closed

form solution for the temperature flux across the shock. Upon substitution of Eq. (8.15)

in Eq. (8.14) and integrating across the shock yields,

- 4 3 3 -3 @b1+1)
¢ (u’zTé—u;T{)z[g(l—bl)] (2b1+1) 1—(ﬁ—2) ky iy, (8.16)

where u|T| = 0 for the case of purely vortical turbulence upstream of the shock. Consid-

ering the incoming turbulence to be purely vortical in nature and normalizing Eq. (8.16)

as shown below,

. 1
7 A 3 7. \"FChi+D
(”2 z)norm. _ = (k_l) [9( bl)] (2b1 + 1) { (ﬁz)

1 Tr =
uy

:
(72/71) ’
(8.17)

where the normalized downstream temperature flux is a function of the Mach number

-1

Cur

and the ratio of specific heats only. The coefficient C,; can thus be used to model the

temperature flux as,
_ ki
WT = Cyr —, (8.18)
Cp
where Eq. (8.17) is used as the guiding principle.

8.2.2 Temperature variance

The amplification of temperature fluctuations behind the normal shock is modeled
using the Production term as,
aT”? 1 — du

~2 Ll 8.19
0x Cp “ ox ( )

where the unknown turbulent temperature flux correlation is closed using the model,

|4 3 O] ke
wT _[5(1—51)] (2b1+1) 1—(—) = (8.20)

ﬁg Cp
Cur

The modeled equation for the amplification of temperature variance across the shock

reads as,

012, Curkii 0u

~ , 8.21
0x c%, ox ( )
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which depends on the accurate modeling of k. The SU k — € model [145] is used for
modeling the TKE. The above equation can be integrated across the shock to yield a

closed form solution for the normalized temperature variance as,

— \—2+b) 4

U\ 3 M
1—(_—1) }()/—1)2 _—12

U

(T2/T))
where the assumption of purely vortical turbulence upstream of the shock is also consid-

T;? 3
T'2) =—2 2 2Cr {|{=—=
( 2 norm. 72 [k r {(2(b1 + 2))

(8.22)

ered, which results in 77> = 0. The normalized temperature variance is a function of the
upstream Mach number and the ratio of specific heats only, which makes it suitable to be

compared with LIA data.
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Figure 8.4: Variation of normalized temperature variance against Mach number. Nor-
malization is as mentioned in Eq. (8.22). LIA and DNS values of Ref. [81] (taken by
extrapolating to the mean shock center) are shown by a diamond and square symbols,
respectively. The predictions from Eq. (8.22) is shown by a solid line. The data from the
current simulations for M, = 0.05, 0.15, 0.25 and 0.4 values are shown by triangle, circle,

gradient, and plus symbols, respectively

Figure (8.4) shows the closed-form solution of the normalized temperature variance
(Eq. (8.22)) in comparison to the LIA and DNS results against a range of Mach numbers.
The DNS dataset used for comparison is the M, = 0.22 and Re,; = 40 dataset of Larsson
et al. [81, 83] which spans from M; = 1.27 to 6. DNS and LIA show a good match
for the temperature variance till the location kpx ~ 1. Beyond kgx = 1, LIA predicts
constant values whereas, DNS shows further decay towards zero, though gradual, due to

the viscous effects. The closed-form solution of the model given in Eq. (8.22) predicts



8.2 Model development 121

values that are closer to the LIA and DNS results, which were extrapolated to the mean
shock center from kgx = 1.

The model predictions compare similarly for the present set of simulations also,
except for the large deviations in M; = 0.4 cases. This is expected since the model is based
on LIA which assumes M; — 0 and also zero thermodynamic fluctuations, upstream of
the shock. This model along with a modeled decay mechanism is shown in the next

section (Sect. (8.3)) to have an excellent match with the DNS profile.

8.2.3 Density variance

The amplification of density variance can also be modeled in a similar fashion as

that of the temperature variance shown above. The linearized equation is reduced to,

2,1 —3p
~-2=-up —,
0x u P 0x

(8.23)

where we have to model the unknown p’u’ correlation to provide closure. We attempt to
model the far-field density variance in similar lines as that of the model development of
far-field k in Ref. [145]. LIA suggests that the far-field acoustic mode becomes very small
compared to the entropy mode at high Mach numbers. We make use of this understanding

to model the turbulent mass flux in terms of the modeled w7’ through the following

relations,
4 T/
Pr0 = 2 (8.24)
T
_ .
puw~-Lur=-Lc, L (8.25)
T Cp

where C,r is the expression given in Eq. (8.20). The modeled production of density

variance then becomes,

dp? 0’ k ou
P vt _c, =%, (8.26)
0x c, T u ox

where the conservation of averaged mass,

op o Ou
- __£= 8.27
0x u 0x ( )

is used to replace the mean density gradient in terms of the mean velocity gradient.
The following relations are used to rewrite Eq. (8.26) to be in terms of the mean

velocity, u only,

(8.28)

. —2 =2 — \50-b)
Pa uy — Uy _ — U, kz _ up 3
= > ,
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which upon integration (across the shock) yields,

(07), = /_)zp(_zk_) = (,;j“,é)z - (5 / ) Mz] {(2(1913— 4>) [1 - (%)_%(bl_ﬂ

ety bl -

which is an approximation of the exact closed form solution, since the Taylor series ex-

(8.29)

pansion of (CPT)_I in Eq. (8.26) is limited up to the first order only. The upstream density

variance, p/? = 0 due to the assumption of purely vortical turbulence upstream of the
shock.
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Figure 8.5: Variation of normalized density variance against Mach number. Normaliza-
tion is as mentioned in Eq. (8.29). LIA and DNS values of Ref. [81] (extrapolated to the
mean shock center) are shown by diamond and square symbols, respectively. The values
from the closed-form solution given in Eq. (8.29) is shown by a solid line. The lines and

symbols are the same as mentioned in caption of Fig. (8.4)

Figure (8.5) compares the closed-form solution of the normalized density variance
given in Eq. (8.29) with the LIA and DNS results for a range of Mach numbers. For the
high Mach number cases, both LIA and DNS show a non-monotonic variation in density
variance with a post-shock peak located approximately at the location kpx = 1. LIA pre-
dicts constant value of density variance beyond kyx = 3 location after a short length of
adjustment, whereas DNS shows a gradual decay towards zero similar to the temperature
variance profile. The negative correlation between the acoustic and the entropy modes

is found to be the reason for this non-monotonic behavior in density variance whereas,
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the correlation was found to be positive for the temperature variance giving it a mono-
tonic profile. The model overpredicts, albeit slightly, both the DNS and the LIA data,
whose values were taken by extrapolating to the mean shock center from the post-shock
peak location at high Mach numbers, and underpredicts for the low Mach number cases.
Similar to the variation observed in the temperature variance, the model underpredicts
for M, = 0.4 cases. This is also because of the change in the spatial variation of density
variance, which do not show a non-monotonic variation at M, = 0.25 and M, = 0.4 values
of the M; = 3.50 dataset.

8.2.4 Entropy variance

Entropy is defined as given in Ref. [51],

RT ) (8.30)

s =0c log(ﬁ) =c log( —

oY p(y D
which is a derived quantity based on the other thermodynamic quantities. The procedure
used in the derivation of the linearized transport of density, pressure and thermodynamic
variances is not directly applicable for the entropy variance, since entropy is not con-
served across the shock. We make use of the transport equation of entropy variance (from
previous chapter, Eq. (7.4) and in Ref. [142]), which is valid in the post-shock region to
develop the model, assuming that the flowfield has been altered by the shock wave. The

transport equation for the entropy variance with only the production term reads as,

0s"? 1 Js
~ -2 -5 —, 8.31
0x ﬁsu ox ( )

where we have considered only the production term due to the mean entropy gradient

across the shock as the source term. We model the entropy flux correlation in terms of the
modeled temperature flux correlation,

’ ’ T/ - C
S_ P _ L LSvw=2ur (8.32)

Cp p T T
where we have used the fact that p’/p << s'/c, for the high Mach number cases con-

sidered in this study. We bring in the effect of the shock wave into Eq. (8.31) via the
modeled u’7’ term. The mean entropy gradient in Eq. (8.31) is written in terms of the

mean velocity gradient by averaging Eq. (8.30) and computing its gradient,

95 [y—l u | ou

u c, T

The modeled entropy variance equation is now written in terms of turbulent kinetic

= F (8.33)

0x

energy and mean velocity gradients as,

1 9s7 Cur
2 o =2
c; Ox Y ¢,

=7 (8.34)
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where C,7 is the same model coefficient given in Eq. (8.20). Integration of Eq. (8.34)

across the shock results in,
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which is an approximation to the exact closure of the equation due to the truncation of the

Taylor series expansion of (clj)‘2 to first order terms only.
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Figure 8.6: Variation of normalized entropy variance against Mach number. Normaliza-
tion is as mentioned in Eq. (8.35). DNS values of Ref. [81], which are taken by extrap-
olating to the mean shock center, are shown by square symbols, and the LIA values are
shown by diamond symbols. The closed-form solution given in Eq. (8.35) is shown by a

solid line. The lines and symbols are the same as mentioned in caption of Fig. (8.4)

The production of the normalized entropy variance across the shock is given by the
the closed-form solution of Eq. (8.35). The variation of Eq. (8.35) is shown in Fig. (8.6)
along with the LIA and DNS results. The DNS predicts large amplification of entropy
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variance at the shock followed by a gradual decay. LIA, on the other hand, predicts
constant entropy variance throughout the downstream region.

The model compares well with the DNS and the LIA data, although it slightly un-
derpredicts for the low Mach number cases and overpredicts for the high Mach numbers.
The DNS values are taken by extrapolating to the mean shock center from kyx = 1 loca-
tion. The predictions grossly underpredict for the M, = 0.4 cases as observed in the other

variances.

8.2.5 Pressure variance

The model equation for the production of pressure variance is given by,
ap? _—Ou
~2ppu — 8.36
o ppw ==, (8.36)

where only the production term in Eq. (8.8) is considered to be the source term.

The production of the density and entropy variances were obtained by considering
that there are negligible pressure fluctuations for the high Mach number interactions. We
attempt to develop the model for pressure variance with a different approach whereby, we
use isentropic relations to relate the pressure flux correlation p’u’ and the temperature flux

correlation 77w’ as,

’ T/ -
P - (L) ~ = pu= (L) L (8.37)
p \v-1l)T y=-1T
Upon substitution of Eq. (8.37) in Eq. (8.36) we get,
op’? ou
P 2ptcakaZ, (8.38)
Ox ox

where Eq. (8.20) is used to write the temperature flux correlation in terms of the turbulent

kinetic energy. Integration of Eq. (8.38) yields,
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where the normalized pressure variance is found to approach an asymptotic value at high
Mach numbers similar to the temperature variance.

Figure (8.7) shows the closed-form solution given in Eq. (8.39) along with the re-
sults from LIA and DNS for a range of Mach numbers. The model predicts amplifica-
tions slightly larger than the DNS values of Ref. [81] and slightly underpredicts for the
present simulations with M, = 0.25. The pressure variance values for the cases with

M, = 0.4, which were also taken by extrapolating to the mean shock center from the
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location kyx = 1, are much larger than the model predictions. The LIA values are also
computed in a similar fashion by extrapolating to the shock center. Unlike the DNS val-
ues which were increasing as the Mach number is increased, the LIA values were found
to asymptote around the value of 1.5 for the high Mach number cases. This results in the
model to be largely overpredicting compared to the LIA results at very high Mach num-

bers. Nonetheless, the model shows excellent agreement with the available DNS data.
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Figure 8.7: Variation of normalized pressure variance against Mach number. Normal-
ization is as mentioned in Eq. (8.39). LIA and DNS values of Ref. [81] are taken by
extrapolating to the center of the mean shock (see [118]). The LIA and DNS results are
shown by diamond and square symbols, respectively. The closed-form solution given in

Eq. (8.39) is shown by a solid line. The lines and symbols are the same as mentioned in

caption of Fig. (8.4)

The closed-form solutions given in Egs. (8.39), (8.35), (8.29) and (8.22) are in-
deed models for the post-shock normalized thermodynamic fluctuations obtained using
LIA estimates. These solutions assume an inviscid shock similar to LIA, whose strength
determines the intensity of the thermodynamic fluctuations. The post-shock fluctuation
levels predicted by the model are comparable to the DNS and LIA values. In the follow-
ing section, we extend these LIA-based models to include spatial decay in the post-shock
region by adding dissipative terms. The dissipative terms include inviscid and viscous de-
cay mechanisms. The inviscid decay mechanism is modeled with the help of LIA, while

the viscous decay is similar to the dissipation effect in k — € framework.
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8.3 Modeling predictions

The averages (or moments) for this case of canonical shock-turbulence interaction are
only dependent on the streamwise direction. This enables us to solve the transport equa-
tions for the thermodynamic variances given in Eqgs. (8.21), (8.26), (8.34) and (8.38) in
a one-dimensional framework. Since the equations are solved in the one-dimensional
framework, the partial differential operator () and the ordinary differential operator (d)
mean the same, and are used interchangeably. The equations are integrated in space using
the classical 4" order accurate Runge-Kutta method. The mean profile with the shock

located at kox = 0O is specified as follows,

u(x) = iy + (i — i) % (1 + tanh (1)), (8.40)
p(x) = p, % (8.41)
Tx) =T, + i (it - 7 (). (8.42)
dfl(xx) = %A_jl % (1 - tanh? (), (8.43)
diix) - —Cl (%) dz(xx), (8.44)

p

where Ax is the grid spacing in the one-dimensional grid.

The transport equations for the thermodynamic variances depend on the accurate
modeling of TKE, k and its dissipation rate, e. The model equations for k and € from
Refs. [145] and [144], respectively, are also integrated along with the equations for the
thermodynamic variances. The transport equations for the thermodynamic variances ac-
count only for the production of the thermodynamic variances, and their decay needs
additional modeling. The spatial decay of the thermodynamic variances are modeled in a
phenomenological sense, following the work of Ref. [117]. From LIA and DNS profiles
of thermodynamic variances [142], the following points summarize the decay mecha-

nisms for the thermodynamic variances:

e Temperature and density variances show acoustic decay till kox ~ 1 —2 and viscous

decay is observed beyond that location,
e Pressure variance has only the acoustic decay mechanism
e Entropy variance has only the viscous decay mechanism

We model the decay profiles of the thermodynamic variances with the physical in-

sights obtained from the earlier studies. The pressure and the entropy variance equations
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are implemented with an acoustic and a viscous decay mechanism, respectively. Tem-
perature variance is modeled with a mixed type of decay profile with the acoustic mode
being dominant behind the shock up to a certain distance and the entropy mode after
that location. The production of density variance was modeled by considering the far-
field variation of the density variance. The density variance is thus, modeled with only
a viscous decay mechanism since the acoustic decay effects are minimal in the far-field.
Additionally, the use of only a viscous decay mechanism in the density variance would
also highlight the differences with the mixed type of decay model used in the temperature
variance. The complete equations with the production and the decay terms for each of the

thermodynamic variances along with the models for k and € are given in,
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where the modeling parameters are defined as,

by =04+0.6e2 M) b =041 - M), (8.46)
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T le— T2) 1 1
O =|CH T ]+ [C;d = % T2 — L—] 5 (L+tanh (x=20)), A = P (8.48)
Cqa=1+ 021M1, Co = 1.2, (849)

CH =095+925¢"M, Cf =075+35e"M), C¥=06+275¢"M, (8.50)

Cit=2+45M P =015+25¢0"), ¢ =075+3.77M0 (8.51)

where ij.d and C;f’ are the acoustic and viscous decay model coefficient for the quantity
f, respectively. Here, ko = 4 is the peak energy wavenumber used in the upstream turbu-
lence energy spectrum, and A is the corresponding wavelength. The source terms in the
equations for the thermodynamic variances are active only in the downstream region to
be compliant with the purely vortical turbulence assumption. The source terms for k& and

€ are active in the upstream as well as the downstream region.
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The decay for the temperature variance is modeled to have a mixed decay profile as
shown in Eq. (8.48), where the hyperbolic tangent function controls the transition from the
acoustic decay to the viscous decay. This type of blending function based on lengthscales
is similar to the blending functions proposed in the work of Xiao ef al. [167], where
they used a hyberbolic tangent to shift the numerical method from k — { RANS at the
wall to LES with one-equation SGS model away from the wall. The transition location
is identified using LIA as the location where the entropy modes become dominant over
the acoustic modes. This requires a priori analysis of the problem using LIA to identify
the transition location. It is to be noted that the blending function is grid-scale-dependent
and the grid resolution should be sufficient to capture the characteristic lengthscale in the
RANS framework.

Similar to the decay model for the turbulent energy flux proposed in Ref. [117], we
T kG2
, where L, =

also model the acoustic decay mechanism in the form of is the
dissipation lengthscale. The viscous decay mechanism is similar to the dissipatign rate of
TKE, and is of the form of (g) ]72 These forms of the acoustic decay and the viscous
decay are used for the other variances also. It is shown in Fig. (8.8) that this type of mixed
decay profile with the transition location set at kox = 1, matches very well with the spatial
variation of temperature variance observed in the DNS.

In the previous section, it was shown that the model equation for the entropy variance
was developed in the phenomenological sense from its transport equation applicable to the
downstream region. The modeled entropy variance varies in the O(M?) when integrated
numerically, and thus requires an additional production coefficient, C¥ in the O(-1) to
control the values to be comparable to the post-shock predictions of LIA.

The pressure variance does not decay to zero in the far-field region like the other
thermodynamic variances. To account for the non-zero far-field values of pressure vari-
ance, we use LIA to prescribe the lower limit of the model for the particular Mach number.
For this, we are required to know the far-field pressure variance, PZ:_ field @ priori (see
Ref. [99] for computing the far-field values). The decay coeflicients range with Mach
number as prescribed in Egs. (8.50) and (8.51).

The equations are integrated in their non-dimensional form where the quantities are

non-dimensionalized as shown below,

* T* * * *
u=", T=——, p=£, p=L -2 (8.52)
a) Tity=1 P pyY <)
R -1 c, |
R="=Y"" ¢ =2=1 ¢=2=2, x=ky, (8.53)
c 0% cy ¢, Y
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with the superscript * denoting dimensional quantities. The values of k£ and € at the inlet
of the 1D domain are obtained by linearly extrapolating DNS values from the location
just upstream of the shock to the inlet station, as mentioned in Ref. [120]. For the homo-
geneous isotropic turbulence decaying in a steady, 1D mean flow, the governing equations

for k and € are,

ok

= __ 8.54

o € (8.54)
Oe €?

U— =-Coy —, 8.55

uﬁx 2 X ( )

which when integrated simultaneously yields,

xe, | 1

k(x) =k, |1 + = , = —) 8.56

(X) [ +Ml’lk,'n] " Cez—l ( )
Xe —(n+1)

e(x) = €, |1 + —— ] , (8.57)
unk;,

where k;, and ¢, are the TKE and its dissipation rate at the inlet of the domain, respec-
tively. The values of k and € at the location just upstream of the shock need to be known

a priori, and are obtained as follows,

M? 5M;

kj=—' =—-"t
T2 T B (ko) Rey

(8.58)

where 1" is the dimensional Taylor lengthscale. Equation (8.58) is used in Egs. (8.56) and
(8.57) to obtain the values at the inlet of the domain.

8.3.1 Temperature variance

Figure (8.8) compares the model prediction for temperature variance against DNS
data for the four different Mach numbers. The switch between the acoustic decay mech-
anism and the viscous decay mechanism, enables us to capture the spatial variation ob-
served in the DNS. The slope of the rapid decay is controlled by the A, parameter, which
is chosen to be % Accurate representation of the rapid decay profile is possible if the
lengthscale of transition is known already, which is possible with the use of LIA. It is to

to

be noted that the length of the acoustic decay is usually found in the range of k)
0

3
m, and strongly depends on the shape of the inflow turbulence’s energy spectrum. The
0
acoustic decay coeflicient is varied from 1 for M; = 6 to 3 for M, = 2.5 with the viscous
decay coeflicient kept around a value of 1. The model predicts the post-shock variation of

temperature variance accurately.
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Figure 8.8: Variation of normalized temperature variance for the four different Mach
numbers. The temperature variance is normalized by Ti (kg /ﬁ%). Lines correspond to the
solution of the RK4 integration of the temperature variance model equation in Eq. (8.45)
and square symbols correspond to the DNS results of Ref. [81]. The horizontal dashed
line is the limiting value for the model which is obtained by integrating Eq. (8.45) without

the decay mechanisms
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8.3.2 Density variance

Figure (8.9) plots the density variance model against DNS data for the four different
Mach numbers. The viscous decay coefficient is varied from 0.6 to 1.2 with the highest
value used for M; = 2.5 and the lowest value for the high Mach numbers. The excellent
match at M, = 6 indicate that the viscous decay seems to be the sole decay mechanism
for the density variance at high Mach numbers. The model without a mixed decay profile
is found to show a reasonable match with the DNS data but would be more accurate if a
mixed type is used, especially at low Mach numbers. Similar to Reynolds stress profiles,
the density variance also show a non-monotonic variation with a post-shock peak value
located at kox ~ 1 but only for the high Mach number cases. The amplification behind the
shock, predicted with only the production term as the source term matches well with the

post-shock peak values for each of the cases considered here.
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Figure 8.9: Variation of normalized density variance for the four different Mach numbers.
The density variance is normalized by ,53 (ky /ﬁ%). Lines and symbols are as mentioned in

the caption of Fig. (8.8)



8.3  Modeling predictions 133

8.3.3 Entropy variance

The variation of the modeled entropy variance is compared with its corresponding
DNS profile in Fig. (8.10) for the different Mach numbers. For the modeling coefficients
used in the production term and the decay term, the predictions were found to match with
the DNS data. The modeled production of entropy variance yields a sharp increase in
entropy variance at the shock followed by a small decay. This is due to the quadratic
dependence between the mean entropy gradient and the mean velocity gradient as given
in Eq. (8.33). The model prediction without the decay mechanism is not the sharp peak
but the value denoted by the horizontal dashed line. The model values match well with
that of the DNS profiles.
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Figure 8.10: Variation of normalized entropy variance for the four different Mach num-
bers. The entropy variance is normalized by cf) (ky /ﬁf). Lines and symbols are as men-

tioned in the caption of Fig. (8.8)



134 Modeling of thermodynamic fluctuations

8.3.4 Pressure variance

Unlike the other variances the model for pressure variance require a slightly different
2
results in

type of decay mechanism. Usage of acoustic decay mechanism in the form
the pressure variance tending to zero in the far-field, however, LIA and DNS both show
a finite value in the far-field region. We make use of LIA to prescribe the far-field value
of pressure and apply a lower limit on the model. This type of modeling the pressure
variance is found to match the spatial variation of the DNS data very well as shown in
Fig. (8.11). The model follows the rapid decay of pressure variance behind the shock and
asymptote to the LIA prescribed far-field value.
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Figure 8.11: Variation of normalized pressure variance for the four different Mach num-
bers. The pressure variance is normalized by ﬁ% (ky /ﬁ%). Lines and symbols are as men-

tioned in the caption of Fig. (8.8)

The predictions of the models for high Mach number cases from the present set of
simulations are shown in Appendix (I). The decay and the production coefficients for each

of the cases are slightly different from those that were used for the dataset of [81] but, are
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not largely different from the expressions provided in Egs. (8.50) and (8.51). The models
show a good match with the DNS data.

8.4 Summary

Predictive models for density, pressure, temperature and entropy variances for the case
of canonical shock-turbulence interaction were proposed. The models were developed as
functions of the turbulent kinetic energy, and hence strongly depend on the accuracy of the
model used for computing k and €. The underlying physical mechanisms in the evolution
of thermodynamic variances behind the shock were highlighted and modeled accordingly.
The use of mixed type of decay mechanisms is found to predict variances composed of
multiple Kovdsznay modes accurately. A switching function based on the hyperbolic
tangent function is used to employ the mixed type of decay mechanism. The proposed
models predict the post-shock amplification and the decay of their respective variances
very well for the range of Mach numbers considered in this study. Application in an
actual CFD framework, effects of upstream entropy and acoustic fluctuations, corrections
for the low Mach number cases (M; < 2), extension of model to three-dimensional frame-
work, and modification for converging/moving spherical shocks (RMI due to shocks) are

possible directions for future work.






Chapter 9
Conclusion and future work

In this dissertation, DNS data for thermodynamic fluctuations generated by canonical
shock-turbulence interaction is presented. Exhaustive verifications have been carried out
to ensure that the numerical simulations are well-resolved both in space and time. A
large parameter space in terms of Mach number is also considered, and the available DNS
data is complemented with new cases computed here. The linear interaction analysis
based on Kovédsznay mode decomposition of the disturbances is applied under the linear
inviscid framework. LIA results are compared with the DNS data and are further used to
investigate the thermodynamic field in terms of their component Kovdsznay modes.

The DNS data shows that all thermodynamic fluctuations, except the entropy vari-
ance take large values across the shock and decay rapidly in the post-shock region. This is
primarily associated with the acoustic mode, and reciprocates the well-known exponential
decay of the acoustic energy generated at the shock. Various data extraction procedures
and scaling factors have been employed to obtain meaningful inferences from the post-
shock thermodynamic field. Computing statistics conditioned by the instantaneous shock
location captures the large near-field values, whereas DNS statistics computed at a fixed
location around kyx; = 1 follow the trends in the far-field LIA values. The far-field ther-
modynamic variances show steady increase in magnitude with increasing strength of in-

teraction. There are interesting non-monotonic trends, for example, in the variation of the

near field p’? values with Mach number. The density variance generated by strong shocks
(M, > 2.5) also show a non-monotonic variation (and a local peak in magnitude) with
distance from the shock wave. These are caused by the interplay between the acoustic
and the entropy modes generated by the interaction.

The upstream turbulence intensity directly affects the amplification/generation of
the thermodynamic fluctuations behind the shock. Interaction of higher M, turbulence

databases generate larger amplification of the thermodynamic fluctuations downstream
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of the shock. The TKE is amplified across the shock for increasing upstream M, which
in turn increases the post-shock thermodynamics. The effect of Reynolds number on
the post-shock thermodynamics is analyzed. Due to the differences between the initial
conditions, no meaningful inference of the Reynolds number effect was drawn from this
analysis. The shape of the turbulence energy spectrum used to generate the temporally
decaying turbulence database determines the spatial variation of the fluctuations behind
the shock. It is found that an exponential type of energy spectrum results in a faster decay
of the thermodynamic field compared to a von Kdrman type energy spectrum. However,
it is to be noted that the nearfield and far-field, the two regions of practical interest are not
significantly affected by the spectrum shape.

Scaling the post-shock thermodynamic field with downstream mean values provides
a measure of the intensity of the fluctuations. For the case of purely vortical (or quasi-
vortical) turbulence upstream of the shock, the intensity of the thermodynamic fluctu-
ations is the amplification/generation induced by the shock wave. Turbulent flowfields
with entropy or acoustic fluctuations or mixture of the modes should be scaled by the
upstream fluctuations to identify the actual amplification by the normal shock.

Transport equations are written to investigate the varying post-shock evolution of
the different thermodynamic fluctuations and their fluxes. DNS data is used to compute
the budget of the source terms in the flow downstream of the shock interaction for a range
of Mach numbers. It is found that the budget is dominated by dilatation effect typical of
the acoustics in the near field, whereas the far field variations are dominated by viscous
dissipation and nonlinear effects. The only exception is the entropy fluctuation and its
flux, which is independent of the acoustic decay behind the shock. The magnitude of the
dissipation term is found to increase with shock strength, such that it prominently shows
up for the temperature variance in the high Mach number interactions. Budget of the
terms from the linearized transport equations also corroborate with the DNS data. The
only contradiction is in the budget of the pressure variance obtained immediately behind
the shock (or the integrated form across the shock) which showed comparable effects
due to bulk compression. Nonetheless, the dominant mechanisms are found to be mostly
linear in nature and can be modeled using LIA.

The budget data is used to write simplified transport equations governing the ther-
modynamics variances. These can form the foundation for developing physics-based tur-
bulence models for the thermodynamic fluctuations generated by the shock waves. In
addition, well-validated LIA results, along with the extensive data presented in this work,

can be used effectively for modeling and validation of shock-dominated flows. Such an
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attempt has been undertaken and models for the production of thermodynamic variances
across the shock were obtained with the help of existing models of [145] and [117].
Models for the thermodynamic fluctuations were developed using the SU k—e model
of Sinha et al. [145] and the turbulent energy flux model of Quadros ef al. [117]. The
developed models were found to predict the production at the shock with reasonable ac-
curacy. The prediction of the decay mechanism in the post-shock region was found to be
more accurate, thanks to the understanding of the physical dynamics obtained from the
Koviasznay mode decomposition and the extensive budget analysis. The phenomenologi-

cal models compare well with the available DNS data.

9.1 Contributions

Overall, this dissertation discusses in detail, how the thermodynamic fluctuations in ho-
mogeneous isotropic turbulence are altered by the passage of a normal shock wave. The

important contributions of this work are:

e Using LIA and DNS, the enhancement in thermodynamic fluctuations across a nor-
mal shock were studied in detail. LIA has been found to match the DNS data well,
and hence it can be a reliable tool to study the post-shock thermodynamic field in

canonical STI.

e The numerical solutions add to the available database of DNS data of canonical STI.
The inflow turbulence was developed using von Karmén type of energy spectrum,
compared to the exhaustive data available for inflow turbulence with an exponential
type of spectrum. This gives an opportunity to explore the variations in post-shock
lengthscales and the redistribution of energy between the Reynolds stresses for the

two types of inflow turbulence.

e The proposed threshold method based on dilatation provides a way to compare
the nearfield values of DNS data directly with the nearfield values of LIA. The
uncertainty of the method is within reasonable limits as investigated using different

grids.

e Dominant mechanisms responsible for the post-shock evolution of thermodynamic
fluctuations were identified using an extensive budget analysis of the respective
transport equations. The thermodynamic variances were found to be governed by a

combination of acoustic decay and viscous dissipation.
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Conclusion and future work

e Developed algebraic and differential equation-based models, which replicate the

production and the decay mechanism of thermodynamic fluctuations in canonical
STI. The model predictions match DNS data well over a range of shock Mach

numbers.

9.2 Future work

Following are some of the avenues inspired by the present work that could be pursued in

the future:

o LIA with upstream acoustic fluctuations can be investigated to explain the mismatch

with the high M, DNS cases. An accurate framework to account for the correlation
between velocity and pressure fluctuations in the upstream region needs to be de-
veloped. Additionally, the validity of the linearized RH conditions at the shock also

needs verification for such cases.

Budget analysis of the different thermodynamic fluctuations in the present work
indicate that it is the compression by the shock via the correlation with dilatation
fluctuations, which controls the evolution of thermodynamic fluctuations behind
the shock. Existence of a different mechanism due to the addition of considerable
amount of entropy/acoustic fluctuations upstream of the shock could be investigated

in detail.

A similar analysis for a range of parameters for a multi-fluid turbulence interacting
with a normal shock could be carried out to explore the dynamics of the scalar field
modified by the shock wave. This is directly relevant to problems involving RMI
and RTI in ICF and nuclear physics.

The proposed models were based on purely vortical turbulence upstream of the
shock. Models accounting for upstream entropy/acoustic effects can be explored.
Additional suggestions as provided in the summary of Chap. (8) could be also pur-

sued.

Turbulent fields interacting with reactive shocks (such as blast/detonation waves)
have become problems of interest recently, and the present analysis can be extended

to such studies.



Appendix A

Linear interaction analysis with viscous

terms

The conventional LIA followed in this study (and described in chapter (3)) assumes that
the flowfield is linear (f* << f) and inviscid (Re — o). In the DNS, the flowfield is both
nonlinear (f”> and higher order fluctuations are not necessarily small) and viscous (Re is
finite). The comparison between the two methods (LIA and DNS) brings out the effect
of the nonlinear terms and the viscous terms collectively as a disagreement. To isolate
each of the effects in the mismatch between LIA and DNS, the conventional LIA has to
include the effect of viscous terms. In this appendix, we show that such an analysis is
indeed possible, however we do not provide a complete framework. This work is at the
most to be considered as a proof-of-concept and no more than that.

The analysis presented in this appendix essentially follows the approach of
Refs. [78] and [19], where we retain the viscous terms in the governing equations for
the Kovdsznay modes instead of dropping them. The conventional LIA approach neglects
the viscous stress terms in the momentum and energy equations, presumably for an eas-
ier analysis and also to support the argument of a very thin shock (discontinuity). The

compressible Navier-Stokes equations are,

op Opuw)
ot i oxp 0 (A1
Opu) OJdpuww) Op Ooy
7 _ Yk A.l
o om ox  om’ (A-1D)
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where we use the entropy form of the energy conservation equation. The auxiliary equa-
tions of state, p = pRT and Gibbs entropy, T ds = de + pd(1/p) are used to close the

system of equations.
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Before proceeding, we make the following changes to our model problem of a three-
dimensional turbulence carried by a one-dimensional uniform mean flow and interacting

with a normal shock,

e the post-shock turbulent flowfield generated immediately behind the shock wave is

isolated from the complete domain,
o the reference frame is attached to the isolated post-shock field,

and using these modifications, we emulate a temporally decaying turbulence box from
the turbulent fluctuations generated by the shock in the conventional LIA. In essence,
the amplitude of the fluctuations in the box are determined by the shock wave and the
upstream turbulent field, and their temporal evolution governed by viscous diffusion ef-
fects. Decomposing the flowfield variables in Egs. (A.1a) - (A.1c) into their mean (?) and

fluctuations (f”), and collecting only linear terms we get,

dp’ Oy
M~ 0, A2

or P ox, (A.22)
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R ; A e | Y A2b
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where the convective terms vanish due to the co-moving reference frame in the post-shock
field. We have also assumed that the Prandtl number of the fluid to be equal to 3/4, which
is a reasonable assumption for air.

Two new variables,
Pog-Z (A.3)

- yp Cp
are introduced to represent all four of the thermodynamic fluctuations. The density and

Pl

the temperature fluctuations are now written as,

T/ ’
—-y-nP+s, L-p_s (A.4)
T P

The continuity and the entropy equation are now written as,

aP’  as’

f— 4 f A'
— -0 =0, (A.52)
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where @' = Ou; /0x;. The momentum equation is manipulated to obtain the equations

for vorticity and dilatation by taking a curl (g;x dux/0x;) and divergence (Ouy/0x;) of the



143

velocity field, respectively. The vorticity and the dilatation equations are,

oo aZP/ 4 620/
a —3V = A.
ot T 8xl~ axi 3 Y (9xl- 6-xi 0, ( 63)
T ]| o (A.6b)
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where 0% /0x; x, represents the Laplacean operator.

The governing equations for each of the Kovasznay modes are,
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where Eq. (A.7c¢) is obtained by using d/dt of Eq. (A.5a) in Eq. (A.6a). It is to be noted
that only the homogeneous part of Eq. (A.5b) is used as the governing equation for the
entropy mode. The inhomogeneous equation has a special pressure-dependent solution,
which varies as 1/Re and can be neglected for most flows [19, 78]. The corresponding

solutions which satisfy Egs. (A.7a) - (A.7c¢) are,

W)= AY exp ik x; - V[l 1], (A.8a)
4

S’ =AS exp [ikf x; = gmkSF z], (A.8b)

P’ = A" expik! xi - C1], (A.8¢)

where A“/S/P and k“/S/? represents the amplitude and wavenumber of each of the modes,

respectively and the temporal frequency of the acoustic mode is given by,

) 2y Ik 49 (vIkP|\?
eapey |22 YL oA (VIR (A.9)
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with |k“/P/5 > denoting the square of the magnitude of the wavenumber vector of the cor-
responding mode.

The solutions given in Egs. (A.8a) - (A.8c) represent the temporal decay of the fluc-
tuations due to the viscous effects. We use Taylor’s hypothesis, t = x;/u; to transform the

temporally decay solution in to a spatially decaying solution, i.e., assume the turbulence
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1s ‘frozen’. The solutions now read as,

W = AY exp ik x; - VK] _x—l] (A.10a)
| Ul
’ 4

S' = AS exp ik’ x; — 2 VP _x—l] (A.10b)
| 3 I/ll’d
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where it is to be noted that the usage of Taylor’s hypothesis also assumes the pressure
fluctuations to be ‘frozen’, which is incorrect. We still proceed with this assumption since
the current analysis is performed only to show that a viscous framework of LIA is feasible.

The current framework of viscous LIA is only a proof-of-concept and does not ad-
dress the complete problem. We have considered only an inviscid shock in the present
analysis and used the linearized Rankine-Hugoniot conditions to obtain the post-shock
amplitudes for the fluctuations. The complete analysis is more involved and cumber-
some, where we need to consider a viscous shock and balance the appropriate stresses
across it to obtain the viscous amplitudes of the fluctuations in the post-shock region. The
article by Miller and Ahrens [106] provides the details for such an analysis, where they
used Laplace transforms to obtain the fluctuations immediately behind the shock. Their
analysis was however to obtain an estimate for the viscosity of the fluid by the moving
shock and does not include much information about the post-shock field. Thus, we can
only expect the procedure with a viscous shock to yield a much better amplification value
with respect to the DNS and also provide a better match with the viscous decay of the
fluctuations observed in the DNS.

Additionally, we have also assumed that there is no mean flow due to the choice
of the reference frame in this appendix. In our original model problem, the reference
frame is attached to the mean shock and thus the complete analysis with the full domain
has a finite mean flow, which has to be considered for the upstream and the downstream
regions. Nonetheless, we have shown that it is possible to segregate the viscous and the

non-linear effects in the disagreement by using the viscous variant of LIA.



Appendix B

Computational mesh

This appendix describes the methodology used in the generation of the numerical grid by
the “hybrid” code. In Chap. (4), Sect. (4.2.2), the grid index in the computational domain
18 defined as,

xi:xl+(xr—x1)f(ﬁ), i=0,.. N-1, (B.1)

where x; is the discretized spatial coordinate in the stream wise direction with x; and x,
being the start and the end locations, respectively. The normalized coordinate is given by
f(s), a polynomial function which varies as f(0) = 0 and f(1) = 1, for s € [0, 1].

The exact grid spacing is then given as,

X, —

Ax(s) = =3 /(5. (B.2)

where f’(s) denotes the deviation from the uniform grid spacing.

Defining f(s) as a combination of multiple hyperbolic functions such that it could
accommodate different grid spacings at different regions of the domain. For this problem,
we use three hyperbolic cosine functions to have different spacings at the inlet, the shock

region and the sponge region.

Fs) = S+Q —log cosh (y1(s — 11)) _ slog cosh (y1(1 —1))\]
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£ £2 fjog (08 (y2(s — 1)) _ slog [ (y2(1 = 1)) (B.3)
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+ — — slog

2y3 | cosh(—ys13) cosh(—yst3)

where v, 53, 1123 and C| 53 are constants which control the grid spacing at the inlet (index

1), the shock (index 2) and the sponge region (index 3).
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The above equation satisfies the required boundary condition f(0) = O and f(1) = 1.

The first derivative of the polynomial function, f(s) ! are,

cosh (y;(1 —1)))\]
cosh(—y 1)

+ & tanh (yas — 1)) — - log (2SN U = 12)) (B.4)
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! 1

[ 1
+ — |tanh (y3(s — t3)) — — log
i V3

which is used in Eq. (B.2) to describe the grid spacing. Note that f’(s) = 1 corresponds
to uniform grid spacing.

An iterative procedure is followed to solve for the constants y;,3, 123 and Cj .
The transition location, s in the normalized coordinate, f(s) is determined by the constants
1123 and the values of C; 3 gives the jump in f’(s) at those transition locations. Typical
values of the constants used in the grid generation procedure for the various Mach num-

bers are provided in table (B.1).

Table B.1: Constants used in the grid generation procedure

M, Grid (Y1,72,73) (1,12, 13) (C1,C,C5)
1.23  882x384%> (40,6,6) (0.02,0.675,0.95) (-0.25,0.6,3.0)
1.50 1042 x 384> (50,6,6) (0.01,0.675,0.95) (-0.25,0.6,3.0)
2.50 1142 x384> (40,6,6) (0.02,0.675,0.95) (-0.25,0.6,3.75)
3.50 1313 x384> (45,6,6) (0.01,0.675,0.95) (-0.25,0.6,4.0)

The constants are slightly varied for the other grid sizes shown in table (4.4), in the
range of +5 for y;, £0.03 for #; and +2 for C5. The other constants are kept the same as
shown in table (B.1). A typical grid spacing distribution along the streamwise direction is
shown in Chap. (4), Sect. (4.2.2), Fig. (4.3). It is to be noted that there are other functions
and methodologies that could be used to obtain stretched grids (see Ref. [99]) and the

method described above is only one such method.

14 (Jog (cosh ())) = tanh (5) and % (tanh (s)) = 1 — tanh? ()



Appendix C
Optimized sponge

This appendix describes the procedure followed to obtain a sponge zone that is capable
of restricting spurious oscillations from the outflow. In Chap. (4), Sect. (4.2.3), the source

term in the form of,

X1 — xsp 2 —
_UO( - ) f =, (C.1)
sp

is added to the RHS of each of the governing equations. Note that this source term is
applicable only in the sponge region. Here, f denotes the conserved variable in each
equation, o7 is the strength parameter, x,, is the location where the sponge starts and
Ly, is the length of the sponge region. The target state, fw for all quantities except for
pressure, is taken as the post-shock state obtained from laminar RH shock relations. The
target state for pressure is taken as the backpressure specified at the outlet. It is to be
noted that for the case of canonical STI, the sponge region is required to prevent spurious
reflections in the streamwise direction only.

If the strength coefficient of the sponge is high (or strong), the sponge would act as a
hard wall, and if low (or weak), then it would allow spurious reflections from the outflow
in to the domain. The length of the sponge also has similar significance. Thus, the sponge
region must be of sufficient length and strength to reduce spurious reflections from the
outflow boundary. There are two kinds of reflections that enter the useful domain, which
are reflections from the outflow boundary and reflections from inside the sponge. To
analyze the sponge, the following approximate scalar equation is considered,

of’ of’
a]; 4 aQ -

—of, (C.2)

where o is assumed constant, f* = f — fy,z is the deviation of the solution from the target
state, and A is the propagation velocity (either u;, or u; 4 + a4 depending on the wave

type). The analysis is restricted to the streamwise direction only for this case of STI.
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Making the ansatz f’ = ¢/*=29_where Q is taken as a real-valued frequency and
k is taken as a complex wavenumber i.e., considering a spatially evolving problem that is

steady in time, the following dispersion relation is obtained,
—-iQ+ilk|,A-|kljA+0 =0, (C.3)

from which Q = [k|, 4 and [k|; = %— is obtained by equating the real and the imaginary
components. Here, k|, and |k|; are the real and imaginary components of the wavenumber.

The following inferences can be made from the above equation:

e the damping of the solution at the end of the domain depends on the parameters, o7

and L,,, and the wavespeed, A.

o reflections inside the sponge occur when the damping lengthscale is short compared

to the wavelength of the reflections.

This allows us to define two reflection coeflicients,

Ly,
Qg = 0y 1 , (C4a)

1
&

A
= k), = (C.4b)

Kl 0

@, =

where a,; and «, are the reflection coeflicients at the end of the domain and from inside
the sponge, respectively. When assessing a sponge layer, it is important to note that the
coeflicients, @, and «, are independent parameters, whereas the strength, oy and length,
Ly, are not. Higher values of @, and a, are desirable to prevent reflections from entering
the domain.

An extensive theoretical analysis of the sponge layer has been performed by Bodony
[12] in similar lines. The dynamics of the original problem is definitely nonlinear (com-
pressible NS equations) and thus, the above linear analysis is an approximation only. An
optimized sponge region is therefore, identified in an iterative manner by varying the re-
flection coeflicients in systematic order such that the strength and the length of the sponge
region are varied accordingly.

The grid size of 336 x 1282 is used for this analysis as it is easily affordable. The
different sponges that have been analyzed are shown in table (C.1). Figure (C.1) plots
various key parameters for measuring the performance of the sponge. The analysis is
performed for the M,, = 1.5, M,,, = 0.15 and Re,, = 33 case. Sponges 1 and 2 show
significant amount of spurious reflections into the useful domain, and drastic alteration
of the pressure and dilatation variances. Sponge 3 is found to be the best sponge since

the dilatational and pressure variances are found to be gradually decaying compared to
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Table C.1: Parameters of different sponges. @, and a, are the reflection coefficients, o7 is

the strength parameter and L, is the length of the sponge
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Figure C.1: Statistics of different quantities showing the performance of each sponge. (a)

Reynolds stress, (b) spanwise vorticity variance, (c) dilatational variance, (d) rms of pres-

sure fluctuations. Each quantity is normalized by its respective upstream values, except

the rms of pressure. Pressure is normalized by a product of its upstream mean value and
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the other sponges. Sponge 4 is also good; though not verified, it is expected that its
performance would degrade for strong shocks (higher M,) and high turbulence intensities
(higher M, ,). The length and strength of Sponge 3 has been chosen for all other cases.
Figure (C.2) shows the performance of Sponge 3 for the different M, values for the
M, = 15 and Re,, = 33 dataset. This sponge was also found to reduce reflections
sufficiently even for the high M, cases, as evident from Fig. (C.2b). There are reflections
for the M,, = 0.05 case, which we believe is due to the damping strength parameter being
too strong for this case. The length of the sponge is, however, sufficiently long enough
to prevent the reflections from corrupting the statistics. We do note that the sponge is
not perfect i.e., it does not completely prevent the reflections from the outflow, but the
sponge is sufficient for the statistics investigated in this study. The sponge comprises of
approximately 300 to 400 grid points in the shock-normal direction, which is relatively
expensive. This issue, however, cannot be avoided due to the requirement of a ‘gradual

transition’ in the grid spacing from the useful domain to the sponge region.
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Figure C.2: Spatial variation of the pressure and dilatation variances for varying M, values
in the M, = 1.5 and Re,, = 33 case. Semi-log plot of (a) normalized pressure variance
and (b) density variance against the streamwise direction. The variances are normalized
by their values just upstream of the shock. The streamwise direction is normalized by
the peak energy wavenumber and additionally scaled by n. The sponge zone starts from
koxi/m = 8 in this plot and is denoted by a vertical thin solid line. The variances are
sufficiently damped for the high M, cases, and is found to be strongly constraining for

the lowest M, case, however, the reflections do not affect the statistics significantly



Appendix D

Shock drift

This appendix addresses the issue with the drifting of the mean shock and the procedure
followed to ensure a nearly stationary shock wave in the simulations. The work flow is
proceeded by simulating each of the cases (M, and M,,) on a coarse grid with a back-
pressure value, p., and then computing the resulting average shock speed, u,. Based on
the direction of the shock movement and its speed, the backpressure is adjusted to yield a
stationary shock.

The backpressure in the first run (denoted by index 1) is usually set up as the value
obtained from the laminar RH conditions. The average shock speed is obtained from the
mean shock location at each instant of time. The mean shock location is obtained as the
first location, where the mean pressure exceeds the arithmetic average of the upstream
and the downstream mean pressure (p, and p,) values (also known as pressure half-rise
method [87, 99)).

We now formulate the relation for the change in backpressure that is required to
correct the backpressure for a stationary shock [83]. Assuming the mean shock is moving
downstream towards the outlet, the RH relation for the pressure jump becomes,
2y i:(ﬁl,u —u

us)2
—— 1, (D.1)
au

]@:1+
Du y+1

with P, i = P4 @and p, is the laminar RH value of pressure across the shock. For the
specified value of initial backpressure, p, ;,....i» the resulting average shock speed, U jnisial
is computed. Expanding the pressure jump condition, Eq. (D.1) around a small shock
speed, ou; yields,

AT Ty,
LN (D.2)
v+ 1

0P ~

[

where we have assumed that 6p_, = dp,, considering that the viscous decay is unaffected

by the changes in the shock speed.

151



152 Shock drift

The backpressure is then adjusted as,

— — — 4/_) ﬁl,u —
Poo = Posinitial + 5500 X Poo,initial ~ — Us,initial» (D3)
y+1
where in practice this adjustment is needed only once for low M,, cases. For high M,,

values, 2 — 3 adjustments may be required as necessary. An integral controller in the form,

Deorr = Prorr + b A (s = P.) (D.4)
is set up to ensure that the backpressure is appropriately controlled during the simulation.
Here, p.,,, is the backpressure correction at the n' timestep, p,, is the target backpressure
value given by Eq. (D.3), p, is the average pressure at the exit plane of the domain. The
coeflicient, b is considered to be a constant timescale that controls the rate at which the
backpressure is adjusted, and is usually set as the inverse of the time taken for an acoustic
wave to travel from the shock to the outflow and back again to the outflow. It is difficult
to keep the shock perfectly stationary but it can be ensured that the mean drift speed of
the shock is as low as possible. The ratio of the mean drift velocity of the shock to the

mean flow velocity is much less than 1% during the time of collection of statistics.
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Figure D.1: Variation of mean shock location against time for the case of M, = 1.23,
M,, = 0.25, Re,, = 33. Shock location is normalized by the peak energy wavenumber,
ko and time is normalized by the inflow turbulence time period, 74,. The time at which
statistics are computed is shown by the vertical line denoted by ?,,jiecrion- The 1nitial mean
shock location is denoted by X; jniriss and the width of the grid spacing in the streamwise di-
rection is shown by Ax;. The different backpressure are p,; = 21.9777, p,, = 22.1832,
Peos = 22.4064, p, , = 22.2097 with the index values denoting the runs. The mean shock

drifts between two grid cells in the final run
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Figure (D.1) shows the temporal variation of the mean shock location in time during
the simulation runs. The case of M, = 1.23, M,, = 0.15, Re,,, = 33 is considered to
illustrate the multiple adjustments that are required to obtain a very slow shock drift speed.
For the inflow conditions, the laminar backpressure value is 21.9777. During the first run,
the shock is found to drift upstream and then moves downstream. The time at which
the shock movement changes direction is approximately equal to the time at which an
acoustic wave from the outlet reaches the shock. The results from the first run were used
as input for the second run and the target backpressure was adjusted as per Eq. (D.3). This
process is continued till the simulation yields an almost stationary shock, which for the
case illustrated was at the value of p.,, = 22.2087 as shown. The statistically stationary
state was achieved around 2.5 7,4, but the statistics were collected after 3 inflow turbulence
time periods for this case. Additional time of 0.5 7, is allowed for the other cases also to

ensure that the simulations are actually stationary in the statistical sense.






Appendix E

Additional details on the inflow

turbulence

This appendix is an extension of Sect. (4.3) in Chap. (4). Here, the variation of different
parameters in the decaying isotropic turbulence simulations for all of the M, cases are
consolidated and analyzed. The isotropic boxes are of 3842 in size.

Figure (E.1a) shows the temporal variation of the skewness in velocity derivatives
for all the M, cases. All of the cases have achieved a skewness value of —0.5, except
for the M, = 0.4 case, which was —0.45 at the time of collection of the turbulence field.
The first instant where the skewness becomes —0.5 is approximately at t = 0.4 7., how-
ever, the database was collected at + = 0.78 7.y. This is due to the additional criteria
on the dissipation lengthscale, which is required to increase after its decay in time. The
dissipation lengthscale is an indirect measure of the development of large scale features.
Figure (E.1b) plots the variation in the dissipation lengthscale, which clearly indicates a
rise only after r = 0.7 7. units, including the case of M, = 0.4.

The slightly longer time due to the dissipation lengthscale criterion resulted in the
increase of the mean temperature and pressure values as shown in Figs. (E.1c) and (E.1d).
The increment in the mean values are especially very large for the M, = 0.4 case compared
to the other M, values. This subsequently results in an increased value in each of the
thermodynamic variances in the blended database, and eventually in the upstream region
of their corresponding STI cases. Figure (E.2) clearly shows this increment between the
M, cases for the density and pressure variances, where they are approximately equal till
the normalized time of 0.4, and then start to diverge rapidly, which is due to the increase
in their corresponding mean values.

The dilatation variance (Fig. (E.2d)) is found to increase rapidly during the initial

transient period for the high M, cases (0.25 and 0.40), whereas it remains almost constant

155



156 Additional details on the inflow turbulence

Yo o5 1 0 —"02 04 0§ 08 1 12

t/t, t/t,,

(a) Skewness of velocity derivatives (b) Dissipation lengthscale

. . . . | . . t‘co\lect‘ion ! . | 17»" e i b e e |
0 0.5 1 0 0.2 0.4 0.6 0.8 1
t/t, t/t,,
(c) Mean temperature (d) Mean pressure

Figure E.1: Temporal variation of various parameters in the decaying turbulence for the
different M, cases. Dissipation lengthscale is normalized by the peak energy wavenumber
and the time is normalized by the initial dissipation timescale (7. = k/e computed at
t = 0). Mean temperature and pressure are normalized by their corresponding mean
values of the initial field (at t = 0). The line denoted by 7.,jiecrion marks the time at which

the turbulence database is collected to be used as inflow turbulence in the STI domain
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Figure E.2: Temporal variation of rms values of thermodynamic fluctuations: (a) den-

sity, (b) pressure, (c) temperature, and (d) the rms value of dilatation fluctuations in the

decaying turbulence fields for the different M, cases. Time is normalized by the initial

dissipation timescale 7. = k/e computed at + = 0. Density fluctuations are normalized

by p M?, pressure by y p M?, temperature by [y — 1]T M?, and dilatation values are by

ko ﬁMf. The line denoted by ?,,jcrion Mmarks the time at which the turbulence database is

collected, which is to be used as the inflow turbulence in the STI domain
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for the low M; cases (0.05 and 0.15). The dilatation variance also shows an increase
in time, possibly due to the combined increase of density and entropy fluctuations in the
isotropic turbulent flowfield. For the low M, case of 0.05, the rms of dilatation fluctuations
in the isotropic turbulence is almost negligible and becomes comparable to the vortical
fluctuations at high M, values.

Figures (E.3a) and (E.3b) show the compensated energy spectrum for the total ve-
locity fluctuations via E(k) and that of its dilatational components via E,(k), respectively.
The total energy spectra is similar to the low Reynolds number spectra observed in the
forced isotropic turbulence simulations of Refs. [28, 40] with no ‘flat region’ indicating
the lack of inertial range. The Kolmogorov constant is Cx =~ 1.6 which is consistent
with the values found in incompressible flows [29]. As expected, intense (or high M,)
turbulence fields show increased dilatational component in the energy spectra. However,
the Kolmogorov constant for the highest M, case of 0.4 is around Cx = 0.12, which indi-
cates that the dilatational component is still an order of magnitude less than the solenoidal
component of the energy spectra. Once again, no inertial scaling is found in the energy
spectra, owing to the low Reynolds number. We note that there are some residual er-
rors for the high wavenumbers in the dilatational energy spectra, however, they have no

significant effect on the total energy [28].
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Figure E.3: Compensated energy spectrum for (a) the total kinetic energy and (b) the
dilatational component of the kinetic energy for varying M, values. The Kolmogorov
constant for the highest M, case is 1.6 and 0.12 for the total and dilatation energies, re-

spectively



Appendix F

Blending of turbulence flowfields

This appendix describes the mathematical framework of the blending procedure used to
generate the longer inflow turbulence databases in Sect. (4.3) of Chap. (4). The details
provided here are adapted from the work of Xiong et al. [169] and essentially follows the
steps provided in Larsson [79].

In practice, the first step is to blend two independent but statistically identical turbu-
lence boxes of size [0, 27)* together in the streamwise direction (x;) to generate a longer
turbulence box of size [0, 47r) X [0, 27r)%. To achieve this, the velocity fields from the two
boxes are blended as,

uj = u; cos(a@)+u; sin(a)— %, Ix1] < I, (F.1)
where u; and u? are the velocity fields of the first and the second box, respectively. The

: 00 . . Lo
harmonic field, I is added to remove the erroneous dilatation in the subsequent steps.
Xi
The parameter « is varied as,
V4
a=-

4

1+sin| 22, 1xl <L, (F2)
21,

such that the velocity field is varied smoothly from u] to u? in the blending region of size
[. It can be shown that the blended turbulence box retains the second-order single-point
statistics (R;;(P) = m) of the original fields. Note that R}j = Rl.zj since the
turbulence boxes are statistically identical. The transverse two-point correlations in the
blended box are found to remain the same as the individual boxes, while the streamwise
two-point correlation is lowered by an amount that depends on the size of the blending
region, [, via the d_a term. It is recalled that the blended database is expected to be
statistically identicalxtlo the individual isotropic boxes.
The gradients of the blended velocity field are given by,
du;  Ou; ou? PP

i i . . da
6_xj = a—xj cos () + 8_xj sin (@) — 9 0%, + (—u} sin (@) + uiz cos (cx)) d_xl 0ij» (F.3)
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160 Blending of turbulence flowfields

where the last term is the error introduced due to the blending procedure. Larsson [79]
observed that the blended database represents the vorticity reasonably with respect to the
individual fields, but the dilatation has a large peak in the blended region. This error can

be removed by solving the Poisson equation,

2
()
88 3 = (—u% sin (@) + u% cos (@)
X; OX;

) o=@ (E.4)

with Neumann and periodic boundary conditions in the streamwise and transverse direc-
tions, respectively.

The second step involves the removal of the erroneous dilatation by solving the Pois-
son equation (Eq. (F.4)) with the appropriate boundary conditions. This form of dilatation
error removal was first suggested by Xiong ef al. [169] and later shown to be correct by
Larsson [79], whose blended database had a dilatation error within the variation of the
individual fields. Instead of solving for the full domain size of [0, 4rr) X [0, 27)?, Larsson
[79] suggested to solve only for the blended region, which is assumed to be decoupled
from the rest of the blended database.

This is accomplished by imposing the constraint,

0 _

0, |xil= Ly, (F.5)
ax,-

on the solutions of Eq. (F.3). Here, L, is an arbitrary length in the streamwise direction
of the domain, which represents the isolated blended region. The size of L, need not be
the exact size of the blending region, /, in the full domain. This additional constraint
essentially makes the system (Eq. (F.3)) over-determined, which is solved by seeking a
least-squares solution that is unique. The system of equations is most easily solved by

first taking the Fourier transforms in the periodic directions, which results in,

o? . A
K- = F.6
(8)61 0)(1 2 3) Q’ ( a)
)
a = 07 |x1| = Lh’ (F'6b)
8)(?1
D=0, |x|=Ly (ke ks) % (0,0), (F.6¢)

where k, and k3) are the wavenumbers in the transverse directions x, and x3, respectively.

This system of equations can be written in a matrix form as AX = B, where A is the

matrix approximating ( — k3 - k%) with X and B representing the vectors of ® and

X1 X1
Q, respectively. The solution X = A~' B is obtained by a matrix inversion algorithm using

Gaussian elimination in the present study.
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The third and final step is to blend the density (p) and the pressure (p) fields, which

have non-zero mean. This is achieved by,
2+ 1 cos (@) + £ sin(@),  |xl <l

1 C(rx\|= 1 . [mx
f—§|:1—811'1(2—lb):|f1+§ 1+Sll’1(2—lh)
(E7)

where f = f + f’ is either density or pressure decomposed in its mean and fluctuating

components. This method is found to preserve both first- and second-order statistics of
the individual fields in the blended database [79].

The three steps are repeated to concatenate additional turbulence boxes to the
blended field. This method of localized dilatation error removal (as a constrained min-
imization problem) reduces memory requirements and improves parallelism [79]. The
blended database also has an accurate thermodynamic field compared to the longer
databases generated using other methods available in literature [43, 86, 95, 99, 100]. Ad-

ditional details about the blending procedure can be found in Larsson [79].






Appendix G
Error due to Taylor’s hypothesis

In this appendix, we show that the errors introduced due to the usage of Taylor’s hypoth-
esis for convecting the turbulence box into the canonical STI domain [84], however, are
much larger, specifically for the M, = 0.25 and the M, = 0.4 cases compared to the error
introduced by the blending procedure. This is illustrated in Fig. (G.1), where the normal-
ized thermodynamic variances (density, pressure, temperature and entropy) along with
the transverse vorticity and dilatation variances from the region upstream of the shock are
plotted for each of the M, values. The values from the blended database and from each of
the isotropic turbulence boxes are also shown in the same plots.

It is clear that for increasing M, values, the normalized thermodynamic variances
and the normalized dilatation variances increase in magnitude compared to the normal-
ized vorticity variance, which remains almost constant. Note that the thermodynamic
fluctuations increase by an order of magnitude as M, is increased. The normalized di-
latation variance, however, becomes comparable to the vorticity variance upstream of the
shock for the M,, = 0.4 case due to the error introduced via the Taylor’s hypothesis. In-
terestingly, the upstream variances increase in the STI domain as M,/(M — 1) increases,
i.e., they are dependent on the local turbulence intensity than the inflow turbulence inten-
sity. This is clearly evident from the small departure of the M = 3.5 and M, = 0.4 case
from its corresponding value in the M, 4, = 0.4 blended database, but there are significant
deviations for the cases of M = 1.23 and M = 1.50. On the other hand, the overlap
of square symbols indicate that the blending procedure has introduced only a very small
error in comparison to the original isotropic fields.

It is to be noted that there are other methods to feed the turbulence database into the
STI domain other than the Taylor’s hypothesis method. For example, in the work of Ryu
and Livescu [132], the inlet turbulence was advected with the supersonic mean velocity to

encounter a stationary shock wave. This method was found to be more accurate [90, 132]
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for high M, cases. In the present study, only the low Mach number cases with high M,
values are affected by the error due to the Taylor’s hypothesis, and the remaining are

within reasonable limits.
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Figure G.1: Variation of normalized density, pressure, temperature, entropy, vorticity and
dilatation variance for (a) M, = 0.05, (b) M, = 0.15, (¢) M, = 0.25 and (d) M, = 0.40.
Density variance is normalized by square of the mean density (p°), pressure by (yp)%,
temperature by [(y — 1)T]? and the entropy by ci. Vorticity and dilatation variances are
normalized by (koa)*>. The variances are additionally scaled by M?. Values from the
isotropic turbulence boxes are denoted by black hollow squares and the filled squares
represent the blended box. Values taken upstream of the shock in the STI domain is
1.23 (triangles), 1.50 (inverted triangles), 2.50 (diamonds) and 3.50

(circles). Thermodynamic fluctuations show ‘almost isentropic’ scaling

shown by M, =



Appendix H
Normalization by upstream values

The post-shock thermodynamic field can be interpreted in different ways as per the nor-
malizing factor. LIA considers normalizing with downstream quantities to provide the
intensity of fluctuations immediately behind the shock. This can be considered as the
amount of generated fluctuations due to the action of shock on the purely vortical turbu-
lent field. The same quantities upon normalization with upstream quantities would indeed
imply the actual amplification done by the shock. This appendix discusses the upstream
normalization procedure and its inferences.

The evolution of the thermodynamic variances behind the shock is discussed in de-
tail in Chaps. (5) and (6), where the quantities were normalized by their respective post-
shock mean values. In this section, we discuss the effect of shock strength on the am-
plification of the post-shock thermodynamic field. As mentioned earlier, purely vortical
turbulence is considered in LIA implying that there are no thermodynamic fluctuations
upstream of the shock whereas, DNS has small amount of thermodynamics. Thus, the
only meaningful way to normalize with upstream quantities is to use the mean values

instead of fluctuations.

The results show a monotonic increase in p’? with shock strength, and the DNS data,
irrespective of the location, match the trend observed in the LIA predictions. In fact, the
higher kyx; values are closer to the LIA curves, which collapse to the asymptotic far-field
solution predicted by the linear theory. There are discrepancies at lower Mach number,
as well as at lower kyx; for higher Mach numbers. The pressure variance is plotted on a
logarithmic scale, so as to accommodate the large values of 17 for the high Mach number
cases. These high values are an artefact of the normalization, in the sense that the data
is normalized by the turbulence intensity in the upstream flow, which usually takes low

values.
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Normalization by upstream values
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Figure H.1: Semi-log plot of the normalized (a) pressure, (c) temperature, and the linear

plot of normalized (e) density variances at four different downstream locations from LIA
(lines) and DNS (symbols): kox; = 1 (solid, squares), 3 (dashed, circles), 6 (dash-dotted,
triangles), 12 (dash-double dotted, diamonds). Open symbols are from data of Ref. [81]

for the cases of M,, = 0.22, Re,, = 40 and filled symbols are from present simulations.

The variances are normalized by the square of the upstream mean values and additionally

by the normalized TKE. (b), (d) and (f) Same as mentioned above but shows the near-field

values computed using the threshold method along with near-field LIA values
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Similar trends are observed for the temperature variance. For density variance, all

the LIA curves converge to the far-field p’? values, except for minor variations at low Mach
numbers. As expected, the density variance increases with shock strength, but saturates
in the limit of M, — oo. This is unlike temperature and pressure fluctuations presented
earlier, which follow an M? scaling near the hypersonic range. For a fixed upstream
thermodynamic state, the mean pressure and temperature continue to increase at high
Mach numbers, and the same is true for the corresponding fluctuations. By comparison,
a finite asymptotic density jump in the hypersonic limit results in a finite ’é as M, — oo.
We therefore use a linear scale for the density variance, as opposed to tﬁe log scale in
Figs. (H.1a) and (H.Ic).

Figure (H.1b) - (H.1f) presents the LIA near-field predictions, where the variance
is the value prior to the exponential decay, and it is 10 — 50 times larger than that at
kox; = 1 presented in Fig. (H.1a) - (H.le), especially at low Mach numbers. At high
Mach numbers, both near-field and far-field pressure fluctuations increase quadratically
with Mach number.

The near-field predictions of pressure variances obtained using the threshold method
match the LIA results closely. The only exceptions are the minor under-predictions of ]7
at Mach numbers 1.23 and 1.5. The temperature variance shows a much better match
with the near-field LIA predictions. The values are higher by about an order in magnitude
compared to the far-field T2 ata given Mach number. The LIA near-field density variance
(Fig. (H.1f)) show a unique variation with Mach number. It increases to attain a peak value
for Mach 2.2 as opposed to Mach 1.2 observed when normalized by downstream mean
values, and then decreases at higher Mach number. However, the trend observed in LIA
for density fluctuations is not reproduced by the threshold method as observed for the
downstream normalization. The density statistics computed using the threshold method
shows a monotonically increasing trend with Mach number with large discrepancies for

strong shock waves. The reason for this behavior is, however not known.






Appendix I
Application of models to current data

In this appendix, we show the model predictions for each of the thermodynamic variances
against their corresponding DNS data from the present set of simulations. We once again
consider the high Mach number cases and the tested M, values are 0.15 and 0.25, for
which the model predicted values closer to their DNS counterparts (see Figs. (8.4) - (8.7)).
The modeling coefficients are slightly varied, since the present set of simulations use a
different energy spectrum in the inflow turbulence and its decay rates are different from
that of the cases from Ref. [81].

The model predictions for each of the thermodynamic variances are shown in
Sects. (I.1) - (I.4). The models show a good match in the spatial variation against their
corresponding DNS data. The decay rate of the pressure variance in the present simu-
lations are slightly faster than those of the data presented in Ref. [81], and also deviate
from LIA trends. Thus, the predictions for the pressure variance alone, are slightly poorer

compared to the other thermodynamic variances.
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Application of models to current data

I.1 Temperature variance

Figure (I.1) shows the comparison of the model predictions for the temperature variance
with that of the DNS data. They are found to be in excellent agreement for the high Mach

number cases shown.
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Figure I.1: Variation of normalized temperature variance for the present simulations. The
temperature variance is normalized by T; (ky /ﬁf). Lines correspond to the solution of
the RK4 integration of the temperature variance model equation in Eq. (8.45) and square
symbols correspond to the present DNS results. The horizontal dashed line is the lim-
iting value for the model which is obtained by integrating Eq. (8.45) without the decay

mechanisms
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1.2 Density variance

Figure (I1.2) shows the comparison of the model predictions for the density variance with
the DNS data. Modeling the decay of density variance with only the entropy mechanism
is found to be inadequate for the low M, cases, which have a non-monotonic variation
at high Mach numbers. The mixed type of decay mechanism might help to improve the

model predictions for the cases with non-monotonic spatial variation.
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Figure 1.2: Variation of normalized density variance for the present simulations. The
density variance is normalized by ﬁ% (ky /ﬁ%). Lines correspond to the solution of the
RK4 integration of the density variance model equation in Eq. (8.45) and square symbols
correspond to the present DNS results. The horizontal dashed line is the limiting value

for the model which is obtained by integrating Eq. (8.45) without the decay mechanisms.
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I.3 Entropy variance

The model predictions for the entropy variance are in good agreement with the DNS data
as shown in Fig. (I.3). The model seems to slightly underpredict the amplification at the
shock for the high M, case. This is in agreement with Fig. (8.6), where the production

across the shock is found to be lower than the DNS values.

Model
limiting 1

Model 1

/Iimiting_:

(¢) M; =3.50 and M, = 0.15 (d) My = 3.50 and M, = 0.25

Figure 1.3: Variation of normalized entropy variance for the present simulations. The
entropy variance is normalized by ci (ky /ﬁf). Lines correspond to the solution of the RK4
integration of the model equation in Eq. (8.45) and square symbols correspond to the
present DNS results. The horizontal dashed line is the limiting value for the model which

is obtained by integrating Eq. (8.45) without the decay mechanisms.
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1.4 Pressure variance

Figure (I.4) shows the comparison of the model predictions for the pressure variance
with the DNS data. The production across the shock and the decay rate are found to be
in agreement with the DNS data. The discrepancy between the present DNS data and
the LIA far-field pressure variance is found to affect the model predictions. The model
overpredicts for the low M, case and underpredicts for the high M, case, which is similar
to Figs. (6.7b) and (6.7d).
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Figure 1.4: Variation of normalized pressure variance for the present simulations. The
pressure variance is normalized by 1_95 (ky /ﬁf). Lines correspond to the solution of the
RK4 integration of the model equation in Eq. (8.45) and square symbols correspond to
the present DNS results. The horizontal dashed line is the limiting value for the model

which is obtained by integrating Eq. (8.45) without the decay mechanisms.
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