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Abstract

The interaction of shock waves with turbulence has a significant effect on high-speed

flows. These include shockwave/turbulent boundary-layer interaction and shock-induced

mixing flowfields encountered in hypersonic air-breathing vehicles. The shock wave am-

plifies the turbulent fluctuations and drastically alters the Reynolds stresses in a turbu-

lent flow. It also imparts significant anisotropy to the post-shock turbulence field. Two-

equation turbulence models based on the eddy viscosity assumption, like k − ε and k −ω,

cannot predict the shock-induced anisotropy in Reynolds stresses. The objective of the

present work is to capture the anisotropy across a shock wave using Reynolds stress based

turbulence models.

We study the canonical interaction of homogeneous isotropic turbulence passing

through a normal shock. Existing Reynolds stress model predictions are grossly inaccu-

rate in behind the shock, especially at high Mach numbers. We propose a physics-based

improvement to the Reynolds stress transport equation in the form of shock unsteadiness

effect [Sinha et al., Physics of Fluids, 15, 2003]. The resulting model is found to match

DNS data for a range of Mach numbers, and is a significant improvement over existing

Reynolds stress models. Numerical errors encountered at shock waves are also analyzed

and the model equations are cast in conservative form to obtain physically-consistent re-

sults with successive grid refinement.

Next, the physical concepts of shock-unsteadiness and pressure-strain redistribution

among the principal Reynolds stresses are incorporated in an algebraic form. An explicit

algebraic Reynolds stress model (EARSM) is considered, and it is modified using shock-

physics based on linear interaction analysis and DNS data. It allows us to predict the

shock-induced anisotropy in Reynolds stresses at a much lower computational cost than

full Reynolds stress transport models. The shock-unsteadiness modified EARSM is ap-

plied to oblique shockwave/boundary-layer interaction at Mach 5. The computed surface

properties are compared to experimental measurements, and the results are found to be

better than those reported previously using two-equation models.
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Chapter 1

Introduction

1.1 Motivation

Shockwave/boundary-layer interaction (SBLI) plays an essential performance factor in

high-speed flows. SBLIs occur on external or internal surfaces with a very complex flow

structure when the boundary layer subjected to an adverse pressure gradient due to the

shock interaction. The geometric complexity in a realistic aerospace vehicle makes it

difficult to understand and analyze the SBLIs. The complex configuration can be broken

down into simpler geometries, which can isolate different kinds of SBLIs. These simpli-

fied geometries are called canonical configurations such as compression corner, oblique

shockwave impingement, cylinder-flare, cone-flare, and three-dimensional configurations

such as single-fin, axial corner, and double-fin, as shown in Fig. (1.1).

(a) (b)

Figure 1.1: Shockwave/boundary-layer interactions over a high-speed vehicle [1]

.

SBLIs are typical in aircraft propulsion systems, such as scramjet engines at any

Mach number ranging from transonic to hypersonic. The shockwave presence introduces

1
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additional drag, increased aerodynamic heating, and unsteady loads [2, 3]. Unstart and

severe structural damage and a reduction in vehicle performance, are some of the drastic

effects of uncontrolled SBLI.

Figure (1.2) shows the canonical configuration schematic, where an oblique shock

is impinging on a turbulent boundary layer. A strong shock impinging on the boundary

layer leads to a highly adverse pressure gradient, causing a separation close to the im-

pingement point. Points S and R show the extent of the separation bubble. The presence

of a separation region, separation shock, and reflected shock add the complexity to the

flow topology. The region where the reflected shock is close to the wall experiences peak

heat and pressure loads. However, SBLIs benefit in some cases, such as the increase

in the turbulence level enhances fuel-air mixing in scramjet combustion chambers, thus

improving its efficiency.

Figure 1.2: Schematic of oblique shock wave impingement on a turbulent boundary

layer[1].

The injection of a sonic jet into a supersonic crossflow (JICF) is seen in air/fuel

injection techniques used in scramjet combustors and thrust vectoring of supersonic air-

craft and rockets. The resulting flow field consists of complex flow features of shock-

wave/turbulent boundary-layer interaction including lambda shock, separation bubble,

barrel shock, Mach disk, and secondary recirculation regions (see Fig 1.3). It becomes

essential to numerically predict such features with reasonably good accuracy to determine

their sensitivity to the geometric design and the extent of the jet mixing and penetration

into a supersonic crossflow. The problem has simple geometric requirements but with

a complicated flow structure, making it an excellent choice to test different turbulence

models behaviour at high flow speeds.

The injected jet, being under-expanded, expands into the crossflow and simultane-

ously deflected downstream by it. On the other hand, the crossflow sees this jet as an

obstruction - this leads to the formation of a bow shock just upstream of the injection slot.
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Mach disk

Bow shock
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Primary upstream 
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shock
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Figure 1.3: Schematic of sonic jet in supersonic cross flow with barrel shock formation

within the jet boundary.

Due to this strong jet induced bow shock, the incoming boundary layer is subjected to

a high adverse pressure gradient causing it to separate and form a recirculation bubble.

Two-three vortices are typically seen within this bubble, termed as primary, secondary,

and tertiary vortices based on their relative sizes. There is also a separation shock present

before the bow shock as a result of this recirculation zone.

The bow shock and the separation shock form a lambda shock pattern, visualized in

Fig 1.3. Post bow shock, we have the free shear layer of the jet curving into the flow. The

expansion fans arising within the under-expanded jet hit the jet boundary (shear layer)

and reflect as compression waves. These compression waves merge and create a barrel-

shock inside the jet boundary and a Mach disk terminates this barrel shock. The Mach

disk is a normal shockwave like structure that will be seen as a plane in two-dimensional

flow and a circular disk in three-dimensional flow. Downstream of the jet, there is again a

recirculation zone and the supersonic flow over the downstream recirculation zone turns

itself by formation a reattachment shock. The vortices (located upstream and downstream)

have a more complex structure in the three-dimensional flow.

Computational fluid dynamic (CFD) simulation of turbulent high-speed flows em-

ploy Reynolds averaged Navier-Stokes (RANS) equations, where mathematical model-

ing of various unclosed terms in the transport equations is a common practice. Initially,

Boussinesq [4] proposed the first eddy viscosity based turbulence model. Other pioneer-

ing works in developing the turbulence models are the first two-equation model by Kol-
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mogorov [5], the first Reynolds stress transport model (RSM) by Rotta [6] and the first

algebraic Reynolds stress model (ARSM) by Rodi [7].

In one and two-equation turbulence models framework, mostly the Reynolds stress

closure is dependent on the Boussinesq hypothesis. Turbulence models, such as standard

k−ε and standard k−ω based on the Boussinesq hypothesis, neglect the Reynolds stresses

flow history and cannot predict the anisotropy in Reynolds stresses as they model the total

effect of the amplification in the form of turbulent kinetic energy. Whereas in RSMs,

individual transport equations are solved for Reynolds stresses, which accounts for flow

history and transport effects of turbulent fluctuations. These models are ideally suited to

capture the anisotropy in turbulence.

Engineering turbulence flows like SBLI are very complex, with various turbulence

effects within the single flowfield. RANS methods are usually employed to simulate such

flows, where turbulence models account for turbulent fluctuations in the mean flowfield.

The most critical aspect of engineering turbulence models is the common platform for all

kinds of flows. Thus, explicit algebraic Reynolds stress models based on the two-equation

framework showed some modest improvements to predict the Reynolds stresses and its

anisotropy within affordable computational cost [8].

Shock-turbulence interaction (STI) is the origin and necessary study to understand

the SBLI cases; therefore, several studies focus on it. The interaction of turbulent fluc-

tuations with the shockwave lies at the heart of these phenomena. An essential feature

of STI is the anisotropic nature of Reynolds stresses generated downstream of the shock

wave. It eliminates other effects like boundary-layer gradients, flow separation, shear

layer attachment, and streamline curvature present in SBLI flows. Despite the geometri-

cal simplicity, the model problem exhibits a range of physical effects. These include tur-

bulence anisotropy, baroclinic torques, generation of acoustic waves, and unsteady shock

oscillations.

Across the shockwave, a theoretical analysis tool, such as linear interaction anal-

ysis (LIA) and direct numerical simulation (DNS) data, show different amplification in

the Reynolds stresses along streamwise and transverse directions [9, 10]. Capturing the

anisotropy in turbulence and the complex flow-features, such as shock-induced flow sep-

aration and high localized heating, is challenging for RANS simulations, and a significant

amount of research exists in the literature [11–13].
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1.2 Scope

This thesis provides the numerical performance of the Reynolds stress-based turbulence

models in canonical STI. We examine the correlation between the principal Reynolds

stresses in canonical STI using LIA and the available DNS data. We study the physical

mechanisms responsible for the post-shock evolution of the Reynolds stresses and the

anisotropy in the turbulence with varying upstream incoming Mach numbers, and pro-

posed improvements to the existing turbulence models.

For RSM, the transport equations of the Reynolds stresses are modified to capture

the essential physics and the anisotropy in the turbulence across the shockwave. Within

two-equation turbulence model framework, explicit algebraic Reynolds stress models

(EARSM) are more affordable than RSMs in the engineering CFD prediction tools. The

algebraic equations for the Reynolds stresses were developed for the shockwave using

LIA, and incorporated in existing EARSM. The results obtained using the modified

EARSM for SBLI flows are found to improve the flow prediction significantly than the

conventional turbulence models.

This dissertation is organized as follows,

• Chapter 2 provides the governing equations for the compressible turbulent flow and

a brief introduction to the turbulence models, such as RSM, ARSM, and linear eddy

viscosity-based turbulence models.

• Chapter 3 presents the literature survey on the turbulence closures proposed for the

turbulence models, and their application in STI and SBLI flows; followed by the

objectives of the current work.

• Chapter 4 gives the procedure for simplifying transport equations adopted from the

three existing Reynolds stress models and applying them to the canonical STI. The

Reynolds stresses obtained from the models were validated against the available

DNS data presented by Larsson et al. [9, 10]. Based on the physics of the un-

steady shock oscillations induced by the incoming turbulence, improvements were

proposed to the existing model transport equations for Reynolds stresses and dissi-

pation rate of turbulent kinetic energy. A detailed study of the shock-unsteadiness

(SU) mechanism and incorporating the SU correction are provided in this chapter.

• Chapter 5 provides insight into the numerical error at the shockwaves and its the-

oretical analysis. A robust conservative formulation for the Reynolds stress model

transport equations is proposed, and it is found to be a good match with the DNS
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data over a range of Mach numbers. Next, the effect of grid refinement with differ-

ent numerical schemes on the enhancement of turbulence across the shockwave is

presented.

• Chapter 6 provides the evaluation of the Wallin and Johansson [8] EARSM model

for the canonical STI against the RSM and DNS data. Using LIA, the principal

Reynolds stresses were written in the algebraic form to capture the anisotropy in

turbulence and limit the turbulence enhancement across the shockwave. The new

algebraic Reynolds stress model shows significant improvement in comparison with

the DNS data. The post-shock evolution of the turbulence obtained using the mod-

ified EARSM is discussed thoroughly in this chapter.

• Chapter 7 gives detail simulation methodology and application of the modified

EARSM to SBLI flows. Details of Schulein et al. [14] experiments for oblique

shock impingement on the turbulent boundary layer configuration with different

shock strengths are provided. A comparison of the solution obtained using the

modified EARSM turbulence model with the experimental data are presented and

discussed. The modified model shows a good improvement in capturing the realistic

flowfield, such as shock structure, separation bubble size, and surface properties.



Chapter 2

Background

This chapter presents a brief description of the RANS equations and the turbulent trans-

port equations with the turbulence closures for RSMs, two-equation eddy viscosity-based

turbulence models, and EARSMs used to solve the turbulent compressible flow.

2.1 Reynolds averaging

The general equations describing the time and space evolution of continuum compressible

viscous fluids are the Navier-Stokes equations and are given as,

∂ρ

∂t
+
∂(ρui)
∂xi

= 0, (2.1)

∂(ρui)
∂t

+
∂(ρuiu j)
∂x j

= −
∂p
∂xi

+
∂τi j

∂x j
, (2.2)

∂(ρE)
∂t

+
∂(ρHu j)
∂x j

=
∂(τi jui)
∂x j

−
∂(q j)
∂x j

. (2.3)

Here, the Einstein convention on repeated indices is applied. The system of Eqs. (2.1) -

(2.3) is not closed, and some assumptions are made to provide suitable closure relations.

In the present work, the fluid of interest (air) is a Newtonian fluid so that the viscous

stresses can be considered proportional to the traceless strain rate tensor. Consequently,

the viscous stress tensor τi j, which characterizes the specific property of the fluid when

subject to stresses, can be written as

τi j = 2µ
(
1
2

(
∂ui

∂x j
+
∂u j

∂xi

)
−

1
3
∂uk

∂xk
δi j

)
. (2.4)

Sutherland’s formula describes the variation of the dynamics viscosity µ for a wide range

of temperatures as
µ(T )
µ0

=
T0 + Ts

T + Ts

(
T
T0

)3/2

, (2.5)

7
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where the Sutherland constant is equal to Ts = 110.6 K for air. The value of reference

temperature (T0) and reference viscosity (µ0) are 273.15 K and 1.716E-5 kg/(m.s), re-

spectively. Fourier’s law for heat conduction, which states a proportionality between the

heat flux (qi) and the temperature gradient is assumed as

qi = −λ
∂T
∂xi

, and λ =
cpµ

Pr
, (2.6)

where λ is the thermal conductivity of the fluid, cp is the specific heat at constant pressure,

and Pr is the Prandtl number equal to 0.72. The static pressure p is obtained by the

equation of state for an ideal gas as

p = ρRT, (2.7)

where R is the universal gas constant with the value of 287.058 J.kg−1K−1. The total

energy E is the sum of the internal energy and the kinetic energy, and are defined as

E = cνT +
1
2

ukuk. (2.8)

The total enthalpy H, that appears in the total energy equation is defined as

H = E +
p
ρ
. (2.9)

For compressible flows, contributions due to gravity-related terms are generally not in-

cluded in total enthalpy, as the stagnation temperature is a measure of the fluid’s total

energy. The relations between the specific heat at constant pressure cp and the specific

heat at constant volume cν are given as

R = cp − cν, and γ =
cp

cν
. (2.10)

Turbulent solution of Navier-Stokes equations is entirely chaotic, spatial, and temporally

complex. To obtain flow characteristics at an affordable computational cost, we adopted

a statistical approach. For a stationary turbulent flow, the instantaneous velocity ui is

expressed as the sum of a mean ui and a fluctuating part u′i .

ui(x, t) = ui(x) + u′i(x, t), (2.11)

where the overbar represents the Reynolds averaging and is defined as

ui(x) = lim
τ→∞

1
τ

t0+τ∫
t0

ui(x, t)dt. (2.12)
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Here, time τ is very long relative to the maximum period of the velocity fluctuations. The

equations averaged at this point are known as Reynolds averaged Navier-Stokes simula-

tion (RANS). When the flow is compressible, we must account for density and temper-

ature fluctuations, besides pressure and velocity fluctuations. Therefore we use density-

weighted averaging. The Favre-averaging or mass-averaging for velocity is defined as

ũi(x) =
1
ρ

lim
τ→∞

1
τ

t0+τ∫
t0

ρ(x, t)ui(x, t)dt, (2.13)

where ρ is the conventional Reynolds-averaged density. The Favre averaging can also be

written in terms of the Reynolds-averaging as

ρũi ≡ ρui = ρ ui + ρ′u′i . (2.14)

When we use Favre averaging, the instantaneous velocity is decomposed into the mass-

averaged part, ũi, and a fluctuating part, u′′i

ui = ũi + u′′i . (2.15)

Therefore, RANS equations are given as

∂ρ

∂t
+
∂(ρũk)
∂xk

= 0, (2.16)

∂(ρũi)
∂t

+
∂(ρũiũk)
∂xk

+
∂(ρRik)
∂xk

=
∂p
∂xi

+
∂τik

∂xk
, (2.17)

∂(ρE)
∂t

+
∂(ρHũk)
∂xk

+
∂(ρRikũi)
∂xk

=
∂(τikũi)
∂xk

−
∂(qk)
∂xk

+ Dk −
∂qk

∂xk
. (2.18)

Additional terms appear in momentum and energy equations after the averaging process.

The term

ρRi j = ρu′′i u′′j (2.19)

is the Reynolds stress tensor and represents the correlation between two different fluctu-

ating velocity components. The term

Dk =
∂

∂xk

(
1
2
ρu′′i u′′i u′′k − u′′i τik

)
(2.20)

is related to the turbulent transport and the diffusion term. The term

qk = ρh′′u′′k (2.21)

represents the turbulent heat flux.

The RANS approach introduces new unknown quantities into the equations, and we

solve additional equations related to the mean variables so that the number of unknowns
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and equations are equal. Reynolds stress model (RSM) equations are the most accurate

level of modeling used along with RANS equations [15, 16]. RSM is also referred to

as the second-order closure model as the turbulent transport equations are written for the

second-order correlations of the fluctuating velocity components. These models solve

each component of the symmetric Reynolds stress tensor, plus an additional equation for

the length scale. The transport equations for the Reynolds stress tensor can be mathemat-

ically derived from the momentum equations.

2.2 Reynolds stress transport equations

Turbulence model based on the transport equations for the individual Reynolds stresses

have the natural potential to deal with the dynamics of inter-component energy transfer.

In a simpler form, the Reynolds stress tensor transport equation is written as

∂ρRi j

∂t
+
∂ρũkRi j

∂xk
= Pi j + φi j + di j − ρεi j + Ki j +

2
3
φpδi j, (2.22)

where ρ is the density, Ri j = ũ′′i u′′j is the Reynolds stress tensor, δi j is the Kronecker delta,

and ũi is the mean velocity. Tilde and overbar indicate Favre and Reynolds averaging, re-

spectively, whereas double prime represents Favre fluctuation. Here Favre decomposition

is used for all terms except density and pressure. The second term on the left-hand side of

Eq. (2.22) represents the convection term. The terms on the right side of Eq. (2.22) are in

order, production, pressure-strain correlation, diffusion, dissipation, direct compressibil-

ity effect, and pressure dilatation terms.

Pi j = −ρR jlũi,l − ρRilũ j,l is the production of Reynolds stress due to mean velocity

gradients, where ũi,l represents ∂ũi/∂xl and xl denotes Cartesian space coordinates with l

= 1,2,3. Here, the production term is in terms of Reynolds stresses and does not require

modeling. However, the most important quantity to be modeled in the Reynolds stress

model is the pressure-strain correlation.

In the compressible flow, the velocity gradient tensor is not traceless, so the

pressure-strain correlation can be written in terms of isotropic (dilatation) and devia-

toric parts. The deviatoric part of the pressure-strain correlation term is given by φi j

= p′(u′′i, j + u′′j,i − 2/3u′′l,lδi j). In the turbulent flow, the energy is redistributed among the

Reynolds stresses along with the turbulence production or dissipation. Depending on the

behavior, the pressure-strain correlation is decomposed into two parts depending on the

type of contribution, namely, the slow and rapid pressure-strain terms. The slow pressure-

strain term is also referred to as the return-to-isotropy term and represents turbulence–

turbulence interaction. It is modeled as φs
i j = C1ρεai j [6], where C1 is a model coefficient
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and ai j is the anisotropy. This model is motivated from the homogeneous anisotropic

turbulence decaying without any mean velocity gradients in the flow.

The rapid pressure-strain term (φr
i j) responds directly to the change in mean veloc-

ity gradients and is of the same form as of production term in Eq. (2.22). It tends to

redistribute the energy from the Reynolds stress component, where the production is sig-

nificantly large compared to other components, consequently reducing the anisotropy in

Reynolds stresses. The following are three turbulent closures for the rapid part of the

pressure-strain correlation, which have been applied to compressible flows with shock-

waves.

The model proposed in Gerolymos et al. [17–19] is based on the isotropization of

production in turbulence [20], and is given as

φr
i j = −C2(Pi j −

2
3
δi jPk). (2.23)

Here Pk = Pkk/2, and the model coefficient C2 is 0.75
√

A as per Gerolymos et al. [18]

model, where the flatness parameter, A = 1 - 9
8 (A2 − A3), with the anisotropy tensor in-

variants A2 =aikaki and A3 = aikak ja ji. For isotropic turbulence, the value of A is one as

A2 and A3 tend to zero. The rapid part of the pressure-strain term in the Zha and Knight

[21] model is developed for isotropic turbulent flows subjected to sudden distortion (high

mean strain). As per the model,

φr
i j = Cc2ρkS ∗i j, (2.24)

with Cc2=0.17, and S ∗i j = ũi, j + ũ j,i. The model closure is a direct extension of the incom-

pressible form, so the trace of φr
i j does not vanish for compressible flows. Lee et al. [22]

proposed a new formulation of the pressure-strain term, using the Poisson equation for

pressure fluctuations in varying density flows. As per the model,

φr
i j = −Cp2(Pi j −

2
3
δi jPk) −C3(Di j −

2
3
δi jPk)

−C4kρ
(
S ∗i j −

2
3

S ∗kkδi j

)
−C5ρkai j

∂ũl

∂xl
+ C6ρRmm

∂ũl

∂xl
δi j

+
1
3

C7Pkδi j,

(2.25)

where Di j = − ρRikũk, j − ρR jkũk,i, Cp2 = 0.76, C3 = 0.10, C4 = 0.18, C5 = 0.14, and

C6 = 0.35. The first three terms are identical to Quasi-Isotropic (LRR-QI) model of

Launder et al. [23], and the following two terms are additional terms that arise due to

mean dilatation. The last term is the production term generated by compressibility effect

and is neglected [22].
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All the above Reynolds stress closures use Rotta’s [6] model for the slow pressure-

strain term, where the model coefficient varies between different models. For Gerolymos

et al. [18] model, the coefficient C1 is given as 1 + 2.58AA2
1
4

[
1 − exp

[
−

(
ReT
150

2
)]]

and

the value is 1 for isotropic turbulence. Here, ReT is the turbulent Reynolds number. The

coefficient of slow pressure term for Zha and Knight [21] model is given as Cc1 = 4.325

and the Lee et al. [22] model uses Cp1 = 1.5.

Diffusion term di j = (−ρ ˜u′′i u′′j u′′l − p′u′′j δil− p′u′′i δ jl +µRi j,l),l includes turbulent diffu-

sive flux, pressure diffusion, and viscous diffusion. The turbulent and pressure diffusion

terms are modeled by Daly and Harlow [24] using the generalised gradient diffusion hy-

pothesis. Launder et al. [20] proposed an improved model for the triple correlation tensor,

which is given as ˜u′′i u′′j u′′k = −Cs(k/ε)(RilR jk,l + R jlRki,l + RklRi j,l), where Cs is 0.11. The

viscous diffusion term is in the form of Reynolds stresses and does not require modeling.

The dissipation of Reynolds stresses at the smallest scales of turbulence due to viscous

effects is represented as ρεi j = σ jlu′′i,l +σilu′′j,l, where σ jl is the viscous stress. According to

Kolmogorov’s hypothesis, the smallest scales of motion are assumed to be isotropic and

the dissipation tensor is modeled as εi j = 2
3εδi j.

Favre-averaging introduces new terms in the transport equation involving mass-

averaged velocity fluctuations and pressure-dilatation due to the deviatoric part of

pressure-strain correlation. These terms have no counterpart in incompressible transport

equations. Direct compressibility effects through variation in density are represented by

Ki j = −u′′i p, j − u′′j p,i + u′′i σ jl,l + u′′j σil,l. Here, u′′i is related to the turbulent mass flux as

−ρ′u′i/ρ. It plays an important role in problems involving turbulent mixing [25, 26] and

high-Mach number flows with significant thermodynamic fluctuations upstream of the

shockwave [27]. The last term, φp = p′u′′l,l is the pressure dilatation term, and is modeled

in terms of turbulent Mach number (Mt) by Pantano and Sarkar [28].

The distinction between turbulent shear stresses and principal Reynolds stresses is

dependent on the choice of the coordinate system. An essential distinction can be made

between isotropic and anisotropic stresses. The isotropic part of the Reynolds stress is
2
3kδi j, where k =

1
2

u′′i u′′i is the TKE and the deviatoric (anisotropic) part is

ai j = Ri j −
2
3

kδi j. (2.26)

The normalized anisotropy tensor used extensively is given as

bi j =
ai j

2k
=

Ri j

Rii
−

1
3
δi j. (2.27)

In terms of these anisotropy tensors, the Reynolds stress tensor is written as

Ri j =
2
3

kδi j + ai j (2.28)



2.2 Reynolds stress transport equations 13

= 2k
(
1
3
δi j + bi j

)
. (2.29)

TKE is associated with the eddies in a turbulent flow and mathematically, it can be quan-

tified by measuring the root mean square (RMS) velocity fluctuations. By taking the trace

of the Reynolds stress transport equation, we will arrive at the TKE equation. The TKE

equation is given by

∂ρk
∂t

+
∂ρũ jk
∂x j

= −ρRi j
∂ũi

∂x j
− ρε +

∂

∂x j
[τ jiu

′′

i −
ρu′′i u′′i u′′j

2
− p′u′′j ]. (2.30)

Here, ε = ν
∂u′′i
∂xk

∂u′′i
∂xk

is the dissipation rate of the TKE per unit mass.

The first term in the left-hand side is the time rate of change of the turbulent kinetic

energy k, whereas the second term in the left-hand side represents the change of net turbu-

lent kinetic energy flux. The first term in the right-hand side, ρRi j
∂ũi

∂x j
denotes work done

by the velocity gradient or the mean strain rate against the turbulent stress, i.e., kinetic en-

ergy is transformed from the mean flow to the turbulent flow which is the primary source

of the turbulence. That is why this term is often called a turbulence production term.

The second term in the right-hand side signifies the work done by the fluctuating velocity

gradient against the viscous stress. It transfers the turbulent kinetic energy into internal

energy and often known as the dissipation of turbulence. The term in the right-hand side

denoting by τ jiu
′′

i represents the diffusion or transfer of turbulent kinetic energy from one

fluid lump to another by the molecular transport and known as molecular diffusion. The

term with the triple velocity fluctuation correlation signifies the transport rate of the tur-

bulent kinetic energy by the fluctuating velocity or the transport of Reynolds stresses by

the turbulent fluctuating velocities. The last term in the right-hand side represents the

pressure diffusion by the turbulent fluctuating velocity.

The transport equation for the turbulent dissipation rate is modeled as

∂ρε

∂t
+
∂ρũkε

∂xk
= −Cε1ρRil

ε

k
∂ũi

∂xl
−Cε2ρ

ε2

k
+ Cερ

∂

∂xl

(
k
ε

Ril
∂ε

∂xl

)
, (2.31)

and this form is used by all the turbulence models. The terms on the right-hand side of

this equation are, in order, production, dissipation, and diffusion terms. Here, Cε1 = 1.44,

Cε2 = 1.92, and Cε = 0.15 are the empirical constants taken from Launder et al. [23].

The equation is analogous to Eq. (2.30) except for mass averaged velocity fluctuation and

pressure-strain correlation terms.
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2.3 Boussinesq hypothesis

All the turbulent models use a gradient diffusion analogy to close the turbulent correlation

terms. The gradient diffusion analogy states that turbulent transport of any scalar quantity,

φ in turbulent flow, can be represented as the mean gradient of that scalar quantity, φ. The

physical idea behind this analogy is that the stress created by the molecular transport is

directly proportional to the mean velocity gradient, so the turbulent transport of scalar

quantity can be mathematically written as

u′jφ
′
∝
∂φ

∂x j
,

Boussinesq [4] used this analogy and hypothesized that the Reynolds stress tensor is pro-

portional to the mean strain-rate tensor. He also states that the momentum transfer occurs

in turbulent flow by the fluid lumps, so-called turbulent eddies can be modeled with an

eddy viscosity µT . The same thing is happening when the fluid particles in motion transfer

their momentum by the molecular viscosity. Mathematically it is given by the following

expression

ρRi j = 2µT S ∗i j −
2
3
ρkδi j, (2.32)

where,

S ∗i j =
1
2

(
∂ũi

∂x j
+
∂ũ j

∂xi

)
−

1
3
∂ũk

∂xk
δi j.

Any stress similar terms which are governed from the momentum flux transport can be

expressed in this form. The turbulent transport of turbulent kinetic energy terms in the en-

ergy and turbulent kinetic equation, and the viscous diffusion term in the energy equation

modeled as

ρu′′j
u
′′

i u
′′

i

2
=
µT

σk

∂k
∂x j

,

where σk is the closure constant coefficient.

The turbulent terms are modeled in terms of turbulent and mean variables, which can

be easily solved, thus closing the governing equations. The ’n-equation’ turbulent model

means that n new turbulent transport equation(s) is(are) solved apart from mean conser-

vation equations. In this section, we discuss the two-equation turbulent models because

of their popularity in aerospace applications. Two extra transport equations are solved in

the two-equation turbulent model approach for the turbulent flow field quantities. Com-

pared to one-equation turbulence models, these models provide an equation not only for

computation of TKE but also for the turbulence length scale or equivalent. The choice of
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the type of turbulence length scale variable is arbitrary. Two of the most popular depen-

dent variables for the second variable are the dissipation rate, ε, and specific dissipation

rate, ω. Other variables most commonly used are k times the length scale (kl), vorticity

fluctuations squared (ω′), eddy viscosity (νT ) and time scale (τ).

The k − ε model is the best known two-equation turbulence model because of its

understanding and usage. Jones and Launder [29] developed the k − ε turbulence model

and given as

∂(ρk)
∂t

+
∂(ρkũ j)
∂x j

= −ρRi j
∂ũi

∂x j
− ρεi j +

∂

∂x j

[(
µ +

µT

σk

)
∂k
∂x j

]
, (2.33)

∂(ρε)
∂t

+
∂(ρεu j)
∂x j

= −C1ε
ε

k

(
ρRi j

∂ui

∂x j

)
−C2ε

ρε2

k
+

∂

∂x j

[(
µ +

µT

σε

)
∂ε

∂x j

]
. (2.34)

The eddy viscosity with the Boussinesq approximation [4] is calculated as

µT = cµ
ρk2

ε
, (2.35)

considering a turbulence time scale (length scale) and velocity scale, where cµ is a model

coefficient with the value of 0.09. The k− ε model is used widely in practical engineering

calculations. The standard k − ε model is mostly used for attached flows with thin shear

layers. The model fails to reproduce the correct flow behavior in many important flow

simulations, such as adverse pressure gradients, bluff-body flows, separation, streamline

curvature, swirl, buoyancy, turbulence driven secondary motion, compressibility, and un-

steady flows [15].

Wilcox [15] used a specific turbulence dissipation rate, ω, and proposed the k − ω

turbulence model (referred to as the standard k − ω turbulence model). Here ω is defined

implicitly using the turbulence kinetic energy, k, and the turbulence dissipation, ε and

given as ε/(kβ∗). The transport equations for k and ω are given as

∂(ρk)
∂t

+
∂(ρũ jk)
∂x j

= −ρRi j
∂ui

∂x j
− β∗ρωk +

∂

∂x j

[(
µ +

µt

σk

)
∂k
∂x j

]
,

∂(ρω)
∂t

+
∂(ρũ jω)
∂x j

= −α
ω

k

(
ρRi j

∂ui

∂x j

)
− βρω2 +

∂

∂x j

[(
µ +

µt

σω

)
∂ω

∂x j

]
,

with the coefficients, β∗ = 0.09, α = 5/9, β = 3/4, σk = 0.5, σω = 0.5. The eddy

viscosity is calculated as

µT =
ρk
ω
. (2.36)

The k − ω model has been used in many engineering flows, especially in aerodynamics

applications. It can reproduce the flowfield with an adverse pressure gradient and predicts

separation better than the other eddy viscosity-based turbulence models.
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2.4 Weak equilibrium approximation

Algebraic Reynolds stress models (ARSMs) and nonlinear turbulent viscosity models are

the simpler and more straightforward closures derived from the Reynolds stress closures.

The RSM can be reduced to a set of algebraic equations by introducing an approxima-

tion for the transport terms, which determines the local Reynolds stresses implicitly as a

function of k, ε or ω, and the mean velocity gradients. Due to these approximations, the

ARSMs are less general and less accurate than the RSMs. However, RSMs provide some

physical insights into these ARSMs.

Depending on the consistency of the approximations, Rodi [7] introduced a more

general weak-equilibrium assumption. Here, the spatial and temporal variation of the Ri j

is expressed in terms of variation of ai j and k. In the weak-equilibrium assumption, the

variations in Ri j/k are neglected and the variations in Ri j due to those in k are retained.

For the mean convection term this leads to the approximation

DRi j

Dt
=

Ri j

k
Dk
Dt

+ k
D
Dt

(
Ri j

k

)
, (2.37)

The same approximation applied to the entire transport equation yields,

DRi j

Dt
≈

Ri j

k
Dk
Dt

=

(
Ri j

k

)
(Pk − ε). (2.38)

2.4.1 Implicit algebraic Reynolds stress model (IARSM)

When the Reynolds stress transport equation is subject to the "weak-equilibrium"

assumption, a set of simultaneous non-linear algebraic equations is obtained. Rodi [7]

proposed that this set of non-linear equations for Reynolds stresses to be solved numer-

ically. However, the iterative numerical solution of the set of algebraic equations can

be computationally expensive, nullifying the advantage of a two-equation model over

second-order closures.

Pope [16] obtained the semi-explicit solutions for the Reynolds stresses by presum-

ing that the only contribution of the anisotropy stress tensor. In order to completely close

the expression for the Reynolds stresses, Pope’s methodology requires the numerical so-

lution of a single non-linear equation for the production to dissipation ratio,

Ri j

k

[Pk

ε
− 1

]
=

Pi j

ε
+

Φi j

ε
−
εi j

ε
. (2.39)

Here,

Pi j = −R jlũi,l − Rilũ j,l,

εi j =
2
3
εδi j,
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Φi j = Φs
i j + Φr

i j,

Φr
i j = −

C2 + 8
11

(
Pi j −

2
3

Pkδi j

)
+

30C2 − 2
55

k
(
ũi, j + ũ j,i

)
−

8C2 − 2
11

(
Di j −

2
3

Pkδi j

)
,

Φs
i j = C1εai j.

Here the mean velocity gradient tensor is split into a mean strain and a mean vor-

ticity tensor as the terms on left and right hand side of above equation involves in terms

of velocity gradients. Symbols S i j and Ωi j are used to represent these tensors and are

normalized with the turbulent time-scale assumed

S i j = τS ∗i j,

and

Ωi j =
τ

2

[
∂ũi

∂x j
−
∂ũ j

∂xi

]
,

where the turbulent time-scale is defined as

τ =
k
ε
.

Rapid pressure strain term is represented by isotropization of the production (LRR-

IP) closure of Launder et al. [23], and Rotta’s closure [6] for slow pressure strain term.

Now, it is possible to rewrite the production, pressure-strain closure and dissipation rate

in terms of S i j, Ωi j and ai j by normalizing with the dissipation rate ε as,

Pi j

ε
= −

4
3

S i j −
(
aikS k j + ak jS ik

)
+ aikΩk j − ak jΩik,

εi j

ε
=

2
3
δi j,

Φr
i j

ε
=

4
5

S i j +
9C2 + 6

11

(
aikS k j + ak jS ik −

2
3

akmS mkδi j

)
+

7C2 − 10
11

(
aikΩk j − ak jΩik

)
,

Φs
i j

ε
= C1ai j.

When the above equations for the production term, the dissipation rate term, the slow

redistribution term and the rapid redistribution terms are inserted to the Eq. (2.39), the

implicit algebraic equation for the Reynolds stress anisotropy tensor is then obtained as(
C1 − 1 +

Pk

ε

)
ai j = −

8
15

S i j +
7C2 + 1

11

(
aikΩk j − ak jΩik

)
−

5 − 9C2

11

(
aikS k j + ak jS ik −

2
3

akmS mkδi j

)
(2.40)
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Eq. (2.40) represents a non-linear relation, since the production to dissipation rate ratio is

defined as
Pk

ε
≡ aikS ki (2.41)

The value of C2 is 0.5 Launder et al. [20] and C1 = 1.8 [6].

2.4.2 Explicit algebraic Reynolds stress model (EARSM)

The implicit ARSM relation for the Reynolds stress anisotropy tensor is numeri-

cally and computationally cumbersome since there is no diffusion or damping term in the

equation. The turbulence closure where the Reynolds stresses are explicitly related to the

mean flowfield is called explicit algebraic Reynolds stress model. The procedure used

to obtain an explicit form is to avoid the non-linearity, by considering the production to

dissipation ratio P/ε as an extra unknown. The most general form for ai j in terms of S i j

and Ωi j consists of ten tensorially independent groups to which all higher-order tensor

combinations can be reduced with the aid of the Cayley-Hamilton theorem.

ai j = β1S i j + β2

(
S ikS k j − IIS δi j/3

)
+ β3

(
ΩikΩk j − IIΩδi j/3

)
+ β4

(
S ikΩk j −ΩikS k j

)
+ β5

(
S ikS klΩl j −ΩikS klS l j

)
+ β6

(
S ikΩklΩl j + ΩikΩklS l j − IVδi j/3

)
+ β7

(
S ikS klΩlpΩp j + ΩikΩklS lpS p j − 2Vδi j/3

)
+ β8

(
S ikΩklS lpS p j − S ikS klΩlpS p j

)
+ β9

(
ΩikS klΩlpΩp j −ΩikΩklS lpΩp j

)
+ β10

(
ΩikS klS lpΩpqΩq j −ΩikΩklS lpS pqΩq j

)
.

The number of independent scalar invariants is limited to five in the case of three-

dimensional mean flow

IIS = S klS lk,

IIΩ = ΩklΩlk,

IIIS = S klS lmS mk,

IV = S klΩlmΩmk,

V = S klS lmΩmnΩnk.

In the ARSM Eq. (2.40), the last term contribution to the turbulence anisotropy is quite

small (precisely zero). The equation is further simplified as (still in terms of Pk/ε)(
C1 − 1 +

Pk

ε

)
ai j = −

8
15

S i j +
7C2 + 1

11
(aikΩk j −Ωikak j). (2.42)

The value of C2 in the rapid redistribution model was originally suggested to be 0.4 by

Launder et al. [20], but more recent studies suggested a higher value close to 5/9. The
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simplified implicit algebraic Reynolds stress Eq. (2.42) is then multiplied by 9/4 to get a

similar formulation as

Nai j = −
6
5

S i j + (aikΩk j + Ωikak j) (2.43)

where N is related to the production to dissipation rate ratio as

N = c′1 +
9
4

Pk

ε
(2.44)

where

c′1 =
9
4

(C1 − 1) (2.45)

Here c′1 is the Rotta coefficient and is set to 1.8. The simplifications made the equation

system quasi-linear, as the tensor equation for ai j is linear, and the corresponding scalar

equation for N is non-linear. The solution for the simplified ARSM equation is presented

by using different approaches, which are available in literature [8, 30–33]. The approach

discussed above are for incompressible flows. For compressible flows, incompressible

models can be directly extended by using Favre-averaged turbulent quantities.

2.5 Summary

RANS equations govern the mean flow with additional turbulent transport equations for

the Reynolds stresses, turbulent kinetic energy, and turbulent length scale. All the flow

variables are Favre-averaged except for pressure and density. Eddy viscosity-based two-

equation turbulence models give the necessary flow behavior, but they have ample as-

sumptions. In the RSM transport equations, the pressure strain correlation plays a signif-

icant role in redistributing the turbulent fluctuations, and several turbulence closures are

proposed. ARSMs can reduce computational cost and numerical stiffness in comparison

with RSMs. EARSM is much more numerically robust and computational cost-effective.





Chapter 3

Review of literature

Interaction of shock waves with turbulent boundary layer can result in complex flow pat-

tern in high-speed flows. These include boundary layer separation and flow reattachment,

free shear layers, multiple shock, expansion waves, and their interaction,. As a result,

SBLI often result in high surface pressure and heat transfer rates.

One of the primary purposes of the present study is to gain insight into RANS model-

ing of principal Reynolds stresses in shock-dominated flows, which affects the turbulence

anisotropy, separation bubble size, and surface properties. In section (3.1), we briefly

explain the modification and development of the turbulence closure under eddy viscos-

ity based models, RSMs and ARSMs. Subsequently, in section (3.2), we describe SBLI

canonical configuration and highlight the inability of existing turbulence models to predict

the surface properties.

A canonical shock-turbulence interaction configuration is assumed to be a simple

yet insightful configuration subjected to theoretical and numerical study. A detailed un-

derstanding of the STI model problem is presented in section (3.3). Some of the useful

outcomes of studying STI on developing physics-based models for SBLI are also dis-

cussed in this section, followed by the present work objectives.

3.1 Turbulence closures

3.1.1 Eddy viscosity based two-equations models

The standard turbulence models, such as k − ε and k − ω turbulence models, cannot

predict the location of the separation shock, size of the separation region, and mean veloc-

ity profiles downstream of the interaction. Several modifications have been proposed to

improve predictions, e.g., realizability constraint [34], compressibility correction [35, 36],

length-scale modification [36], and rapid compression correction [36]. Limiting the ratio

21
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of production to the dissipation rate of turbulent kinetic energy to some value or limiting

the production itself is often used by some turbulence models such as shear stress trans-

port (SST) model [37], and Wray-Agrawal model [38]. However, the turbulence models

based on eddy viscosity assumption show poor performance in strong SBLIs.

Morgan et al. [39] investigated the cause of modeling errors in two-equation turbu-

lence models and RSMs in prediction of the size of the separation bubble and turbulence

quantities. Hamlington and Dahm [40] modified the standard two-equation formulation

to account for the flow history of the Reynolds stress tensor. Sinha et al. [42] modi-

fied the turbulent kinetic energy equation with shock-unsteadiness correction and showed

improvement over standard one- and two-equation turbulence models. The shock un-

steadiness model of Sinha et al. [41] is described further in section 3.3.

3.1.2 Reynolds stress models

Compared to the two-equation models, RSMs have an additional pressure-strain cor-

relation term, which models the redistribution of turbulent fluctuations in all directions.

Earlier studies in second-moment closure models provide various approximations for the

pressure-strain correlation terms [6, 23, 43, 44]. Rotta [6] modeled the pressure-strain

closure for decaying homogeneous turbulence without any mean strain in the flow. Ex-

tending Rotta’s concept, Launder, Reece, and Rodi [23] proposed a general closure for

the pressure-strain correlation, which is linear in Reynolds stresses, and the model was

referred to as the quasi-isotropic model (LRR-QI). Later, they proposed a different model

by retaining the dominant term in the pressure-strain correlation; the simplified version

is known as isotropization of the production Reynolds stress model (LRR-IP). The rapid

pressure-strain term tends to isotropize the turbulence production in this model.

Lumley [44] developed a nonlinear model for the pressure-strain correlation, which

reduces to the LRR-QI model when the nonlinear anisotropy tensor terms are neglected.

Speziale, Sarkar, and Gatski (SSG) [43] postulated a quadratically nonlinear anisotropy

tensor model using a different approach compared to Lumley [44]. Adopting the LRR-IP

model, Gibson and Launder [45] modified the pressure-containing correlations by adding

wall correction for the fluctuating pressure field. Later, Launder and Shima [46] proposed

a new model extending the Gibson and Launder [45] model to incorporate near-wall vis-

cous sublayer effects by optimizing the model coefficients.

The closure models discussed above are for incompressible flows. For compressible

flows, incompressible models are directly extended by replacing the Reynolds-averaged

Reynolds stresses with Favre-averaged Reynolds stresses. Gerolymos et al. [17–19, 47]

followed this approach for Launder and Shima RSM [46] by using modified dissipation
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equation from Launder and Sharma [20]. They developed three different models that are

independent of geometry/wall topology. In Ref.[18], the coefficient of the rapid pressure-

strain correlation term is retained. In Ref.[17], the coefficient is modified to provide a

numerically robust model. Further improvements are made in Ref. [17], and the model

in Ref.[19] includes specific modeling for pressure-diffusion, non-linear inhomogeneous

terms in the slow pressure-strain term model and a separate model for the dissipation rate

tensor anisotropy. The models are applied to various flows, some of which are separated

flows on supersonic compression ramps and three-dimensional SBLIs [17–19, 47–50].

Taking into account the compressibility effects, Lee et al. [22] modified the pressure-

strain correlation of the LRR-QI model and additionally considered dilatation-dissipation

and the mass-averaged fluctuations. They applied the model to zero-pressure gradient

supersonic turbulent boundary layers and curved compression surfaces. A good match is

observed for measured quantities like skin friction, mean velocity, and turbulent energy

profiles with experimental results. In a similar approach, Ladiende [51] used LRR-IP

model with pressure-dilatation and dilatation-dissipation correction. The model was ap-

plied to supersonic turbulent boundary layers with an adverse pressure gradient and found

to give a good match with experimental results.

Gnedin and Knight [52] developed a model by extending Rotta’s model, with an ad-

ditional compressibility correction term in the dissipation rate, proposed by Pantano and

Sarkar [28], and Zeman [53]. Zha and Knight [21] adopted the Gnedin and Knight model

and simulated three-dimensional crossing shock-wave/turbulent boundary-layer interac-

tions. When compared to experimental results, heat transfer and pressure profiles are

found to be in better agreement than the two-equation model. Some other improvements

in modeling of the unclosed terms in RSM for SBLI are reported in Vieira et al. [54] and

Liu et al. [55]. Wilcox [15] proposed a stress-transport model based on Launder, Reece

and Rodi’s pressure-strain closure and specific dissipation rate, ω. The model was applied

to SBLI over the compression corner and reflecting shocks, and the predictions are found

to be better than standard two-equation models.

3.1.3 Algebraic Reynolds stress models

Rodi [7] proposed the weak equilibrium assumption and gave physical insights to

improve the model. Following a similar approach, Pope [16] was the first to propose using

the ten tensor groups to form a consistent explicit relation. He suggested an effective-

viscosity approach and introduced a finite tensor polynomial to formulate the effective-

viscosity according to the Cayley-Hamilton theorem. He also derived a relation for two-

dimensional mean flows leaving the production to dissipation rate ratio (Pk/ε) implicit.
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This approach was later extended and solved for three-dimensional mean flows by Taulbee

[31] for the particular case of C2 = 5/9 and by Gatski and Speziale [33] for a general

linear pressure-strain model. To develop a fully explicit ARSM, Gatski and Speziale

[33] proposed an EARSM by linearising the production to dissipation rate term to be its

equilibrium value. Later, Jongen and Gatski [56] extended the EARSM of Gatski and

Speziale [33] by considering the production to dissipation rate equilibrium.

Girimaji [30] pointed out that ARSMs are not entirely explicit and not always self-

consistent. He derived an exact solution to the non-linear weak-equilibrium equation for

incompressible two-dimensional mean flows. Wallin and Johansson [8] have indepen-

dently shown that this equation has a closed and fully explicit solution that can be ex-

pressed in a compact form. They simplified the algebraic equation for the Reynolds stress

anisotropy tensor by setting the model coefficients to specific values. Recently, Gomez

and Girimaji [57] proposed a compressible EARSM reflecting three-stage behavior using

gradient Mach number, which mainly focuses on the compressible mixing layer.

Coratekin et al. [58] studied the SBLI flows using the EARSM model [8] developed

by Wallin and Johansson. They applied the model to three different configurations, such as

two-dimensional supersonic inlet at Mach 3.0, two-dimensional triple-ramp flow at Mach

7.3, and three-dimensional double fin at Mach 3.95. For all the geometries, the EARSM

computed surface pressure distribution showed a better match with the experimental data

compared with SA and k − ω turbulence models. On the other hand, all the turbulence

models show a very poor prediction of heat transfer.

3.2 Oblique shock impingement

In a practical inlet configuration of the high speed air-breathing vehicles, presence of

shock waves with the geometric variations add to the overall complexity of the flowfield.

These shock waves impinge on the vehicle body and have multiple reflection to form a

train of shocks and expansion waves between the vehicle body and the cowl plate. Fur-

ther, they interact with the boundary layer on the walls and can result in flow separation

due to strong adverse pressure gradient. The shockwave/boundary-layer interaction of-

ten results in a complex flow pattern, comprising of additional shock waves, expansion

waves, shear layer and separation bubble. The separation bubbles are highly viscous, and

hence increase the stagnation pressure loss. Peak values of pressure, skin friction and heat

transfer rates are found at reattachment point. The separation bubble acts as a blockage

to the flow inside the inlet duct and can result in inlet unstart. It is therefore important to

predict the shock/boundary-layer interaction flowfield in a scramjet inlet.
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The two-dimensional oblique shock impingement case with a flat plate and an ex-

ternal shock wave generator with a deflection angle of θ finds application in the analysis

of internal flows such as air intakes of high-speed air-breathing engines. An inviscid su-

personic flow over the shock generator produces an incident oblique shock. This incident

shock impinges on a flat plate and gets reflected. The shock strength at the impingement

point is given by the total inviscid pressure rise across the incident shock and the reflected

shock. The incident oblique shock interacts with the turbulent boundary layer on the plate

and results in a complex flow pattern (see Fig. (3.1)).

Figure 3.1: Illustration of a typical oblique shockwave/boundary-layer interaction.

The adverse pressure gradient across the incident oblique shock causes the boundary

layer to separate on the flat plate and forms a separation bubble. An oblique separation

shock is generated due to the blockage caused by the separation bubble. The interaction

of incident shock and separation shock generates additional shocks. The boundary layer

turns to form a shear layer over the separation bubble. The shear layer attaches back on

the plate and forms compression waves, which coalesce to form a reattachment shock.

The correct prediction of the separation bubble size determines the correct flow topology

in terms of shock angles, the strength of shock waves, and expansion fan formation.

For the configuration mentioned above, Schulien et al. [14] carried experimental

investigation for different deflection angles of 6◦, 10◦, and 14◦ with Mach number of 5,

unit Reynolds number, Re∞ of 37 × 107 m−1. Flowfield schlieren images, wall pressure,

skin friction, and heat transfer measurements have been carried out. These configurations

have been computed by different researchers [12] using different turbulence models for

predicting surface pressure and skin friction. In general, it was observed that the computed

wall pressure and skin friction values match closely for lower deflection angles and show

large variation at larger angles when compared to experimental data.
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Gerolymos et al. [17–19, 47] applied different Reynolds stress models to the

strongest oblique shock impingement case of Schulein et al. [14] experiment. The mod-

ified RSM improved the prediction of upstream influence and underestimated the height

of the recirculation zone. All the turbulence models failed to predict the correct shape of

wall friction distribution at and downstream of the reattachment flow region, as shown in

Fig. (3.2).

Figure 3.2: Comparison of streamwise distributions of wall-pressure and skin-friction

obtained using different turbulence models for the incident oblique shock wave/turbulent

boundary-layer interaction flow [47].

Fedorova et al. [59, 60] used the Wilcox 1988 k−ωmodel [15] to study the Schulein

impinging shock experiment for shock generator angles of 6◦, 10◦, and 14◦. No grid

study was discussed, and the sensitivities of the results to freestream turbulence levels

and wall spacing were not addressed. They found good agreement for the surface pressure

at all shock generator angles. The skin friction was accurately predicted for the smaller

generator angles, but the recovery skin-friction levels were underpredicted for the 14◦

case.

Nance and Hassan [61] used the k − ζ turbulence model to examine the Schulein et

al. [14] experiments. In the paper, a grid sensitivity study is mentioned, but no results

are presented. Also, sensitivities to wall y+ values and freestream turbulence levels are

not discussed. The cases with 10◦ and 14◦ shock generators were studied. Both wall

pressure and skin friction obtained using EARSM and k − ζ turbulence model show the
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Figure 3.3: Comparison of experimental data and computed skin friction for 14◦ case

from Fedorova et al. [59].

(a) (b)

Figure 3.4: Comparison of (a) wall pressure and (b) skin friction for 14◦ case from Nance

and Hassan [61].

discrepancies in capturing the separation bubble size and gives a high value of the skin

friction coefficient at the reattachment point, shown in Fig. (3.4).

Xiao et al. [62] used the k − ζ turbulence model and a new model for calculating

the turbulent Prandtl number, to examine the Schulein et al. [14] experiments. Numerical

simulations were carried for 10◦ and 14◦ shock boundary layer interaction flows with no

grid sensitivity study. The variable Prandtl number turbulence model showed improve-

ment in capturing the separation bubble size compared with the fixed Prandtl number

model. The heat flux is overpredicted in the interaction and recovery regions, and the

peak heating at the reattachment point is exceedingly high, shown in Fig. (3.5).
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(a) (b)

Figure 3.5: Computed and measured (a) skin friction and (b) heat transfer for 14◦ case

from Xiao et al. [62].

Brown [63] has used SST, k − ω, and Spalart-Allmaras (SA) turbulence models

with compressibility corrections to examine the Schulein et al. [14] experiments. SST

turbulence model showed better improvement in capturing the separation bubble and wall

heat transfer than k − ω and SA turbulence models. Still, it underpredicts the separation

bubble by 25-40 percent (See Fig. (3.6)).

(a) (b)

Figure 3.6: Schulein Mach 5, 140 separation case, (a) skin friction and (b) heat transfer.

The oblique shock impingement with θ = 14◦ and 10◦ at Mach 5 was computed

by Lindblad [64] using two different EARSM based on k − ω turbulence models. Fig.

(3.7) shows the skin friction generated from two different codes with the same Wallin
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and Johansson EARSM turbulence model [8]. The results show different trends of skin

friction distribution for the 10◦ case. As per the author’s explanation, the difference may

be due to the implementation of wall boundary conditions or inflow velocity profile used

in the computation, which do not match the experimental profile perfectly.

Figure 3.7: Comparison of experimental data and computed skin friction for 14◦ case

from Lindblad et al. [64].

Impinging shockwave/turbulent layer interaction flowfield is also studied using DNS

[65–70] and LES [71–73] for the supersonic Mach numbers less the 3. However, each

study mainly focused on adopting shock-capturing schemes and prescribe inflow turbu-

lence differently. Li & Coleman [65] performed DNS study for an oblique shockwave im-

pinging upon a turbulent boundary layer at Mach 2.0 with inflow displacement-thickness

Reynolds number of 3775. They have used a synthetic technique to generate inflow con-

dition. They did not provide the details of low-frequency unsteadiness and quantitative

data on turbulence fluctuations or correlations for the interaction.

Priebe et al.[66] and Wu et al. [67] carried out DNS for a reflected shock-

wave/turbulent boundary-layer interaction with the inflow conditions of Mach num-

ber=2.9 and incoming boundary layer with Reθ =2400. The study provided the evolution

of the mean and fluctuating quantities throughout the interaction. They identified that the

peak turbulence intensity was in the detached shear layer, implying a mixing-layer mech-

anism leads to the turbulence amplification. Pirozzoli & Grasso [68] conducted the DNS

of impingement shockwave turbulent layer interaction configuration at Mach 2.25 and Reθ
= 3725 with the deflection angle through the incident shock of 8.1 degree. They used a

seventh-order-accurate weighted-essentially nonoscillatory (WENO) scheme for the spa-

tial discretization of the inviscid fluxes. They proposed an acoustic-feedback mechanism
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in the separation bubble for instability of the shock motion. Similar to Wu et al. [67], they

found that the turbulence was amplified in the mixing layer with its largest values away

from the wall. Both the turbulence kinetic energy and its production term were found

to reach their maxima inside the mixing layer. Therefore, they concluded that the mix-

ing layer formation was primarily responsible for the amplification of turbulence. Later,

Pirozzoli & Bernardini [69] performed DNS study on SBLI and confirmed again that the

maximum production of turbulence kinetic energy in SWTBLI is due to the lift-up vortical

structures in the mixing layer.

Recently, Fang et al.[70] carried out the DNS study on the turbulence amplifica-

tion in shock-wave/turbulent boundary layer interaction. Three-dimensional numerical

simulations were performed for the incoming freestream Mach number of 2.25 and the

Reynolds number based on the nominal boundary layer thickness at the inlet plane of

11277. They analysed the turbulence amplification in the interaction region and proposed

a new turbulence amplification mechanism based on the DNS data analysis. Similar to

Wu et al. [66, 67] study, the amplification of high turbulence level of turbulent kinetic

energy in the near-wall region is seen and explained with the proposed mechanism.

Garnier & Sagaut[71] presented large-eddy simulation results for an oblique SWT-

BLI problem for Mach 2.3, and Reynolds number depended on displacement thickness

of 19132 with flow deflection through the incident shock generated by corner angle of 8

degree. Oblique shock wave strength is high enough to produce a separation of the bound-

ary layer. The Reynolds number of the flowfield did not match the experimental data, and

their study does not analyze low-frequency shock unsteadiness motion. Moreover, they

saw a discrepancy in the prediction of Reynolds shear stress terms.

Touber and Sandham [72] performed LES for the interaction between an impinging

oblique shock-wave generated by an 8-degree wedge interacting and a turbulent boundary

layer at a freestream Mach number of 2.3. They carried out a detailed investigation of

low-frequency shock unsteadiness in a turbulent shock-induced separation bubble and

showed good agreement with the IUSTI group’s experiments. They proposed an inflow

generation method based on the digital filter (DF) technique, which does not introduce

any energetically significant low frequencies into the domain.

Morgan et al.[73] carried out LES for parametric studies of impinging shock for

various wedge angles, Reynolds numbers, streamwise and spanwise domain sizes. They

found that the Reynolds number did not have any significant effect on the separation bub-

ble size. Increasing the wedge angle led to an increased size of the interaction region.

Many aspects of STBLI, such as shock unsteadiness, turbulence amplification, and mean

flow modification induced by shock distortion, separation, and reattachment criteria, have
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been studied using RANS, LES and DNS. Understanding the fundamental physics, ac-

curate predictions, scaling laws, effective means to control the interaction regions, and

governing the dynamics of shockwave/turbulent boundary layer interactions are the pri-

mary focus of these numerical studies.

3.3 Shock-turbulence interaction

Canonical STI is the most fundamental problem where a one-dimensional mean flow

carrying three-dimensional homogeneous isotropic turbulence interacts with a nominally

normal shock (see Fig. (4.1)). The shock wave amplifies the turbulence and makes it

anisotropic. It also generates acoustic energy and causes a sudden change in the length

scales of turbulence. The turbulent fluctuations passing through the shockwave make it

unsteady about its mean position, as shown in the figure. Thus, canonical STI exhibits

many of the essential features of high-speed flows with shock waves. This is the simplest

model problem to isolate the shock physics on the turbulence field. Rankine-Hugoniot

Distorted shock

Figure 3.8: Schematic of canonical shock-turbulence interaction.

relations govern the mean flow quantities across the shockwave and are given as,

ρuuu = ρuud (3.1)

ρuu2
u + pu = ρdu2

d + pd (3.2)

cpTu +
1
2

u2
u = cpTd +

1
2

u2
d (3.3)

Here u, ρ, p, and T are instantaneous quantities of velocity, density, pressure, and temper-

ature. The upstream and downstream flow is denoted by subscript u and d, respectively.
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Turbulence passing through the shock gets amplified and enhances various turbulence

quantities, such as TKE and its dissipation rate. The main advantage of studying the

STI problem is the isolation of the net effect of the strong gradients of mean quantities

imposed on the turbulence by the shock.

Figure (3.9a) reproduced from Sinha et al. [74] shows the comparison of streamwise

evolution of turbulent kinetic energy computed by different turbulence models with DNS

data. A normal shock wave with a Mach number of 1.5 is located at x = 3. At the inlet

station, the values of Taylor micro-scale based Reynolds number and the turbulent Mach

number are 6.7 and 0.17. The TKE is normalized by its values immediately upstream of

the shock wave. Turbulence dissipates from its inlet value upstream of the shock due to

the zero mean velocity gradient and gets amplified across the shock. The TKE decays

faster in the downstream compared to upstream of the shock due to an increase in the

dissipation rate of turbulence.

(a) (b)

Figure 3.9: Amplification of turbulent kinetic energy in canonical STI: (a) streamwise

evolution in a Mach 1.5 interaction and (b) jump across shock waves for varying Mach

numbers, reproduced with permission from Sinha et al. [74].

At the shock, the DNS data shows a very high value of TKE due to the unsteady mo-

tion of the shock and does not represent turbulence fluctuations. There is a non-monotonic

variation in the TKE immediately after the shock, and the behavior is due to the acous-

tic decay described by Mahesh et al. [75]. In Fig. (3.9), the standard k − ε model and

realizable k − ε model overpredicts the DNS data, whereas the TKE predicted by the

shock-unsteadiness model shows a good match with DNS. The amplification of TKE also

matches well with the linear theory for a range of Mach numbers shown in Fig. (3.9b).
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The physical insights from the study of canonical shock turbulence interaction have been

used towards the development of turbulence models for the shock dominant flows.

3.3.1 Theoretical analysis

Theoretical analysis of canonical STI has been carried by many researchers using

linear interaction analysis (LIA). In this approach, the inviscid shock wave is treated as

a discontinuity, and the upstream turbulence field is decomposed into Fourier modes.

The heart of this theory is the elementary interaction of a two-dimensional plane wave

with the distorted and unsteady normal shock wave as shown in Fig. (3.10). For a given

upstream Mach number and plane wave incidence angle, the theory predicts the distur-

bance waves generated downstream of the shock. The superposition of the single wave

results for a specified upstream energy spectrum yields the downstream statistics for three-

dimensional turbulence [75].

k2

Vorticity/Entropy
wave

Acoustic
wave

Upstream
vorticity wave

ψ

|Av|

k

Shock

y

x

Figure 3.10: A single vortical wave interacts with a shock to yield three waves down-

stream of the shock.

For the first time, Kovasznay [76] decomposed turbulence of compressible flow into

three fundamental modes: vorticity, entropy, and acoustic modes. Three independent

equations govern these modes. He also demonstrated that the modes propagate inde-

pendently when the turbulence intensity is small, and interact with each other at larger

intensities. Ribner [77] formulated LIA to study the interaction between a single vortical

planar wave and a normal shock and to see the acoustic and entropy waves generation

downstream of the shock. Ribner [78] extended his earlier work on the single-wave and

three-dimensional analysis to study the acoustic energy flux behind the shock upon inter-

acting with a turbulence field containing only small vortical fluctuations. In this work, he

showed that the acoustic flux generated varied linearly with the shock density ratio.



34 Review of literature

High-speed flows can have non-negligible thermodynamic fluctuations, and their

effect on shock-turbulence interaction has been studied earlier [27, 75]. In a linear frame-

work, Quadros et al. [79] studied the turbulent heat flux generation across the shock when

the isotropic homogeneous turbulence interacts with the shock. Sethuraman et al. [80]

studied the thermodynamic fluctuations across the shock, and using the LIA theory, they

developed models for the thermodynamic variances. LIA is also extensively used to study

the shock-induced mixing [25, 26], astrophysical problems, such as supernova explosion

[81] and RMI [26]. These studies have shown that linear theory is indeed a powerful tool

in analyzing some of the essential physics of the shock-turbulence interaction over almost

five decades.

In the three dimensional space, the upstream turbulent field of the shock is consid-

ered to be isotropic, and it is represented as a superposition of planar 2D waves. Figure

(3.11) shows the schematic of the 3D turbulence obtained by the superposition of 2D

waves. Here x-axis corresponds to the shock-normal direction, and y and z correspond

to the shock-parallel direction. x − xr is a plane making an angle φ to the x − y plane

and axisymmetric about the x-axis. Now consider a vortical wave having wavenumber,

k in the x − xr plane, making an angle ψ to the x-axis and the amplitude of the vortical

wave is represented by |Av|. In the linear framework, each of the waves interacts with the

shock independently. The interaction of this single vorticity wave with the shock can be

Figure 3.11: Plane wave in the x − xr plane normal to the shock.

treated as a two-dimensional interaction in the x − xr plane. The Reynolds stress tensor

Ri j upstream of the shock along x and xr direction is represented in Fourier space.

The Reynolds stress contribution from an individual wave of wavenumber k for this

upstream turbulence takes the expression,

Ei j =
E(k)
4πk2

(
δi j −

kik j

k2

)
, (3.4)
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Figure 3.12: Streamwise evolution of the Reynolds stresses in a Mach 2.5 canonical STI

predicted by the linear interaction analysis (LIA) for a purely vortical upstream turbu-

lence.

where E(k) is the upstream energy spectrum and the Reynolds stress contribution up-

stream of the shock can be written as

E11 + E22 + E33 = 2
E(k)
4πk2 , (3.5)

where E22 and E33 are the Reynolds stresses along y and z directions, respectively. We

obtain the three-dimensional streamwise Reynolds stress downstream of the shock, i.e.,

R11,d

R11,u
= 4π

∫ ∞

k=0

∫ π/2

ψ=0
E11k2 sinψdψdk. (3.6)

The above integral is symmetric about ψ, and the solution is independent of φ. In a similar

manner, the transverse Reynolds stresses can be obtained by integrating,

R22,d

R22,u
=

R33,d

R33,u
=

4π
2

∫ ∞

k=0

∫ π/2

ψ=0

(
Err +

E(k)
4πk2

)
k2 sinψdψdk. (3.7)

E11 and Err behind the shock wave are determined once the E(k) are specified. The

turbulent statistics behind the shock for the upstream spectrum are obtained by integrating

over all the upstream wavenumbers for varying values of ψ and φ considering the integral

volume and integrating the energy spectra E11 and Err over the volume. The post-shock

Reynolds stresses predicted by the LIA are plotted in Fig. (3.12). Detail formulations

of LIA for the case of vorticity waves interacting with a normal shock wave are given in

Refs. [75, 79, 80].
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3.3.2 Numerical simulations

Numerical analysis of canonical STI has been carried by using DNS, LES, and

RANS. One of the early studies of shock-turbulence interaction using the DNS was car-

ried out by Lee et al. [82]. They studied the amplification of TKE, distortion of the

shock front, and thermodynamic fluctuations using DNS and LIA. Mahesh et al. [75, 83]

used DNS to study the turbulent statistics across the shock with two different upstream

turbulent fields, such as turbulent acoustic field [83] and vorticity-entropy turbulent field

[75]. Apart from the effect of turbulent fluctuations and entropy fluctuations, they also

explored Morkovin’s hypothesis across the shock. They showed that a negative correla-

tion between velocity and temperature fluctuation in the upstream of the shock resulted

in a higher amplification of turbulence fluctuations. Comparison of LIA and numerical

simulations were found to be satisfactory.

Influence of the upstream turbulence, such as solenoidal, vorticity-entropy and

vorticity-acoustic turbulent field on the post-shock turbulence statistics was studied by

Jamme et al. [84]. Larsson and Lele [9] considered a wide range of upstream Mach

numbers (1.27 - 6.0) and turbulent Mach numbers (0.16 - 0.38) and studied their effect on

the downstream turbulent statistics and change in length scales across the shock. Their

study showed the need for a finer grid size in the post-shock region, highlighting the

under-resolved nature of the previous DNS studies of canonical STI. Shock distortion for

various combinations of mean and turbulent Mach numbers was also studied in detail.

Larsson et al. [10] also presented DNS cases with varying Reynolds number and

investigated the effect of upstream Mach-, turbulent Mach- and Reynolds number on var-

ious turbulent statistics such as TKE amplification and post-shock anisotropy. They also

show for the first time that the influence of upstream Reynolds- and turbulent Mach num-

ber is minimal on the turbulence kinetic energy amplification. Sethuraman et al. [80]

presented additional DNS cases to Larsson et al. [10] study for different turbulent in-

tensity at Reynolds number based on the Taylor scale of 33. They showed the effect

of the mean flow Mach number, the turbulent Mach number, and the Taylor lengthscale

Reynolds number on the evolution of thermodynamic fluctuations.

Figure (3.13) reproduced from Larsson et al. [10] shows the comparison of amplifi-

cation of the Reynolds stresses and TKE obtained from DNS data with LIA. An initially

homogeneous isotropic disturbance field is converted into an axisymmetric turbulence

field by the normal shock. DNS data of Larsson et al. [9, 10] show the anisotropy in

Reynolds stresses for a range of shock strengths. The Reynolds stresses in streamwise,

and transverse directions are amplified differently across the shock wave. The Reynolds

stresses and its anisotropy behind the shock, however, do not match between DNS and
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(a) Streamwise Reynolds stress (b) Transverse Reynolds stress

(c) TKE

Figure 3.13: Amplification of the Reynolds stresses and TKE from the DNS at Mt =

0.22 (circles), computations by Lee et al. [82] (squares), experiment by Barre et al. [85]

(diamond), and LIA taken from Lee et al. [82] (lines). The results have been extrapolated

from the far field to the mean shock location [10].

LIA, except for weak shock interactions (M<1.3). On the other hand, LIA and DNS data

for TKE amplification match very well for the entire range of Mach number (see Fig.

(3.13c)). This could be because of the post-shock non-linear effects. They also compared

numerical simulation results with that of Barre et al. [85] experiments and find good

agreement for Reynolds stress amplification across the shock.

Ryu and Livescu [86] carried out a high-resolution DNS study to resolve the shock

structure in canonical STI. They studied the effect of the turbulent Mach number on the

post-shock streamwise and transverse Reynolds stresses, and on the transverse vorticity

variance. The turbulent statistics were analyzed for the upstream turbulent Mach number

varying between 0.02 - 0.27, for a given upstream Mach- and Reynolds number. Livescu

and Ryu [87] carried out shock-resolved DNS cases at Taylor Reynolds number of 180,
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much higher than the previously considered values, and upstream Mach number up to

10. The effect of the upstream Mach number on the downstream vortical structures was

studied in detail. Tian et al. [88] studied the interaction of a Mach 2 shock wave with

isotropic turbulence with (multi-fluid) and without (single-fluid) variable compositions.

They compared the conditional expectation of density, pressure and temperature fluctu-

ations amongst each other, and investigated whether they followed an isentropic scaling

behind the shock.

LES computations of the shock/turbulence interactions has been performed by some

researchers. Most of their work deals with two problems, first is subgrid models closures

and second is numerical dissipation of the shock capturing schemes [94]. Garnier et al.

[89] performed LES of the canonical STI for two different Mach number 1.2 and 2.0, and

compared the evolution of the normal Reynolds stresses with the available DNS data of

Lee et al. [82]. To capture the effect of the shock corrguation on the turbulence, they

used four different sub-grid models along with mesh refinement. They concluded that the

numerical dissipation of the shock capturing schemes cover the effect of the subgrid-scale

model.

Ducros et al. [90] studied the turbulence scales affected by the numerical dissipation

used to capture the shock. They investigated the shock/turbulence interaction using large-

eddy simulations for high Reynolds number. They developed the shock sensor based

on the local property of the compressibility to capture the shock by triggering artificial

dissipation. Braun et al. [91, 92] performed LES of the canonical STI using a hybrid

stretched-vortex model as the subgrid-scale model (SGS) for the regions away from the

shock. At the shock, the weighted essential non-oscillatory (WENO) numerical scheme

was applied. To ensure the correct SGS kinetic energy, they used a modified adaptive

mesh refinement (AMR) procedure at the shock. They investigated the anisotropy in

Reynolds stresses primarily, which was later used along with the LIA theory to develop a

model, which would account for the shock-unsteadiness effects in RANS simulations of

canonical STI.

Comparisons of explicit [89, 93] and implicit [95] LES approaches have further ex-

plored the relative effectiveness of different SGS models downstream of a shock. Also

shock/turbulence interaction in internal flows has been studied using LES [96–98] of

pseudo shock train in a constant area supersonic isolator with rectangular cross-section.

Various shock-capturing methods like hyperviscosity and WENO schemes were used and

compared. There analysis presents the evolution of mean flow quantities and Reynolds

stresses, pressure-dilatation correlations, turbulent kinetic energy (TKE) budget for the

unsteadiness of the shock train.
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3.3.3 RANS modeling

Schwarzkopf et al. [99] proposed a second-moment closure model for variable den-

sity flows and applied the model to homogeneous STI. Braun et al. [91] extended the

model of Schwarzkopf et al. [99] to investigate the Reynolds stresses and its anisotropy

for STI problem. Braun et al. [91] model match reasonably with LIA predictions. How-

ever, the individual Reynolds stress amplifications predicted by these models have shown

limited agreement with DNS data. Griffond et al. [26, 100] modified the Gregoire et al.

[101] RSM to match results for STI. Following the same approach, Griffond and Soulard

[100] evaluated three augmented RSMs that have an additional transport equation for the

density related correlation against LIA data.

Within the RANS framework using two-equation eddy viscosity turbulence models,

Sinha et al. [41] studied the amplification of TKE in a canonical STI. RANS models based

on eddy viscosity assumption were shown to overpredict the TKE amplification across the

shock. They modeled the damping effect of shock oscillation on the TKE amplification

using LIA results. Implementing the shock-unsteadiness (SU) effect improved the TKE

amplification to match the DNS trend.

Veera and Sinha [27] considered the presence of incoming temperature fluctuation

to model the TKE amplification in canonical shock-turbulence interaction. The TKE

equation budget was studied using LIA, and the dominant mechanism through which

the upstream velocity-temperature correlation affects the TKE amplification was studied.

These mechanisms were modeled using the linear theory results, and the final model

correctly predicted the amplification of TKE in comparison with the DNS data.

Sinha [74] derived a transport equation for enstrophy in the canonical STI frame-

work. Enstrophy, defined as the mean-square vorticity fluctuation, is directly related to

the dissipation rate ε. The dominant terms responsible for enstrophy amplification were

identified and modeled using the linear theory, and the critical physics was incorporated in

the ε framework. The new model predicted the correct amplification in the dissipation rate

across the shock for varying upstream Mach number. In [27, 41, 74], they studied shock

unsteadiness effect on the TKE and dissipation rate in the STI. Figure (3.14) reproduced

from Sinha [74] shows the comparison of amplification of the TKE and its dissipation rate

obtained from SU model with DNS data.

Sinha and Balasridhar [102] studied the numerical error arising in the modeled trans-

port equation for TKE and ε applied to canonical STI. The error was associated with the

nonconservative nature of the source terms in the TKE and ε equations. This error was

studied as a function of shock strength, grid resolution, and upstream turbulence level.

The model equations were then cast into equivalent conservative forms; significant im-
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(a) Mach 2.5 (b) Mach 3.5

Figure 3.14: Shock-unsteadiness model [74] predictions (lines) for turbulent kinetic en-

ergy and solenoidal dissipation rate in the STI compared DNS data (symbols) [9, 10].

provement in the model predictions was observed, matching the DNS data and the linear

theory.

Considering purely vortical turbulence in the upstream of the shock, Quadros et al.

[79] studied the canonical STI using LIA and from the DNS data of Larsson et al. [9]

for understanding the turbulent heat flux correlation. The physical insights from the study

have been used towards the development of a simple model for the turbulent energy flux

[103]. Recently, Sethuraman & Sinha [80], developed the models for the temperature,

density, entropy, and pressure variances using LIA and the earlier works of Sinha et al.

[41] and Quadros & Sinha [103]. The developed models predict the modification of tur-

bulence due to the passage of the shock accurately.

3.3.4 Application of shock-unsteadiness (SU) model to SBLI

The modeling insights obtained in the canonical STI configuration have proven use-

ful in modeling the SBLI flows. Sinha et al. [41] argued that these limitations in RANS

computations are partly due to the shock-unsteadiness effect. In canonical flows, such

as STI, when the turbulent flow interacts with a steady mean shock wave, it distorts the

shock and makes unsteady in its mean position. This shock unsteadiness effect is not

captured implicitly in the RANS simulations as they are based on time-averaged quan-

tities. Moreover, the conventional turbulence models have no mechanism to include the

shock-unsteadiness effect on the mean flow.
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Pasha and Sinha [104] modified the k − ω and Spalart-Allmaras turbulence models

based on the shock-unsteadiness factor and applied the shock-unsteadiness model to the

case of an oblique shock interacting with a turbulent boundary layer. The new model

showed appreciable improvement in the separation region size and the wall pressure pre-

diction over the conventional RANS model, as shown in Fig. (3.15). Pasha and Sinha

[105] also studied the hypersonic cone-flare configuration using the shock-unsteadiness

model. Significant improvement in the separation size and wall pressure predictions was

observed, and a modest improvement in the wall heat flux was also seen as compared with

the conventional k − ω model.

(a) (b)

Figure 3.15: Comparison of (a) wall pressure and (b) skin friction coefficient for θ = 140

computed using standard k−ω and shock-unsteadiness modified k−ωmodels over a larger

domain up to 500 mm downstream of interaction region, compared with experimental data

of Schulein et al. [14]

The highlight of their work [42, 104] was the implementation of the shock-

unsteadiness correction [41] in the presence of multiple shocks- and expansion waves.

To incorporate the shock-unsteadiness effect in the turbulence models, one needs to iden-

tify the shock waves and high compression regions in the flow. Pasha and Sinha [104]

used the shock function, fs to identify the shock and calculated the local shock strength

using shock normal Mach number. Here, shock-unsteadiness correction is a function of

upstream normal Mach number, Mn to shockwaves and shock identifying function, fs.

Computing the upstream shock Mach number is not trivial for flows involving multiple

shock interactions, where the shock topology is not known a priori (see Ref. [104]).

This kind of CFD implementation of the shock-unsteadiness correction makes the model

non-local.
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Pasha and Sinha [104] carried out the preliminary simulations to get an estimation

of the shock location, shape, and strength. The approach increases the computational

time and human effort to obtain the final results using the shock-unsteadiness model. To

overcome the limitation, Roy et al. [106] modified the shock-unsteadiness correction

in terms of the local density ratio, which is used to represent the shock strength. This

eliminates the non-local nature of the shock-unsteadiness model, and the flow-physics of

the original shock-unsteadiness model remain unchanged (see Ref. [106]).

3.4 Objective

The current work aims to study the amplification of Reynolds stresses across weak and

strong shocks, and provide physical insights using LIA, DNS, and RANS simulations.

One of STI’s essential features is the shock-unsteadiness effect [41], which is not incorpo-

rated in standard turbulence models such as k−ε and k−ωwhen used in shock-dominated

problems. This results in a high prediction of TKE, which is significantly more than those

observed in DNS/LIA data. The inclusion of the shock-unsteadiness effect leads to an

accurate prediction of the amplification of TKE across the shockwave by damping its

excessive production.

The objective of the present study is to

1. evaluate the existing RSM and EARSM against available DNS data for canonical

shock-turbulence interaction

2. study the implementation of the shock-physics based modification in existing tur-

bulence models and develop modeling strategies to capture the Reynolds stresses

and its anisotropy.

3. apply the modified Reynolds stress-based turbulence models to flows with SBLI

and compare results with experimental data.

3.5 Summary

The chapter presents the development of eddy viscosity based two-equation turbulence

models, RSMs, and EARSMs, including their application to the flows with SBLI. Cor-

rect prediction of the separation bubble size in SBLIs is essential to obtain the accurate

flowfield topology and its wall data. Predicting the correct size of the separation bubble

is also critical for many high-speed flow applications like supersonic inlets. The survey

shows that existing turbulence models cannot correctly predict the size of the separation
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bubble and flow properties at and down the reattachment region for strong shocks. The

reason may be because the turbulence models do not account for the shock-unsteadiness

effects inherent in SBLI. This deficiency motivated us to study STI and get a brief under-

standing of shock physics, to develop the models to predict the realistic turbulence across

the shock.





Chapter 4

Reynolds stress models applied to STI

In this chapter, first, we describe the canonical STI model problem, and the evolution of

turbulence statistics using DNS data presented by Larsson et al. [9, 10] and a theoretical

tool, known as LIA. Next, we present the evaluation of existing RSMs for the amplifi-

cation of turbulence statistics against the DNS data. A brief understanding of the STI

using the LIA and incorporating the improvement based on the linear theory in existing

turbulence models are provided in subsequent sections. Last, the anisotropy generated

across the shockwave is quantified for varying shockwave strengths using the anisotropy

invariant mapping.

4.1 Canonical STI

Canonical STI is the most fundamental problem where a one-dimensional uniform mean

flow carrying three-dimensional homogeneous isotropic turbulence (u′2(R11) = v′2(R22)

= w′2(R33)) interacts with a nominally normal shockwave. Turbulence passing through

the shockwave gets enhance and amplify the turbulence quantities. The homogeneous

and isotropic initial turbulent field becomes axisymmetric (R11 , R22 = R33) after the

shockwave interaction. It is the simplest model problem to isolate the shockwave physics.

The upstream disturbance field is assumed to be purely vortical, such that there are no

pressure, density, and temperature fluctuations in the incoming flow. Interaction of the

upstream turbulence with the shockwave, distorts and oscillates the shockwave structure

about its mean position with a displacement of x = ξ(y, t) in the flow direction, as shown

in Fig. (4.1). In the absence of turbulence, the shockwave is a planar as predicted by

the inviscid theory. In the flowfield, the turbulence is enhanced because of mean velocity

gradients across the shockwave. Amplification in the shock-normal Reynolds stress is

45
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Distorted shock

Figure 4.1: Schematic of homogeneous isotropic turbulence interacting with a normal

shockwave distorted by the turbulent fluctuations passing through it.

usually more than the transverse components; thus the shockwave imparts a significant

anisotropy to the turbulence.

Larsson et al. [9, 10] carried out a DNS study of the canonical STI problem for Mach

numbers from 1.27 to 6 for varying turbulent Mach number, Mt, and Reynolds number

based on Taylor microscale, Reλ. Figure (4.2) shows streamwise evolution of the R11 and

R22 obtained from the DNS data for Mach 2.5, where the respective shockwave-upstream

values scale the Reynolds stresses. In the vicinity of unsteady shockwave region, the

DNS data for R11 takes very high values, and outside, it rapidly increases from a low

post-shock value to reach a local maximum at κ0x∗ = 4. This corresponds to the acoustic

adjustment region in LIA (see Fig. ( 4.2c)), where R11 increases due to the post-shock

redistribution between the vortical and acoustic fluctuations as described by Mahesh et

al. [75]. In the absence of viscous and non-linear effects in LIA, the Reynolds stresses

reach asymptotic far-field values, whereas DNS data shows a monotonic decay far away

from the shockwave (κ0x∗ > 4). The transverse Reynolds stress R22 has a peak at the

shockwave, followed by a rapid decrease in the acoustic adjustment region to reach the

far-field value.

The extent of the acoustic adjustment region in the STI is about one wavelength of

the most-energetic upstream wave number. This is equivalent to the integral scale of tur-

bulence upstream of the shockwave, approximately equal to one boundary layer thickness

in a SBLI. In a practical application such as in SBLI cases, this region is expected to be

small, and the far-field values beyond this region become more prominent. We extrapolate

the monotonic decay in R11 and R22 back to the shock center to obtain an equivalent far-
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Figure 4.2: Streamwise evolution of the Reynolds stresses in a Mach 2.5 canonical STI

from the DNS data [9, 10]. The post-shock Reynolds stresses predicted by the LIA are

plotted in (c).

field value from the DNS and more details are provided in Appendix B. An open square

shows this value at κ0x∗ = 0, and it serves as a benchmark for model evaluation, as dis-

cussed in the subsequent section. The extrapolated value includes the jump in Reynolds

stresses at the shockwave as well as the net effect of the acoustic adjustment in the re-

gion immediately following the shockwave. Upstream of the shockwave, turbulence

dissipates from its inlet value due to the zero mean velocity gradient. All the turbulent

quantities such as Reynolds stresses and turbulent dissipation rate gets amplified across

the shock. As a result of an increase in the dissipation rate of turbulence across the shock-
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wave, the Reynolds stresses decay much faster downstream compared to upstream of the

shockwave.

4.2 RSM simplified to canonical STI

For evaluating Reynolds stress transport equations in canonical STI, in the present work,

we consider three existing RSMs adopted for compressible flows, and Favre decompo-

sition is used for all terms except density and pressure. The transport equations for

the Reynolds stresses are simplified to a steady one-dimensional form, applicable to the

canonical STI problem. Note that the equation for R33 is identical to that of R22 for the

current model problem.

For the Gerolymos et al. [18] model, equations for the shock-normal component R11

and the transverse component R22 are given by

ρũ
∂R11

∂x
= −2ρR11

∂ũ
∂x

+
4
3

C2ρR11
∂ũ
∂x
−C1ρεa11 −

2
3
ρε, (4.1)

ρũ
∂R22

∂x
= −

2
3

C2ρR11
∂ũ
∂x
−C1ρεa22 −

2
3
ρε, (4.2)

where ũ is the shock-normal mean velocity in the x-direction, and a11, a22 are the

anisotropy in the shock-normal and transverse Reynolds stresses, respectively. For

isotropic turbulence, the coefficients reduce to C1 = 1 and C2 = 0.75. The first term

on the right-hand side of Eq. (4.1) represents production, the second and the third term

constitute rapid and slow parts of pressure-strain correlation, and the last term represents

turbulent dissipation rate. For the transverse Reynolds stress given by Eq. (4.2), there is

no production mechanism, that is, P22 = P33 = 0 (mean flow velocity gradient energizes

the turbulence only in the axial component). The first two terms on the right-hand side

of Eq. (4.2) therefore represent rapid and slow parts of pressure-strain, and the last term

represents dissipation rate. The pressure-strain term redistributes energy from the stream-

wise Reynolds stress to the transverse Reynolds stresses, without affecting the TKE.

For Zha and Knight [21] model, equations for R11 and R22 simplify to

ρũ
∂R11

∂x
= −2ρR11

∂ũ
∂x

+ Cc2ρ (R11 + 2R22)
∂ũ
∂x
−Cc1ρεa11 −

2
3
ρε, (4.3)

ρũ
∂R22

∂x
= −Cc1ρεa22 −

2
3
ρε. (4.4)

The R11 equation has terms similar to those in Eq. (4.1), except for the contribution of both

R11 and R22 in the rapid pressure-strain term. Comparing with Eq. (4.2), the R22 equation

has no rapid pressure-strain term (since ∂̃v/∂y = 0). Therefore, the transverse Reynolds

stresses R22 and R33 are not directly affected by the mean compression at the shockwave.
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For Lee et al. model [22], the transport equations are given by

ρũ
∂R11

∂x
= −2ρR11

∂ũ
∂x

+ ρ
[
ÂR11 + B̂R22

] ∂ũ
∂x
−Cp1ρεa11 −

2
3
ρε, (4.5)

ρũ
∂R22

∂x
= ρ

[
ĈR11 + D̂R22

] ∂ũ
∂x
−Cp1ρεa22 −

2
3
ρε. (4.6)

The coefficients of the rapid pressure-strain terms are grouped as, Â = 4
3Cp2 + 4

3C3−
2
3C4−

2
3C5 +C6, B̂ = 2

3C5−
4
3C4, Ĉ = −2

3Cp2−
2
3C3 + 1

3C4 + 1
3C5 +C6, and D̂ = 2

3C4−
1
3C5. Across

a normal shockwave, the contribution of the production and pressure-strain terms has the

same form as in Eqs. (4.1) and (4.2), except for the contribution of both the Reynolds

stress in rapid pressure-strain terms.

The conventional dissipation rate, ε, equation [29] is solved along with the Reynolds

stress transport equations. Its simplified form for canonical STI is given as

ρũ
∂ε

∂x
= −Cε1ρR11

∂ũ
∂x
−Cε2ρ

ε2

k
, (4.7)

with the coefficients, Cε1 = 1.44 and Cε2 = 1.8. We numerically integrate these equations

using 4th order accurate Runge–Kutta method for a specified mean flow profile across

the shockwave. It can be shown that the results of the integration do not depend on

(smooth) specified mean profile. The proof relies on switching from physical space to

local compression space and is used in [26]. According to [109], the turbulent diffusion

has a negligible effect across the shock, and it is neglected.

4.2.1 Input conditions

The normalized inlet values of Reynolds stresses, TKE, dissipation rate and specific

dissipation rate are calculated from the DNS data, by considering the values (ku, εu, and

ωu) immediately upstream of the shockwave. The non-dimensional values of ku, εu and

ωu are calculated from

ku =
Mt

2

2
, εu =

5Mt
3

√
3κ0λ∗Reλ

, and ωu =
5Mt

3

√
3κ0λ∗Reλβ∗ku

, (4.8)

with κ0λ
∗ = 0.84 and ε = β∗ωk, where β∗ = 0.09. The Taylor micro-scale is given by

λ∗ =
√

10ν∗k∗/ε∗ and the Reynolds number based on λ∗ is defined as Reλ = λ∗u∗rms/ν
∗.

The TKE, dissipation rate and specific dissipation rate are normalized as k = k∗/a∗2∞ ,

ε = ε∗/a∗3∞κ0 and ω = ω∗/a∗∞ κ0, respectively. Here, a∗∞ is the freestream speed of sound.

Note that Mt and Reλ in the DNS are reported at the location immediately upstream

of the shockwave. The shock-upstream values ku, εu and ωu, thus obtained from Eq. (4.8)

are extrapolated to the inlet section of the computational domain (subscript 0) using the
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homogeneous isotropic turbulence decay relations (see Appendix A).

ω0 = ωu

[
1 −

βωuxsh

ũu

]−1

, (4.9)

k0 = ku

[
1 +

βω0xsh

ũu

]β∗/β
or k0 = ku

[
1 +

xshkε0

ũunk0

]n

, (4.10)

ε0 = εu

[
1 +

xshkε0

ũunk0

]n+1

, (4.11)

where, n = 1/(Cε2 − 1) is the decay exponent with Cε2 = 1.2, and xshk = 6.83 is the

distance of shockwave from the inlet station, normalized with characteristic wave number

κ0. Subscripts 0 and u represent the inlet location and the location just upstream of the

shockwave in the computational domain, which spans from the inlet at κ0x∗ = −7.6 to the

exit at κ0x∗ = 29.6. The Reynolds stresses at the inlet boundary are given as

R11,0 = R22,0 =
2
3

k0.

for isotropic turbulence upstream of the shockwave, and the Reynolds stresses are normal-

ized in a way similar to the TKE. Normalized quantities which are defined as, x = x∗κ0,

ρ = ρ∗/ρ∗∞, u = u∗/a∗∞, R11 = R∗11/a
∗2
∞ , R22 = R∗22/a

∗2
∞ , R33 = R∗33/a

∗2
∞ , where (.)∗ represents

the dimensional values of flow variables and (.)∞ represents the shockwave-upstream val-

ues. The characteristic length scale is taken from the incoming turbulence field with peak

wave number κ0 of 4. The normalized values of the Reynolds stresses, the TKE, the dis-

sipation rate and the specific dissipation rate for the different test cases are listed in Table

4.1.

M Mt k0 × 102 ε0 × 103 ω0 × 102 R11,0 × 102 R22,0 × 102

1.27 0.15 1.48 0.421 31.61 0.99 0.99

1.50 0.15 1.45 0.410 31.42 0.97 0.97

1.87 0.22 2.78 1.08 43.20 1.86 1.86

2.50 0.22 2.66 1.04 42.90 1.79 1.79

3.50 0.22 2.60 1.00 42.64 1.74 1.74

4.70 0.22 2.55 0.978 42.48 1.70 1.70

6.00 0.22 2.52 0.964 42.38 1.68 1.68

Table 4.1: Normalised values of the turbulent kinetic energy, the streamwise and trans-

verse Reynolds stresses, the turbulent dissipation rate and the turbulent specific dissipation

rate in canonical shock-turbulence interaction for varying shock strengths.
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4.2.2 Reynolds stress amplification

Figure (4.3) compares the amplification of R11 and R22 obtained from the DNS and

the RSM equations for a range of shockwave strengths. The DNS data corresponds to

the extrapolated shockwave values, and include the jump as well as the net effect of the

rapid acoustic adjustment immediately downstream of the shockwave (see Appendix B).

The model predictions are obtained by considering only the production and rapid pressure

strain terms in the transport equations for R11 and R22. The effect of dissipation and slow

pressure strain terms is expected to be small a thin shockwave [41].

For the Gerolymos et al. [18] model, these terms can be integrated to get a closed

form solution for the Reynolds stress amplifications across a shockwave.

R11d

R11u
=

[
ũu

ũd

]2− 4
3 C2

, (4.12)

R22d

R22u
= 1 +

C2

3 − 2C2

[
R11d

R11u
− 1

]
, (4.13)

with subscripts u and d denoting the locations upstream and downstream of the shockwave

respectively.

Neglecting the dissipation and slow pressure-strain terms, the R11 equation of the

Zha and Knight [21] model reduces to,

ũ
∂R11

∂x
= [(−2 + Cc2)R11 + 2Cc2R22u]

∂ũ
∂x
, (4.14)

where the upstream value of the transverse Reynolds stress R22u is used in the above

equation, as it remains constant across the shock as per Eq. (4.4) without dissipation and

slow pressure strain terms.

In the Lee et al. [22] model, the Reynolds stress transport equations retaining the

production and rapid pressure-strain terms, are given as,

ũ
∂R11

∂x
= ÂR11

∂ũ
∂x

+ B̂R22
∂ũ
∂x
, (4.15)

ũ
∂R22

∂x
= ĈR11

∂ũ
∂x

+ D̂R22
∂ũ
∂x
, (4.16)

with the constants Â = −0.70, B̂ = 0.14, Ĉ = −0.12, and D̂ = 0.07. Across the shock-

wave, Eqs. (4.14), (4.15), and (4.16) do not give closed-form solution for the amplification

of turbulence quantities. Thus, we numerically integrate these equations using 4th order

accurate Runge–Kutta method (RK4) for a specified mean flow profile across the shock-

wave.

Figure (4.3) plots the amplification of the Reynolds stresses, dissipation rate, and

the anisotropy in Reynolds stresses obtained using different models. The DNS data shows
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Figure 4.3: The amplification of R11, R22, ε and anisotropy(R11/R22) across the nor-

mal shock for varying Mach number, as obtained from DNS data [9, 10] and different

Reynolds stress models.

that R11 amplifies across the shockwave upto Mach 2.5 and attains a peak amplification

value of 2.15. For Mach numbers greater than 2.5, the amplification reduces from the

peak value and saturates at a value of 2.0 across the shockwave. The amplification of the

streamwise Reynolds stress, R11, from the Zha and Knight [21] RSM predicts very high

values for all Mach numbers. The R11 amplifications in the Gerolymos et al. [18] and

Lee et al. [22] models, show increasing values before asymptotically reaching a constant

value at high Mach numbers. Both the models have a good match with the DNS data at

lower Mach numbers up to 1.5 and 1.87 respectively, beyond which they overpredict by
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upto a factor of 2.5. We note that the Gerolymos et al. [18] model results correspond to

C2 = 0.75, and the alternate forms of the model with C2 = 1 proposed by [17, 19], would

further overpredict R11 amplification.

Similar to R11, the DNS data shows amplification in R22, which gradually increases

upto Mach 2.5 and saturates at a value of 1.7 for high Mach numbers. The amplifica-

tion in R22 is monotonic across the shockwave for varying strengths, unlike R11, which

decreases slightly at high Mach numbers. Unlike the DNS data, the Zha and Knight [21]

RSM predicts a constant value for all Mach numbers. The Gerolymos et al. [18] model

overpredicts the DNS data by upto a factor of 2, whereas the Lee et al. [22] model under-

predicts the R22 amplification; these two models indicate a gain in R22 from R11, due to

redistribution of energy. The Zha and Knight [21] model, on the other hand, yields no R22

amplification because of zero redistribution of energy from the shock-normal Reynolds

stress.

In Fig. (4.3c), the amplification of the dissipation rate from the DNS data is shown;

it increases steadily with increasing Mach number. In contrast, for all of the RSMs con-

sidered, the dissipation rate increases monotonically and saturates at high Mach numbers.

The Gerolymos et al. [18] model predictions are comparable to the DNS amplification of

ε up to Mach 3.5. On the other hand, the Lee et al. [22], and Zha and Knight [21] models

underpredict and overpredict the ε jump by large factors for almost all the Mach numbers,

respectively.

In the DNS data, the anisotropy of Reynolds stresses across the shockwave is seen to

increase upto Mach number 1.87 and then decrease significantly at higher Mach numbers.

For all RSMs, the anisotropy across the shockwave behaves similar to R11 amplification

and does not reproduce the non-monotonic variation observed in the DNS data. The Zha

and Knight [21] RSM and Lee et al. [22] RSM overpredict the anisotropy for all Mach

numbers by factors larger than 2. The Gerolymos et al. [18] model shows a good match

with the DNS data upto Mach number 2, but overpredicts for higher Mach numbers.

Therefore, the Gerolymos et al. [18] model is considered for further development and it

will be referred to as the baseline model in the subsequent sections.

4.3 Physics based model improvement

LIA is used by many researcher for studying the turbulence statistics of the canonical

STI. In this approach, the inviscid shockwave is treated as a discontinuity and the up-

stream turbulence field is decomposed into Fourier modes. The elementary interaction of

a two-dimensional plane wave with the deformed and unsteady normal shockwave forms



54 Reynolds stress models applied to STI

the heart of this theory. For a given upstream Mach number and plane wave incidence

angle, the theory predicts the disturbance waves generated downstream of the shockwave.

Superposition of the single wave results for a specified upstream energy spectrum yields

the downstream statistics for three-dimensional turbulence [75]. The theory also deals

with shock-corrugation phenomena and its effect in post-shock turbulence.

4.3.1 Shock-unsteadiness correction

Sinha et al. [41] studied the amplification of turbulence in a canonical shock-

turbulence interaction using LIA and to incorporate the effect of shock-unsteadiness, they

derived the transport equation for the TKE by linearizing the governing equations about

the unsteady distorted shockwave. The unsteady problem is converted to steady state by

Figure 4.4: Homogeneous isotropic turbulence/shock interaction. Enlarged view depict-

ing the velocity diagram with ζ − η coordinate system attached to the oblique shockwave.

The normal and tangential components of velocity upstream and downstream of shock are

shown.

fixing the coordinates to the shockwave, just as we are sitting on the shockwave, and in

this frame of reference the shockwave is steady (see Fig. (4.4)). Here, the reference coor-

dinate frame is attached to the instantaneous shockwave, and the turbulent fluctuations are

assumed to be small compared to the changes in the mean flow quantities. The deviation

of the shockwave from its mean location is represented by x = ξ(y, t), and the temporal

derivative, ξt, represents the instantaneous speed of the shockwave.

The linearized conservation equation of mass and momentum in the ζ−η coordinates

are written. Here, the ζ− direction is tangential to shockwave and η is normal to it.
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The viscous terms are neglected across shockwave and it is assumed that gradients in

the shock-parallel direction are negligible. In Fig. (4.4) the part of the instantaneous

shockwave is enlarged and shown for small shock-distortion ξy, cosξy ≈ 1 and sinξy ≈ ξy.

Dropping the higher order terms the velocity components in ζ and η direction are given

by,

uη = (ucosξy − vsinξy) − ξt = (u − vξy) − ξt = (u + u′) − ξt (4.17)

uζ = (usinξy + vcosξy) = uξy + v = (u + u′)ξy + v = uξy + v′ (4.18)

Here, ξt is the linear shockwave velocity in the streamwise direction, overbar rep-

resents the Reynolds averaged and prime represents the fluctuation quantities. The con-

tinuity and momentum equations in the steady state ζ − η coordinate system are given

by,

∂

∂η
(ρuη) = 0 (4.19)

(ρuη)
∂uη
∂η

= −
∂p
∂η

(4.20)

(ρuη)
∂uζ
∂η

= 0 (4.21)

Applying the chain rule of differentiation and substituting in above equations, we obtain,

∂

∂x
(ρ + ρ′)(u + u′ − ξt) = 0 (4.22)

(ρ + ρ′)(u + u′ − ξt)
∂

∂x
(u + u′ − ξt) = −

∂(p + p′)
∂x

(4.23)

(ρ + ρ′)(u + u′ − ξt)
∂

∂x
(uξy + v′) = 0 (4.24)

Multiplying the x-momentum equation with u′, Reynolds averaging and neglecting the

higher order terms, we obtain,

ρu
∂

∂x
u′2

2
= −ρu′2

∂u
∂x

+ ρu′ξt
∂u
∂x
− u′

∂p
∂x
− u′

∂p′

∂x
(4.25)

The y−momentum equation is multiplied with v′ and Reynolds averaged. In three-

dimensional flow similar equation for z− momentum equation is obtained and multiplied

it with w′ and Reynolds averaging gives,

ρu
∂

∂x
v′2

2
= −ρuv′ξy

∂u
∂x

(4.26)

ρu
∂

∂x
w′2

2
= −ρuw′ξz

∂u
∂x

(4.27)

It is assumed that w′ = v′, hence w′ξz = v′ξy.
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The above equations are for homogeneous isotropic turbulence interacting with a

normal shockwave. The terms on LHS of the equations are the convection of streamwise,

transverse and spanwise Reynolds stresses. The terms on RHS are in order as, the pro-

duction of streamwise Reynolds stress, the shock-unsteadiness term, the production due

to mean pressure gradient, which represents the effect of entropy fluctuations on the flow,

the velocity pressure correlation, and the last two terms are due to shock-distortion. From

linear analysis, u′ξt > 0 and across the shockwave the dilatation ∂u/∂x is negative. Hence

the shock-unsteadiness term in the streamwise Reynolds stress equation is less than zero,

i.e.,

u′ξt
∂u
∂x

< 0

The correlation u′ξt represents the coupling between unsteady shockwave motion

and turbulent velocity fluctuations in the streamwise direction. It follows that incoming

turbulent fluctuations and shockwave motion are in-phase and coupled, like if u′ > 0,

then ξt > 0 and if u′ < 0, then ξt < 0. The closure model for the unclosed term u′ξt was

based on the assumption that shock-unsteadiness is caused by turbulent fluctuations [41].

Therefore the term u′ξt is modeled as,

u′ξt = b1u′2

Using linear analysis, the model coefficient, b1, is obtained as a function of the

upstream mean flow Mach number (M) with respect to the normal shockwave.

b1 = 0.4 + 0.6e2(1−M) (4.28)

Here, the combined effect of shock-distortion, production due to the mean pressure gra-

dient and velocity pressure correlation in the STI vanishes at M =1. In order to include

the effect at low Mach numbers, the model coefficient b1 is replaced by b′1, where b′1 is

obtained by modifying b1 with an exponential function between the limits of M → 1 and

M → ∞.

b′1 = b1∞

(
1 − e1−M

)
, (4.29)

It also ensures that the shock-unsteadiness modification is not applied when M < 1. Here

b1∞ = 0.4 is the high Mach number limiting value of b1 as obtained from LIA. Rearrang-

ing the Eq. (4.25) and accounting for the turbulent dissipation rate, we obtain,

ρũ
∂ũ′′2

∂x
= −2ρũ′′2

∂ũ
∂x

+ 2ρũ′′ξt
∂ũ
∂x
− 2u′′

∂p
∂x
− 2u′′

∂p′

∂x
− ρεi j. (4.30)

The above equation represents the transport equation of streamwise Reynolds stress for

homogeneous isotropic turbulence interacting with a normal shockwave. We consider
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Figure 4.5: Variation of u′ξt/u′2 as a function of upstream Mach number predicted by

linear analysis [41], used to obtain model parameter b1 and b′1.

purely vortical turbulence upstream of the shock, and hence ρ′1 = p′1 = T ′1 = 0. As a result,

the production due to the mean pressure gradient is identically zero. For 1D mean flow,

Eqs. (4.1) and (4.30) are identical, except the shock-unsteadiness correction term and the

pressure-strain correlation closure.

In the present study, the shock-unsteadiness correction term is incorporated into the

streamwise Reynolds stress equation of the baseline model [18]. The modified Reynolds

stress transport equations are written as,

ũ
∂R11

∂x
= (−2 + 2b′1 +

4
3

C2)R11
∂ũ
∂x
−C1εa11 −

2
3
ε, (4.31)

ũ
∂R22

∂x
= −

2
3

C2R11
∂ũ
∂x
−C1εa22 −

2
3
ε, (4.32)

which are identical to Eqs. (4.1) and (4.2), except for the shock-unsteadiness damping

term with model coefficient b′1 given above.

4.3.2 Evaluation of the model

We evaluate the model in two steps. First, we compare the model predictions across

the shock with the post-shock values of the DNS data extrapolated back to the mean shock

wave location. For this, we consider the production and rapid pressure strain terms that

are effective in the shock region and obtain a closed-form solution for the shock-jump in

R11 and R22. Comparison with the extrapolated DNS values assesses the efficacy of the
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model in capturing the jump across the shock and the net change in R11 and R22 due to

the rapid post-shock acoustic adjustment. As noted earlier, the acoustic adjustment region

is relatively small in size (for a realistic application) and its effect can be combined with

the shock jump in Reynolds stresses. Also, the slow pressure strain term is neglected in

this comparison, as it does not reproduce the physical effects observed in the acoustic

adjustment region (see Appendix B).

As a second step, which follows in the next chapter, we solve the entire transport

equations and compare the streamwise evolution of the Reynolds stresses with the DNS

data. We also assess the effect of numerical error at the shock and devise ways to eliminate

them. We note that the shock-jump predicted by the complete model equation matches the

analytical results obtained by considering only the production and rapid pressure strain

terms. By comparison, the decay of Reynolds stresses away from the shock (outside the

acoustic adjustment region) is governed by the dissipation rate, and the slow pressure

strain terms, which is modeled in terms of turbulence anisotropy. Modifications as per

Sinha [74], are included in the model equation of ε to predict the correct decay rate of

TKE, Reynolds stresses and their dissipation rate in STI cases. Therefore, the monotonic

decay rate of Reynolds stresses downstream of the shock is determined by dissipation

rate, ε.

The two stage evaluation of the Reynolds stress models, along with the extrapolation

of the DNS data to the shock-center location, thus isolates the rapid effects at the shock

wave from the slow decay and return to isotropy farther away from the shock. A similar

procedure is adopted for the dissipation rate equation as well.

4.3.3 Principle Reynolds stresses

Neglecting the slow pressure-strain and dissipation rate terms in the R11 equation

(cf. Eq. (4.31)), a closed-form solution for the amplification of R11 across the shock is

obtained as
R11d

R11u
=

[
ũu

ũd

]2(1−b′1)− 4
3 C2

. (4.33)

In the new model, the value of the model coefficient, C2, is reduced to 0.55 from the

baseline model coefficient of 0.75
√

A. This value compares well with C2 = 0.6 in the

Launder et al. [23] model for isotropic turbulence subjected to rapid distortion. Limiting

the value of C2 improves the R11 predictions and leads to a close comparison with the

DNS data for R22 amplification across the shock wave.

Figure (4.6), show the map of different model coefficients proposed for the pressure-

strain closure along with the new model coefficient. The resultant Reynolds stresses are
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not dependent on the individual values of C1 and C2, but on the parameter (1-C2)/C1. The

line in Fig. (4.6), which corresponds to (1-C2)/C1 = 0.23 does provide a fitting value for

various closures. In the present work, the proposed value of C2 equal to 0.55 fit well with

the C1 of 1.8, as shown in figure.
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Figure 4.6: Map of proposals for coefficients (C1 and C2) in the pressure-strain model,

φi j.

The amplification in the shock-normal Reynolds stress obtained using new model

is plotted in Fig. (4.7a) as a function of the upstream Mach number and compared with

the DNS data and the baseline model [18]. The amplification of R11 obtained with the

new model has a trend similar to the DNS data and saturates to the value of 2.1 at high

Mach numbers. The new model matches the DNS data upto Mach number 2.5 and slightly

overpredicts the post-shock R11 for higher Mach numbers. The shock-unsteadiness damp-

ing term thus shows a significant improvement, compared to the baseline model, in the

prediction of post-shock streamwise Reynolds stress.

The transverse Reynolds stress equation in the new model retains the same form as

Eq. (4.2). The closed-form solution for the amplification of R22 across the shock is thus

given by
R22d

R22u
= 1 +

C2

3(1 − b′1) − 2C2

[
R11d

R11u
− 1

]
. (4.34)

Compared to the closed-form solution in Eq. (4.13), the R22 amplification obtained from

the above equation includes the effect of shock-unsteadiness (through a model parameter

b′1). In comparison with the baseline model, the R22 amplification of the new model

shows significant improvement, in Fig. (4.7b). The effect of shock-unsteadiness damping
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Figure 4.7: Comparison of the amplification in the R11, R22, anisotropy (R11/R22), and

T KE of the baseline model (solid-line) and the present model (dash) with the DNS data

(symbols) for varying shock strengths.

factor in R11 is also observed in the R22 amplification. The transverse Reynolds stress

has a good match with the DNS data upto Mach 1.87, beyond which it overpredicts the

amplification across the shock by about 10%. In Fig. (4.7c), the anisotropy of Reynolds

stresses predicted by the new model shows the non-monotonic behaviour observed in the

DNS data, and is a significant improvement from the baseline model. Comparison with

the DNS data, shows that the new model overpredicts the anisotropy of Reynolds stresses

for lower Mach numbers and underpredicts beyond Mach number 2. Figure (4.7d) shows

that the amplification of TKE measured from the principal Reynolds stresses over the



4.3 Physics based model improvement 61

range of Mach numbers. It has a similar trend of the DNS data and slightly overpredicts

the amplification for higher Mach numbers.

4.3.4 Turbulent dissipation rate

Dissipation rate for any turbulent flow determines the rate of decay of the turbu-

lent quantities. In compressible flows, the dissipation rate is divided into two parts, a

solenoidal part, εs and a dilatational part, εd. For incompressible homogeneous turbu-

lence, the solenoidal dissipation rate εs can be written in terms of enstrophy and is given

by εs = νω′′i ω
′′
i , where ν is the kinematic viscosity and ωi is the vorticity component in

the i direction (x, y and z directions).

Sinha [74] studied the evolution of enstrophy in shock/homogeneous turbulence in-

teraction using LIA, and proposed a model for the dissipation rate of the turbulent kinetic

energy. Following their work we use the enstrophy equation derived for the linearised

Navier–Stokes equations. Similar to streamwise Reynolds stress, the equation for enstro-

phy is also written in a frame of reference attached to the unsteady shock wave, and is

modeled as

u
∂

∂x
(ω′′i ω

′′
i ) = −4ω′′2z

∂ũ
∂x

= −cwω′′i ω
′′
i
∂ũ
∂x
. (4.35)

Here, the lower and upper limits of the model constant cw is set by ω′′i ω
′′
i

3 ≤ ω′′2z ≤
ω′′i ω

′′
i

2 ,

and a value of cw = 1.55 shows a close match with linear analysis results.

The model equation for the solenoidal dissipation rate is thus written as,

ũ
∂εs

∂x
= ũ

∂

∂x
(ω′′i ω

′′
i ν) = ũω′′i ω

′′
i
∂ν

∂x
+ ũ ν

∂(ω′′i ω
′′
i )

∂x
, (4.36)

where the dynamic viscosity, µ is a function of mean temperature T̃ , and is given by

µ ∝ T̃α with α= 0.76. Across the shockwave, the change in kinematic viscosity is given

as,
∂ν

∂x
= −

µ

ρ2

∂ρ

∂x
+

1
ρ

∂µ

∂x
= ν

1
ũ
∂ũ
∂x

+
α

T̃

∂T̃
∂x

 . (4.37)

Upon substitution of the change in kinematic viscosity in to the equation for solenoidal

dissipation rate, we get

ũ
∂εs

∂x
= −cwεs

∂ũ
∂x

+ εs
∂ũ
∂x

+ αεs
ũ

T̃

∂T̃
∂x
. (4.38)

Using conservation of total enthalpy across the shockwave, the above equation is cast in

a form similar to that in the conventional turbulence model as,

ρ ũ
∂εs

∂x
= −

2
3

Cε1ρεs
∂ũ
∂x
−Cε2ρ

εs
2

k
, (4.39)
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where, Cε1 = 1 + 0.21M, and Cε2 = 1.2 taken from [74]. The closed-form solution for the

amplification of ε across the shockwave is obtained by neglecting the last term [74].

εd

εu
=

[
ũu

ũd

] 2
3 Cε1

. (4.40)

The dissipation rate of the new model has excellent agreement with the DNS data (see
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Figure 4.8: Comparison of the anisotropy (ε11/ε22), and the amplification in the ε of the

baseline model (solid-line) and the present model (dash) with the DNS data (symbols) for

varying shock strengths.

Fig. (4.8b)), both qualitatively and quantitatively, for all ranges of Mach numbers. The

baseline model predictions of the dissipation rate tensor grossly inaccurate, especially at

high-Mach numbers. Both the models cannot capture the anisotropy in the dissipation rate

tensor correctly as the models assume the dissipation rate tensor to be isotropic locally for

high Reynolds number limit flows (see Fig. (4.8a)).

4.4 Anisotropy in the turbulence

Post-shock enhancement of the turbulence statistics is highly non-isotropic, and it is also

found that the Reynolds stresses do not quickly return to isotropy [9, 10]. In an isotropic

state, all the normal Reynolds stresses would be equal, ũ′′i u′′j = Ri j = 2kδi j/3. Turbulence

passing the nominally normal shockwave cause the Reynolds stresses to be unequal. A

departure from the isotropic state provides a measure of the stress anisotropy state, which
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can be expressed in terms of deviatoric part of the stress tensor. It is given as,

Ri j = Ri j −
2
3

kδi j︸       ︷︷       ︸
deviatoric

+
2
3

kδi j︸︷︷︸
isotropic

. (4.41)

Lumley [44] initially proposed the importance of the anisotropy in turbulence through

the anisotropic tensor, which is dimensionless, has zero trace, and vanishes identically if

the turbulence is isotropic. It is only the anisotropic part of stress tensor that transports

momentum while the isotropic part is inactive, and in employing with the momentum

equation, it can be included in the mean pressure term. Figure (4.9a) shows the compar-

ison of the streamwise and transverse stress anisotropy against the DNS data. Reynolds

stress anisotropies have a similar trend to the DNS data, and both reach the asymptoti-

cal values after Mach 5. The new model matches the DNS data upto Mach number 1.87

and underpredicts the post-shock a11 for higher Mach numbers. Similarly, a22 has a good

match with the DNS data upto Mach 1.87, beyond which it slightly overpredicts for higher

Mach numbers.

Using Reynolds stress anisotropies, the principal invariants (Ia, IIa, IIIa) are ob-

tained to quantify the level of anisotropy in the turbulence generated across the shock-

wave.

Ia = aii, IIa = ai ja ji, IIIa = aikak ja ji (4.42)
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where,

Ia = a11 + a22 + a33 = 0, (4.43)

IIa = a2
11 + a2

22 + a2
33 + 2(a2

12 + a2
13 + a2

23), (4.44)

IIIa = a3
11 + a3

22 + a3
33 + 3a2

12(a11 + a22) + 3a2
13(a11 + a33) + 3a2

23(a22 + a33) + 6a12a13a23.

(4.45)

These invariants provide information about the behaviour of the Reynolds stress

anisotropy in a compact way by considering them in principal coordinate axes. The first

invariant (Ia) is the trace of the anisotropy tensor and is zero. The second invariant, IIa, is

always positive and gives a direct measure of the stress anisotropy; the larger IIa, the more

anisotropic is the stress field. The third invariant, IIIa, comprises cubic products and thus

can be positive or negative depending on anisotropy components. To visualize the physi-

cal insight of the anisotropy in turbulence, we plot these scalars in two-dimensional space

known as anisotropy invariant mapping (AIM), shown in Fig. (4.9b). The plot shows

the isotropic state of turbulence at the origin with two axisymmetry turbulence curves

leaving from it (origin), and the line joining the limits of axisymmetric turbulence curves

corresponds to two-component turbulence. The values of second and third invariants ob-

tained using the new model lie within the boundaries of the triangular area and show the

axisymmetric turbulence generated across the shockwave is within realizable constraint.

Kolmogorov [5] proposed the dissipation rate to be locally isotropic in the limit of

large Reynolds number, where the dissipation is mostly dominated from the scales, which

are much smaller than the large energetic ones. Hence, the dissipation process is solely

determined by the dissipation rate ε, and the tensor εi j can be modeled as an isotropic

function.

εi j '
2
3
εδi j. (4.46)

It is reasonable to note that the anisotropy in dissipation rate tensor would exist when

a significant enough of anisotropy in the Reynolds stresses is generated across the shock-

wave. In the turbulent flows, the small scale anisotropy exists if the large scale statistics

are highly anisotropic. Thus the anisotropy in the dissipation rate tensor is obtained by

modeling the dissipation rate in terms of the known variables such as the Reynolds stress

tensor Ri j and the mean velocity gradients ∂ũi/∂x j. Initially, Rotta [6] proposed a model

for the dissipation term, which is proportional to the normalized Reynolds stress tensor.

εi j '
Ri j

k
ε. (4.47)
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The next level of approximation within the linear algebraic modeling context is that

a portion of the turbulent dissipation tensor is isotropic, and the rest is proportional to the

Reynolds stress tensor. This approach employs a linear interpolation, which combines the

two discussed above models expressed by Eqs. (4.46) and (4.47),

εi j ' A
Ri j

k
ε + (1 − A)

2
3
εδi j. (4.48)

Where the asymptotically behaviour of the blending function A is given as

A = 0,Re→ ∞ (4.49)

A = 1,Re→ 0 (4.50)

Here, the proportional coefficient of A falls within intervals 0 and 1. It is assumed that the

turbulent dissipation anisotropy tensor is linearly proportional to the anisotropy tensor of

the Reynolds stress with the scalar coefficient A. Several authors [6, 44, 107] constructed

the proportionality scalar A as a function of the turbulent Reynolds stress number i.e.,

Ret = k2/νε. In an alternate form, Hallback et al. [107] proposed a algebraic model

equation to account the effects of an anisotropic dissipation rate in second-order moment

closures of turbulent flows. Anisotropies of the dissipation rate tensor are expressed in

terms of anisotropies of the Reynolds stress tensor as,

ei j =

(
1 + α

[
1
2

IIa −
2
3

])
ai j − α(aikak j −

1
3

IIaδi j).

Here, the α value is set to a specific value of 3/4 [107]. The quantification of the

level of anisotropy in the dissipation rate tensor through the principal invariants is shown

in Fig. (4.11). Here, the invariants Ie, IIe and IIIe are defined as

Ie = e11 + e22 + e33 = 0, (4.51)

IIe = e2
11 + a2

22 + a2
33 + 2(a2

12 + a2
13 + a2

23), (4.52)

IIIe = e3
11 + a3

22 + a3
33 + 3a2

12(e11 + e22) + 3a2
13(e11 + e33) + 3a2

23(e22 + e33) + 6e12e13e23,

(4.53)

and the principal components of the dissipation rate tensor are calculated as

εi j =
ei j

ε
+

2
3
δi j. (4.54)

Figure (4.10) shows the comparison of anisotropy in the dissipation rate tensor obtained

by using Hallback et al. [107] algebraic model for the dissipation rate, against the DNS

data. The model predictions match well with the DNS data.
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4.5 Summary

The canonical STI is the simplest model problem without any complexities, such as ad-

verse pressure gradients or flow separation. It features the shock-corrugation effect and

captures the anisotropy produced in the turbulence statistics across the shockwave. To

understand the flow field and change in the turbulence statistics using RANS, we evalu-

ated the three existing Reynolds stress models for canonical STI through the measurement

of the turbulence enhancement and anisotropic nature of turbulence generated across the

shockwave.

Existing model transport equations for Reynolds stresses are integrated across the

shockwave to get the closed-form solution for the amplification in the Reynolds stresses

and the dissipation rate across the shockwave. The closed-form solutions are compared

with the DNS data and model predictions are found to be grossly inaccurate, especially

at high-Mach numbers. Gerolymos et al. [18] model gives better results than the other

RSMs and the model is considered for further improvement. We propose physics-based

improvement to the streamwise Reynolds stress transport equation using the LIA. We

incorporate the shock-unsteadiness correction into R11 transport equation and adopted the

modified dissipation rate equation given by Sinha [74] for length scale. The resulting

model captures the essential physics and the amplification in the Reynolds stresses and

the dissipation rate match well with the DNS data for a range of Mach numbers.

In addition to turbulence enhancement across the shock, the new model also captures

the anisotropy generated in the Reynolds stresses and the dissipation rate tensor. The

nature of the turbulence is also quantified using the anisotropy invariant mapping, where

the invariants lie with in the turbulence triangle and show the axisymmetric turbulence

generated across the shockwave.





Chapter 5

Numerical error at the shock

The model predictions presented in the previous chapter are obtained by numerically inte-

grating the transport equations using RK4 method for a specified mean flow with a simple

hyperbolic tangent function. The integration step size is kept small so that the results

are devoid of numerical error. On the other hand, in realistic CFD simulations, the mean

flow variables at a shockwave are computed as part of the solution and are prone to nu-

merical error at flow discontinuity. This chapter provides the numerical error analysis

across the shockwave using the shock-capturing method and evaluating the effect on the

turbulent statistics. Next, we present ways to eliminate the numerical error by recasting

the transport equations in the conserved quantities. Further, the effect of grid refinement

and different numerical schemes on the turbulence amplification are presented. Last, the

model equations are generalized to multi-dimensional flows with oblique shockwaves.

5.1 Methodology

The modified transport equations for the principal Reynolds stresses and the turbulent

dissipation rate based on linear theory are given as,

ρũ
∂R11

∂x
= (−2 + 2b′1 +

4
3

C2)ρR11
∂ũ
∂x
−C1ρεa11 −

2
3
ρε, (5.1)

ρũ
∂R22

∂x
= −

2
3

C2ρR11
∂ũ
∂x
−C1ρεa22 −

2
3
ρε, (5.2)

ρ ũ
∂ε

∂x
= −

2
3

Cε1ρε
∂ũ
∂x
−Cε2ρ

ε2

k
, (5.3)

where b′1 = b1∞

(
1 − e1−M

)
with M as upstream shock-normal Mach number, b1∞ = 0.4, C2

= 0.55, C1 = 1, a11 and a22 are the anisotropy in the Reynolds stresses, Cε1 = 1 + 0.21M,

and Cε2 = 1.2. We solve one-dimensional RANS equations along with the modified trans-

port equations using a finite volume approach. The governing equations are written in a

69
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vector form as

∂

∂t
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S

. (5.4)

Here, [U] is the vector of the conserved variables, [F] is the vector containing the inviscid

fluxes and [S ] is the vector containing the source terms. Here, Ẽ is the total mean energy

and is given by p
γ−1 + 1

2ρũ2 +ρk with γ = 1.4. The inviscid fluxes at cell faces are evaluated

using the Lax-Friedrich (LF) scheme and the turbulent source terms are evaluated at the

cell centers. The mean flow gradients in the production terms are discretized using a

second-order accurate central difference scheme. Explicit time integration is achieved

using the first order forward Euler method.

The equations consist of dimensionless and normalized quantities which are defined

as, x = x∗κ0, t = t∗/(1/a∗∞κ0), ρ = ρ∗/ρ∗∞, u = u∗/a∗∞, T = T ∗/T ∗∞, p = p∗/(ρ∗∞a∗2∞ ),

R11 = R∗11/a
∗2
∞ , R22 = R∗22/a

∗2
∞ , R33 = R∗33/a

∗2
∞ , k = k∗/a∗2∞ , ε = ε∗/a∗3∞κ0, where (.)∗

represents the dimensional values of flow variables and (.)∞ represents the shockwave

upstream values. Here, t is time, T is temperature, and a∗∞ is the mean speed of sound.

The characteristic length scale is taken from the incoming turbulence field with peak wave

number κ0 of 4.

The whole domain is divided into grid cells and updated the solution over these grid

cells at each time step. At each time step, flux is approximated at the interface of each

cell. Then this flux is used to evolve the cell average values. LF scheme [112] being

conservative and of the first order, is quite dissipative. A fixed CFL value of 0.2 is used

for all the computations, which renders the LF scheme to be first-order accurate in space

and time. The conservative form of the equation is given below, where the total flux can

be seen as a combination of unstable flux and a term that gives the numerical diffusion as

follows,

Fn
i− 1

2
=

1
2

[
f (Un

i−1) + f (Un
i ) − α( f (Un

i ) − f (Un
i−1))

]
(5.5)

where α = ∆x/∆t is the numerical viscosity coefficient. Thus the Un+1
i given by this

method is

Un+1
i =

1
2

(
Un

i+1 − Un
i−1

)
−

∆x
2∆t

[
f (Un

i+1) − f (Un
i−1)

]
(5.6)
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The term that is similar to the diffusion term makes it a advection-diffusion equation,

Ut + f (U)x = βUxx with β = (∆x)2/(2∆t). But if ∆t/∆x is fixed, then the β will vanish

if grid is refined. Therefore, this method again maintain the hyperbolic system. This

additional term just suppress the instabilities caused by central flux in flux function.

In the present simulations, normal shockwave is captured by using shock-capturing

method with RH jump relation. The computational domain starts from κ0x∗ = −7.6 to

κ0x∗ = 29.6 with the characteristic length κ0 = 4, and the normal shockwave is located

at κ0x∗ = 0. Normalised values of the TKE, the principal Reynolds stresses and the

turbulent dissipation rate tabulated in table 4.1 are considered at the inlet location for

varying shockwave strengths.

5.2 Non-conservative errors at a shockwave

Figure (5.1) shows the amplification of the Reynolds stresses, and the turbulent dissipa-

tion rate across shock wave computed using the Eqs. (5.1) - (5.3) for varying upstream

Mach number. Numerical solution obtained from the baseline model and present RSM

based on shock-unsteadiness correction (SU-RSM) are compared with the DNS data. The

solution obtained in the inviscid limit is also presented for comparison and referred as ex-

act solution. The numerical solution of the baseline model, as well as the SU-RSM, show

a non-physical trend in the amplification of the Reynolds stresses (see Figs. (5.1a) and

(5.1b)).

In the present work, the simulation employs a shock-capturing scheme, and the mean

flow variables across the shockwave are computed as part of the solution. The solution

is prone to numerical error at the shockwave due to non-conservative form of the R11,

R22, and ε equations given by Eqs. (5.1) - (5.3). This is due to the fact that derivatives

in the source terms on the right-hand side of all the equations are multiplied by the flow

variables and result in large numerical errors at shockwaves.

The amplification of the Reynolds stresses obtained from the baseline model and

SU-RSM are comparable to the DNS data up to Mach number 1.5, indicating that the

numerical errors are low for weak shockwaves. In the range of Mach numbers, from

1.5 to approximately 4.0, the models overpredict the jump in Reynolds stresses, due to

the large amplification of turbulence attributed to the non-conservative formulation of

production and rapid pressure strain terms. For the strongest shock strengths (beyond

Mach 4), there is a fall in the R11 and R22 amplifications, due to the excessive prediction

of the turbulent dissipation rate attributed to the same non-conservative formulation of

production term in the turbulent dissipation rate equation. Thus, with increasing Mach
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Figure 5.1: The amplification in turbulent quantities across the shock obtained from the

numerical simulation of the baseline model (Gerolymos et al. model [18]), the present

modified model are compared with DNS data [9, 10] and the exact solution, for varying

upstream Mach number. Solution computed on a 1000-point grid. The exact solution is

obtained from closed form integration of modified transport equations.

number, the non-monotonic trend of Reynolds stresses amplifications is entirely due to

the non-conservative numerical error at shockwave. The results obtained for the same

model equations presented in Fig. (4.7) are obtained with hyperbolic tangent profiles

prescribed for the mean flow variables across the shock. They do not have numerical

errors typical of shock-capturing CFD simulations in Fig. (5.1) and isolate the physical

modeling error in the models.

The post-shock dissipation rate of the baseline model and of the non-conservative

form of SU-RSM increases monotonically with increasing Mach numbers. They are much
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higher than the DNS data and the exact solution for all but the lowest Mach numbers.

Further, the amplification of Reynolds stresses decreases with increasing shock strength,

which is opposite to what is observed for the turbulent dissipation rate and is physically

unrealistic. This behaviour is similar to that observed in [102] and is due to the very high

amplification of the turbulent dissipation rate for high Mach numbers.

The leading truncation error due to non-conservative form of production term exhibit

a different behaviour at each cell. Their contribution from adjacent cells adds up and leads

to the non-physical nature of the amplification of turbulent quantities. The leading error

term for production due to mean compression scales as 1/δ2 [102]. Here, δ is the shock

thickness, and it depends on the grid cell size, such that grid refinement decreases the

shock thickness.

Figure (5.2) present the numerical solutions computed using the non-conservative

formulation of the SU-RSM obtained using successively refined computational grids.

Three grids with 1000, 2000, and 3000 points uniformly distributed over the computa-

tional domain have grid-cell sizes of 0.037, 0.018 and 0.012, respectively. The ampli-

fication of the Reynolds stresses and the turbulent dissipation rate increases with grid

refinement and does not show a converging trend (see Fig. (5.2)). This is due to the in-

crease in the truncation error in the ε -equation with grid refinement since δ is proportional

to the grid size. Also, for a fixed Mach number, the amplification in the turbulent dissi-

pation rate increases with grid refinement. Similarly, owing to the large discretization

error due to the non-conservative production terms in the Reynolds stress Eqs. (5.1) and

(5.2), the numerical results highly over-predict the exact solution and the DNS data. For

a fixed Mach number, the error in predicting the amplification of Reynolds stresses also

increases on successive grid refinement. Thus, the non-conservative results (Figs. (5.2a),

(5.2b), and (5.2c)) retain the non-physical trends with successive grid refinement, and the

numerical error is not found to decrease even on the finest grid. The turbulent dissipation

rate results, plotted on a logarithmic scale, do not show a converging trend with successive

grid refinement.

The section presents the effect of different numerical schemes on the leading trunca-

tion error on the amplification of the Reynolds stresses and the turbulent dissipation rate.

The inviscid fluxes are computed with a modified, low-dissipation form of the Steger-

Warming flux-vector splitting (SW) method [116]. The flux vector F is evaluated at each

cell face using the conserved variables vector U stored at cell centers. The Jacobian A =

∂F/∂U is diagonalized as

A = T−1ΛT (5.7)
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Figure 5.2: Effect of grid refinement on the amplification of the R11, R22, and ε with

varying grid points for the new RSM compared with exact integral solution.

where Λ is a diagonal matrix consisting of the eigenvalues of the system, and T−1

and T are the left and right eigenvector matrices. The positive and negative eigenvalues

are used to split the Jacobian matrix into A+ and A− . The flux vector is thus evaluated as

a combination of the positive and negative flux contributions from the left and right side

of a cell face i + 1/2 as

Fi+1/2 = A+Ul + A−Ur (5.8)

For a first-order flux evaluation, Ul = Ui and Ur = Ui+1. Figure (5.3) plots the ampli-

fication of Reynolds stresses obtained using two different numerical schemes on coarser

meshes. The LF method results are compared with SW method. Both the methods give

qualitatively similar results, where the Reynolds stresses increase with Mach number,
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reach a maximum and then decrease for stronger shocks. The amplification factors ob-

tained for the SW method are higher than the corresponding LF results, and the increases

further on grid-refinement.
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Figure 5.3: Effect of numerical method on the amplification of the Reynolds stresses with

grid refinement for non-conservative form of the new RSM.

5.3 Conservative formulation

Sinha and Balasridhar [102] studied the numerical issues in the STI using the shock-

unsteadiness (SU) k − ε turbulence model equations. They showed that the convective

terms in the k − ε equations are written in a conservative form, such that the integrated

error can be written in terms of the derivatives evaluated at the cell interfaces. By taking all

the cells spanning the region of shockwave together, the error contribution gets cancelled

at the common interface of adjacent cells. The net error across the shockwave is thus

given by the higher-order derivatives calculated outside the shockwave, where the flow

solution is smooth.

To minimize the numerical truncation error at the shockwave, Sinha and Balasridhar

[102] proposed an conservative form of the shock-unsteadiness k − ε model, obtained by

transforming the turbulence variables to conserved quantities. The new equations repre-

sent identical physics as that of the original shock-unsteadiness model and are free from

the numerical error due to the non-conservative source terms. The results of the conser-

vative form of the shock-unsteadiness model, qualitatively and quantitatively match with

the exact integrated solution, and also show a good match with DNS data [102].
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Similar to the SU k − ε model equations, Eqs. (5.1) - (5.3), show non-conservative

nature. Following an approach similar to that of Sinha and Balasridhar [102], the turbulent

quantities such as Reynolds stresses and turbulent dissipation rate are transformed to con-

served quantities. Considering the exact solution in the inviscid limit given by Eqs. (4.33),

(4.34), and (4.40), the new transformed turbulent variables are framed as,

f1 = R11ρ
2(1−b′1)−4C2/3,

f2 = R22 − R11

[
C2

3(b′1 − 1) + 2C2

]
, (5.9)

g = ερ−2Cε1/3.

Here, the overbar on ρ is omitted to avoid potential conflict between Reynolds averaging

and the sign of the exponent. Using mass conservation across the shock in the R11, R22 and

ε transport equations, we get the corresponding equations for f1, f2 and g that are devoid of

non-conservative source terms, i.e., production and rapid pressure-strain. The transport

equations given below, however represent identical physics as the original Eqs. (5.1) -

(5.3).

∂

∂x
(ρũ f1) = −

(
C1a11 +

2
3

)
ρgρ2(1−b′1)−2(Cε1+2C2)/3,

∂

∂x
(ρũ f2) = −Ĉ1ρgρ

2Cε1/3, (5.10)

∂

∂x
(ρũg) = −Cε2

ρg2

k
ρ2Cε1/3.

The f2 equation is written in compact form in terms of

Ĉ1 =
[(

(3(1 − b′1) − 2C2)(3a22C1 − 2) + 3C1C2a11 + 2C2
)/(

9(1 − b′1) − 6C2
)]
.

The model constants for the pressure-strain closure are given as C1 = 1, and C2 = 0.55,

respectively. Here, a11 and a22 represents the anisotropy in Reynolds stresses, and b′1 is

the shock-unsteadiness model coefficient. The new transformed turbulent variables f1, f2

and g are conserved across the shock, if we neglect the dissipation effect on the RHS of

Eq. (5.10), as discussed above.

The mean flow is solved by the one-dimensional RANS equations, and the f1, f2

and g Eqs. (5.10) are solved for turbulence closure. All the equations are cast in non-

dimensional form, where flow variables are normalized by the mean density and the mean

speed of the sound, a∗∞, taken at inlet station. The conservative form of the governing

equations along with the turbulent transport equations are solved using a finite volume

approach, where the conserved variables, U, inviscid fluxes, F, and source terms, S are
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written in vector form as,
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. (5.11)

Here, Ẽ is the total mean energy and is given by p
γ−1 + 1

2ρũ2 + ρk with γ = 1.4.

The LF scheme [112] is first order accurate and more dissipative than the SW scheme

[116]. However, the SW results can be matched by using larger number of grid points in

the LF simulations, as reported in [108, 109]. The initial conditions given in table 4.1

for the non-conservative formulation are transformed to the new variables f1, f2 and g as

per Equation (5.9). The same inlet values are specified at the upstream boundary and RH

jump relations of the mean flow quantities are used to set up the shockwave at κ0x∗ = 0.

At the exit boundary, a Neumann condition is used, i.e., the gradient of the conserved

variables are maintained at zero. Explicit time integration is achieved using the forward

Euler method with the given initial conditions.

Figure (5.4) shows the amplification of the Reynolds stresses, the turbulent dissipa-

tion rate and the Reynolds stress anisotropy across shockwave for varying upstream Mach

number. Data for the non-conservative model are compared with conservative form of the

SU-RSM and the DNS data [9, 10].

The amplification of the turbulent quantities computed using the conservative form

of the SU-RSM qualitatively follows the same trend as the exact inviscid solution. The

results are also comparable to those presented in Fig. (4.7). R11 amplification (see

Fig. (5.4a)) shows a good match with DNS data except for a slight overprediction at

high Mach numbers. The post-shock R22 of the conservative formulation also overpre-

dicts the DNS data for Mach numbers beyond 2, but it is a significant improvement over

the non-conservative results presented in Fig. (5.4b).

In Fig. (5.4c), the post-shock dissipation rates of conservative formulation show

a good match, both quantitatively and qualitatively, with the DNS data and the exact

solution, for all Mach numbers. The anisotropy of the Reynolds stresses generated behind

the shockwave shows the same qualitative behaviour for all the numerical solutions, and

it matches the non-monotonic trend in the DNS data (see figure 5.4d). The conservative

results underpredict R11/R22 for much of the Mach number range, but is comparable to

the DNS data for the strongest shockwave interaction. The non-conservative form of
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Figure 5.4: The amplification in turbulent quantities across the shock obtained from the

numerical simulation of new RSM with non-conservative and conservative form of modi-

fied transport equations are compared with DNS data [9, 10], for varying upstream Mach

number. Solution computed on a 1000-point grid.

SU-RSM results appear to be closer to the DNS data, but they are more sensitive to the

numerical grid (see Fig. (5.2)).

Figure (5.5) present the numerical solutions computed using the conservative for-

mulation of the SU-RSM on successively refined computational grids. The conservative

results for R11, R22, and ε approach the exact inviscid solution as the shockwave gets

thinner on finer grids and the effect of turbulent dissipation decreases with shockwave

thickness. Note that molecular and turbulent diffusion terms are not included in the simu-
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Figure 5.5: Effect of grid refinement on the amplification of the R11, R22, and ε with vary-

ing grid points for the conservative form of the new RSM compared with exact integral

solution.

lations, because their effect is found to be small in the region of the shockwave [109]. The

conservative formulation also shows a converging trend towards a grid-independent solu-

tion. Application of different numerical schemes to the conservative formulation shows

very little effect.

5.4 Streamwise evolution of Reynolds stressess

Next, the streamwise evolution of turbulent quantities for the SU-RSM and the baseline

model are compared with the DNS data. Both non-conservative and conservative formu-
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Figure 5.6: Streamwise evolution of the turbulence quantities in a Mach 1.5 canonical

STI. Numerical solution computed using the Lax-Friedrich scheme for the baseline (dash-

dot), the non-conservative form (long-dash) and the conservative form (solid-line) of the

present RSM are compared with DNS data (symbol). The amplification in turbulent quan-

tities obtained by extrapolation of the DNS data to mean shock location is shown by open

square.

lations are used in the simulations and the results are presented, along with DNS data,

in Figs. (5.6) - (5.8). The turbulent quantities decay on either side of the shockwave and

amplify across the shockwave due to a sudden change in mean velocity. The DNS data

shows very large values of R11 in the region of the shockwave. This does not represent

actual amplification of R11, and is not captured by the turbulence models. There is a non-

monotonic variation in the R11 immediately after the shockwave. This non-monotonic
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Figure 5.7: Streamwise evolution of the turbulence quantities in a Mach 2.5 canonical

STI. Numerical solution computed using the Lax-Friedrich scheme for the baseline (dash-

dot), the non-conservative form (long-dash) and the conservative form (solid-line) of the

present RSM are compared with DNS data (symbol). The amplification in turbulent quan-

tities obtained by extrapolation of the DNS data to mean shock location is shown by open

square.

behaviour is due to the acoustic decay, as per by Mahesh et al. [75], and is not explic-

itly modeled in the present work. The post-shock DNS data is extrapolated back to the

shock-center location (κ0x∗ = 0) to get an estimate of the effective jump (shown by an

open square) in the turbulent quantities across the shock.

Figure (5.6) shows the streamwise evolution of the Reynolds stresses and the dissipa-

tion rate for Mach 1.5 STI. The amplification in R11 and R22 in all three solutions–baseline,
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non-conservative and conservative, are comparable to the DNS data extrapolated to the

mean shockwave location of κ0x∗ = 0. The streamwise evolution of Reynolds stresses

for non-conservative and conservative models decays monotonically and have an approx-

imately same decay rate as that of baseline model both upstream and downstream of the

shockwave. The models slightly underpredict the decay of the Reynolds stresses down-

stream of the shockwave in comparison with the DNS data. Here, the non-conservative

and conservative RSMs show similar results indicating a small magnitude of numerical

error for interaction with weak shockwaves. The turbulent dissipation rate predictions

show similar trends in Fig. (5.7c), with the model results matching DNS data well. The

only exception is the baseline model that gives too high an amplification in ε across the

shockwave.

For the Mach 2.5 case shown in Fig. (5.7), the best predictions are obtained using the

conservative form of the SU-RSM. The jump in R11 matches the extrapolated shockwave

value in the DNS data. The R22 predictions match the DNS data over the entire domain,

except for a small region immediately behind the shockwave. The turbulent dissipation

rate matches the peak DNS value at the shockwave, overpredicts ε for κ0x∗ ≤ 5 and

overlaps with DNS data further downstream. The trend is identical to that presented in

Sinha [74], and this results in a slight underprediction of R11 in the downstream flow. The

non-conservative simulation overpredicts R11, R22, and ε at the shockwave and exhibits

a substantially higher post-shock decay rate than that in the DNS. The baseline model

follows a similar trend, but the errors are higher than the non-conservative form of the

current RSM based on the shock-unsteadiness correction.

The non-conservative errors at the shockwave are even higher in the Mach 3.5 inter-

action presented in Fig (5.8). In this case, the amplification of ε for the non-conservative

and baseline models is higher than the DNS data by about an order of magnitude. It

results in a rapid decay of the post-shock turbulence, which is very different from the

trend observed in the DNS. The conservative model (with minimal numerical and physi-

cal modeling error), once again, is the closest to the DNS data. The shock-jumps in R11,

R22, and ε are reproduced well by the SU-RSM, but the decay rate of the Reynolds stresses

is overpredicted, due to the turbulent dissipation rate being higher than DNS data in the

range 0 < κ0x∗ < 10.

5.5 Generalization to multi-dimensional problems

The results presented above show that a physically consistent and numerically robust

Reynolds stress model is able to predict the changes across a normal shockwave. For
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Figure 5.8: Streamwise evolution of the turbulence quantities in a Mach 3.5 canonical

STI. Numerical solution computed using the Lax-Friedrich scheme for the baseline (dash-

dot), the non-conservative form (long-dash) and the conservative form (solid-line) of the

present RSM are compared with DNS data (symbol). The amplification in turbulent quan-

tities obtained by extrapolation of the DNS data to mean shock location is shown by open

square.

an oblique shockwave oriented at a angle θ in the x − y plane (shown in Fig. (5.9)), the

proposed model equations for R11, R22 can be interpreted in terms of the shock-normal Rηη

and transverse Rξξ components. Equation (4.31) can thus be written in a general tensor

form as
DρRηη

Dt
= (2(b′1 − 1) +

4
3

C2)ρRηη

∂ũk

∂xk
−C1ρεaηη −

2
3
ρε, (5.12)

where aηη is the anisotropy in the shock-normal Reynolds stress. Note that the mean

derivatives in the shock-transverse directions are assumed to be small such that the shock-

normal velocity gradient on the right-hand side is replaced by the mean dilatation. Simi-
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Figure 5.9: Schematic of an oblique shockwave at an angle θ to the y-coordinate in the

lab frame of reference.

larly, the shock-normal convection term on the left-hand side is generalized to the material

derivative.

Following identical procedure for the shock-transverse Reynolds stress Rξξ, we gen-

eralize Eq. (5.12) to

DρRξξ

Dt
= −

2
3

C2ρRηη

∂ũk

∂xk
−C1ρεaξξ −

2
3
ρε. (5.13)

where aξξ is the anisotropy in the transverse Reynolds stress. For the Reynolds stress

component R12, we start with Eq. (2.22) written for a shockwave normal to the x-direction,

∂ρũR12

∂x
= (C2 − 1)ρR12

∂ũ
∂x
−C1ρεa12, (5.14)

and generalize it to an oblique shockwave to get the model transport equation for the

Reynolds stress component Rηξ

DρRηξ

Dt
= (C2 − 1)ρRηξ

∂ũk

∂xk
−C1ρεaηξ. (5.15)

where aηξ is the anisotropy in the Reynolds stress component Rηξ.

The Reynolds stresses in the lab frame of reference (x, y) can be related to those in

the shockwave frame by the coordinate transformation

R11 = cos2θRηη + sin2θRηξ + sin2θRξξ,

R22 = sin2θRηη − sin2θRηξ + cos2θRξξ, (5.16)

R12 = (Rξξ − Rηη)cosθsinθ + (cos2θ − sin2θ)Rηξ.

The transport equations for R11, R22 and R12 can now be derived in terms of the model

equations for Rηη, Rξξ and Rηξ given above. On simplification, we get

DρR11

Dt
= (A11ρR11 + A12ρR22 + A13ρR12)

∂ũk

∂xk
−C1ρεa11 −

2
3
ρε, (5.17)
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DρR22

Dt
= (A21ρR11 + A22ρR22 + A23ρR12)

∂ũk

∂xk
−C1ρεa22 −

2
3
ρε, (5.18)

DρR12

Dt
= (A31ρR11 + A32ρR22 + A33ρR12)

∂ũk

∂xk
−C1ρεa12, (5.19)

where the reverse transformation is used to express Rηη, Rξξ and Rηξ on the right-hand side

in terms of R11, R22 and R12. The model coefficients in the above equations are as follows,

A11 = (−2 + 2b′1 +
4
3

C2)cos4θ −
2
6

C2sin22θ +
(C2 − 1)

2
sin22θ,

A12 = (−1 + b′1 +
4
6

C2)sin22θ −
2
3

C2sin4θ −
(C2 − 1)

2
sin22θ,

A13 =

(
(2 − 2b′1 +

4
3

C2)cos2θ +
2
3

C2sin2θ

)
sin2θ +

(C2 − 1)
2

sin4θ,

A21 = (−1 + b′1 +
4
6

C2)sin22θ −
2
3

C2cos4θ −
(C2 − 1)

2
sin22θ,

A22 = (−2 + 2b′1 +
4
3

C2)sin4θ −
2
6

C2sin22θ +
(C2 − 1)

2
sin22θ,

A23 =

(
(2 − 2b′1 −

4
3

C2)sin2θ +
2
3

C2cos2θ

)
sin2θ −

(C2 − 1)
2

sin4θ,

A31 = (1 − b′1 −C2)sin2θcos2θ +
(C2 − 1)

4
sin4θ,

A32 = (1 − b′1 −C2)sin2θsin2θ +
(C2 − 1)

4
sin4θ,

A33 = (1 − b′1 −C2)sin22θ + (C2 − 1)cos22θ

The Reynolds stress R33 is transverse to the oblique shock defined in Fig. (5.9). It behaves

akin to Rξξ across the shockwave and the model transport equation takes the form

DρR33

Dt
= −

2
3

C2ρRηη

∂ũk

∂xk
−C1ρεa33 −

2
3
ρε,

which is derived from Equation (5.13), and can be written as,

DρR33

Dt
= −

2
3

C2ρ
(
cos2θR11 − sin2θR12 + sin2θR22

) ∂ũk

∂xk
−C1ρεa33 −

2
3
ρε, (5.20)

Finally, the dissipation rate Eq. (4.39) is cast in general tensor form as,

Dρε
Dt

= −
2
3

Cε1ρε
∂ũk

∂xk
−Cε2ρ

ε2

k
. (5.21)

The above five Eqs. (5.17)-(5.21) represent a physically consistent Reynolds stress model

for flows with shockwaves oriented at an angle θ in the x − y plane. The equations can be

further generalized for shockwaves with any arbitrary orientation in a three-dimensional

flow.

An existing CFD code can be modified to implement these equations in regions of

shock wave, identified in terms of large negative values of mean dilatation. A shock
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detector function can be used [42, 104] such that the modifications are restricted to high-

compression regions, without altering the base model in the flow outside of shockwaves.

The shock angle θ can be calculated using the local mean pressure gradient vector. The

model coefficients depend on θ, which is physically consistent with the directional nature

of a shock wave. A shockwave alters the normal and transverse Reynolds stresses differ-

ently and this information is retained in the new physics-based RSM. The local pressure

gradient can also be used to obtain the shock-normal component of the Mach number.

This has been successfully implemented in SBLI flows with a single oblique shockwave

[42] and with multiple shockwaves [104]. Newer approaches which eliminate the depen-

dence of the model coefficient b′1 on Mu are also being explored [108].

We note that the above RSM Eqs. (5.17)-(5.21) for a shockwave are in non-

conservative form. They are expected to give accurate prediction for shockwave with

Mu upto 1.5 (see Fig. (5.6)) and possibly as high as Mu = 2. The corresponding upstream

flow Mach number can be much higher (up to Mu = 5) for weak oblique shockwaves. For

stronger shockwaves, we need to employ a conservative formulation to eliminate large

numerical error at the shockwave discontinuity. This is achieved by writing the conserved

variables f1, f2 and g, in Equation (31), in terms of the shock-normal and transverse

Reynolds stresses.

f1 = Rηηρ
α1 ,

f2 = Rξξ − βRηη, (5.22)

f3 = Rηξρ
(1−C2),

g = ερ−2Cε1/3,

where α1 = 2(b′1 − 1) + 4C2/3 and β = 2C2/3α1, and a new conserved variable f3 is de-

fined for the Reynolds stress component Rηξ. Here, the overbar on ρ is temporarily omitted

to avoid potential conflict between Reynolds averaging and the sign of the exponent. The

model transport equations for the conserved variables, Eq. (5.10) can be generalized to

D(ρ f1)
Dt

= −(C1aηη +
2
3

)ρgρα1+2Cε1/3, (5.23)

D(ρ f2)
Dt

= −Ĉ1ρgρ
2Cε1/3, (5.24)

D(ρ f3)
Dt

= −C1aηξρgρ1−C2+2Cε1/3, (5.25)

D(ρg)
Dt

= −Cε2
ρg2

k
ρ2Cε1/3, (5.26)

where Ĉ1 is in terms of aηη and aξξ, and the diffusion terms are neglected at the shockwave.
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The Reynolds stresses R11, R22, and R12 available upstream of a shockwave can be

rotated to the shockwave coordinate system (shown in Fig. (5.9)).

Rηη = cos2θR11 − sin2θR12 + sin2θR22,

Rξξ = sin2θR11 + sin2θR12 + cos2θR22, (5.27)

Rηξ = (R11 − R22)cosθsinθ + (cos2θ − sin2θ)R12,

which can then be used to arrive at the upstream values of the conserved variables, as

per Eq. (5.22). The post-shock values obtained by solving Eqs. (5.23)-(5.26) across the

shockwave can then be converted back to R11, R22, and R12 by invoking the reverse trans-

formation.

The R33 equation not included in the above discussion can be transformed to a con-

servative form by following a similar approach. The resulting RSM equations can be used

effectively for the entire range of Mach numbers.

5.6 Summary

The mean flow is solved by using the RANS equations with the Reynolds stress model

transport equations. The amplification of the turbulent quantities show the non-physical

nature with large numerical error across the shockwave due to the non-conservative form

of the source terms. The numerical schemes and grid refinement applied to the present

model problem show high effect on the results especially for the non-conservative form

of turbulence model. We propose a novel transformation of the Reynolds stresses and the

turbulent dissipation rate into new turbulence variables that are conserved across a shock-

wave. This minimises numerical error and gives well-behaved results, which converge to

closed-form analytical solution on successive grid refinement. The new RSM equations

are thus physically consistent and numerically robust for modelling high-speed turbulent

flows with shockwaves. The new proposed conservative form of SU-RSM give a better

match of Reynolds stresses and the turbulent dissipation with DNS data. The anisotropic

nature of the turbulence is also well predicted. The new model equations for the normal

Reynolds stresses, along with the transport equations for the Reynolds shear stress are

generalised to a tensor form that can be applied to multi-dimensional flows with shock

waves of arbitrary orientation.





Chapter 6

Explicit algebraic Reynolds stress model

Application of the generalized model of the SU-RSM to realistic flows like SBLI is very

cumbersome. Therefore, in this chapter, we evaluate an ARSM in the canonical STI,

as the shockwave amplifies the Reynolds stresses in the streamwise and the transverse

directions differently. Next, the limitations of the existing EARSM are presented, and

appropriate corrections are described. Subsequently, a new set of algebraic equations

for the Reynolds stresses are derived using the LIA to capture the anisotropy across the

shockwave.

ARSM belong to the class of non-linear two-equation models, where the anisotropy

tensor is expressed as a non-linear relation between the Reynolds stresses, and the vortic-

ity and strain-rate tensors. Different levels of approximation have been used to solve the

algebraic expression for Reynolds stress tensor explicitly [8, 30–33]. The general form of

the anisotropy tensor consists of ten independent tensorial terms with combination of the

rate of strain and rotation tensors, and their invariants. The coefficients are also written in

terms of the mean flow quantities.

6.1 Baseline EARSM

In the present work, we adopt Wallin and Johansson’s [8] explicit algebraic Reynolds

stress model (WJ-EARSM), because of its simplicity and ease of extension to compress-

ible flows [64]. In this model, the Reynolds stress tensor (Ri j = ũ′′i u′′j ) is written explicitly

in terms of an effective turbulent viscosity µT and an extra anisotropy term aext
i j , as

ρRi j =
2
3
ρkδi j − 2µT S ∗i j + ρkaext

i j . (6.1)

For two-dimensional mean flows,

µT = −
1
2
β1ρkτ, and aext

i j = β4(S ikΩk j −ΩikS k j) (6.2)

89
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are given in terms of two non-zero coefficients β1 and β4. Here, S i j and Ωi j are the strain

and vorticity tensors, normalized with the turbulent time scale τ = max
(
k/ε, 6

√
ν/ε

)
with

a Kolmogorov limiter. S ∗i j and Ω∗i j are dimensional strain and vorticity tensors respectively,

and are given as

S ∗i j =
1
2

(
∂ũi

∂x j
+
∂ũ j

∂xi
−

2
3
∂ũk

∂xk
δi j

)
, (6.3)

Ω∗i j =
1
2

(
∂ũi

∂x j
−
∂ũ j

∂xi

)
. (6.4)

The model coefficients β1 and β4 are defined as,

β1 = −
6
5

N
(N2 − 2IIΩ)

, and β4 = −
6
5

1
(N2 − 2IIΩ)

, (6.5)

and N is obtained from the solution of a cubic polynomial equation

N =


c′1
3 +

(
P1 +

√
P2

)1/3
+ sgn(P1 −

√
P2)|P1 −

√
P2|

1/3, for P2 ≥ 0
c′1
3 + 2(P2

1 − P2)1/6 cos
(

1
3 arccos

(
P1√
P2

1−P2

))
, for P2 < 0

(6.6)

with

P1 = c′1

(
c′21
27

+
9

20
IIS −

2
3

IIΩ

)
, and P2 = P2

1 −

(
c′21
9

+
9
10

IIS −
2
3

IIΩ

)3

. (6.7)

Here, IIS = S i jS ji and IIΩ = Ωi jΩ ji are the tensor invariants of the strain and vorticity

tensors, and c′1 = 1.8.

For one-dimensional mean flow in canonical STI, where the velocity gradients are

finite only in the streamwise direction, the extra anisotropy term aext
i j in Reynolds stress

tensor becomes zero. Thus, the shock-normal and transverse Reynolds stresses simplify

to

ρR11 =
2
3
ρk + ρkβ1S 11, (6.8)

ρR22 =
2
3
ρk + ρkβ1S 22, (6.9)

where S 11 = 2
3τ(∂ũ/∂x) and S 22 = −(τ/3)(∂ũ/∂x). The effective turbulent viscosity,

µT = −0.5β1ρkτ with β1 = −6/(5N). By considering the only IIS contribution in P1

and P2, the solution for N reduces to 1.8(P2
1 − P2)1/6. The approximate values of N and

coefficient β1 becomes 1.39 τ|∂ũ/∂x| and -0.86/(τ|∂ũ/∂x|), respectively (see Appendix C).

Substituting the approximated value of β1 in the Eqs. (6.8) and (6.9), we get

ρR11 =
2
3
ρk + 0.573ρk, (6.10)

ρR22 =
2
3
ρk − 0.286ρk. (6.11)
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The above relations are used to calculate the Reynolds stresses on a two-equation k − ε

platform; the simplified transport equation for TKE in a one-dimensional mean flow is

given as,

ρũ
∂k
∂x

= −ρR11
∂ũ
∂x
− ρε. (6.12)

where the diffusion terms are assumed to be small [109]. The dissipation rate term is

neglected at the shock [102] to get a closed-form solution for the amplification of TKE

across the shock.

kd

ku
=

(
ũu

ũd

)2/3+0.573

. (6.13)

Similarly, the amplification in the normal Reynolds stresses is obtained as (see Appendix

C for details),
R11,d

R11,u
= 1.86

(
ũu

ũd

)2/3+0.573

, (6.14)

R22,d

R22,u
= 0.57

(
ũu

ũd

)2/3+0.573

. (6.15)

with subscripts u and d denoting the locations upstream and downstream of the shock,

respectively. Here, ũu/ũd is a function of the shock Mach number and R11,u = R22,u =

(2/3)ku for isotropic turbulence upstream of the shockwave.

The post-shock statistics obtained using WJ-EARSM are evaluated against the DNS

data of Larsson et al. [9, 10] for varying shock strengths and are shown in Fig. (6.1). The

DNS data are identical to those presented in chapter 4 for SU-RSM model development,

and are obtained by extrapolating the downstream values to the shock location. WJ-

EARSM based on the standard k − ε model yields large amplification of TKE, over-

predicting the DNS data by a factor of 2 at Mach 1.87 and more at higher Mach number.

A similar trend is seen in the amplification of Reynolds stresses. The effective turbulent

viscosity takes high values at the shock wave, and it leads to a high amplification of TKE,

R11 and R22. Additionally, WJ-EARSM does not capture the anisotropy variation with

Mach number and gives a constant anisotropy of 3.26, obtained from Eqs. (6.14) & (6.15)

for varying shock strengths.

6.2 LIA based model improvement

We propose improvements to the WJ-EARSM baseline model using shock physics based

on LIA and DNS data. We start with the linearized transport equation for the Reynolds

stresses in the shock-normal and transverse directions, given by Sinha et al. [41]. The

equations are written in the frame of reference attached to the instantaneous shock wave,
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Figure 6.1: Comparison of the amplification in the TKE, Reynolds stresses and their

anisotropy across a normal shockwave obtained using WJ-EARSM with the DNS data

[9, 10] for varying upstream Mach number.

assuming that the upstream turbulence is purely vortical in nature. Note that the Reynolds

stress R33 follows an equation identical to R22, and is not presented here.

ρ u
∂

∂x
R11

2
= −ρR11

∂u
∂x

+ ρu′ξt
∂u
∂x
− u′

∂p′

∂x
− u′

∂p
∂x

, (6.16)

ρ u
∂

∂x
R22

2
= −ρ uv′ξy

∂u
∂x

, (6.17)

where ξt and ξy represent the linear shock velocity in the streamwise direction and the an-

gular distortion of the shockwave. Note that the difference between Reynolds- and Favre-

averaging is negligible in the linear framework, for example, ū − ũ = u′ρ′/ρ̄, is of higher

order than the linear terms considered in LIA. The terms on the right side of Eqs. (6.16) &

(6.17) are in order, production due to mean compression Pk, shock-unsteadiness term S 1
k ,

pressure-velocity correlation Π1
k , production due to mean pressure gradient Π3

k , and shock-

distortion term S 2
k . The first and the third terms in Eq. (6.16) are identical to conventional

turbulence models, while the other two source terms bring in the effect of unsteady shock-

wave oscillations.

LIA is based on linearized RH relations, which can be used to write the linearized

jump conditions for the Reynolds stresses across a shockwave,

1
2
ρu uu(R11,d − R11,u) = −ρuu′uu′m∆u + ρuu′mξt∆u − u′m(p′d − p′u), (6.18)

1
2
ρu uu(R22,d − R22,u) = −ρu uuv′mξy∆u, (6.19)
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where ∆u = (ud−uu), u′m = (u′u +u′d)/2, and v′m = (v′u +v′d)/2. Note that the above equations

can be interpreted as integrated form of the transport Eqs. (6.16) & (6.17). The terms on

the right-hand side of Eq. (6.18) are thus denoted by
∫

Pk,
∫

S 1
k and

∫
Π1

k , respectively,

while the term in Eq. (6.19) is
∫

S 2
k . We consider purely vortical turbulence upstream of

the shock, and hence ρ′u = p′u = T ′u = 0. As a result, the production due to mean pressure

gradient, Π3
k is identically zero.

LIA provides analytical solution for the downstream disturbance field and the shock

characteristics for a prescribed upstream turbulence spectrum [75]. The correlations ap-

pearing in Eqs. (6.18) & (6.19) can thus be computed using LIA. A budget of the source

terms as a function of upstream Mach number is shown in Fig. (6.2) and is identical to that

given in Ref. [41]. The production due to mean compression is positive for all the Mach

numbers and thus amplifies R11. The shock unsteadiness term, on the other hand, reduces

the magnitude of shock-normal Reynolds stress. There is no production of R22 and R33 at

the shockwave. Instead, the shock distortion mechanism S 2
k is found to increase the trans-

verse Reynolds stresses. This is opposite to the effect of the shock-unsteadiness term S 1
k ,

and can be interpreted as redistributing energy from the shock-normal to the transverse

directions.
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Figure 6.2: Budget of Reynolds stress Equations (6.18)-(6.19) at different Mach numbers.

All terms are normalized by ρu u3
u.

The shock-vortical turbulence interaction generates acoustic fluctuations, with finite

values of p′2 and p′u′ correlations immediately downstream of the shockwave. There is

a rapid post-shock adjustment within one characteristic eddy size from the shockwave,

where the acoustic energy decays and is transferred back to the TKE [75]. R11 is found to

increase in the acoustic adjustment region, while R22 and R33 exhibit a rapid decrease. The

overall change in TKE due to the energy transfer between vortical turbulence and acoustic
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energy, denoted by
∫

Π2
k , is derived in appendix D and is plotted as a function of the

upstream Mach number in Fig. (6.2). We note that the pressure dependent terms Π1
k and

Π2
k have alternate positive and negative contribution to the Reynolds stress budget. They

represent the effect of pressure fluctuations on the streamwise and transverse components.

Overall, the distortion of the shock front and its unsteady movement, and the pressure

dependent terms are responsible for redistribution of the TKE in the three directions.
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Figure 6.3: Linear interaction analysis is used to obtain the model coefficients: (a) Curve-

fit (lines) to the LIA data (symbols) for Cp , CΠ and Cs, (b) LIA data for CΠ1 , CΠ2 and

CΠ.

Equations (6.18) & (6.19) can be recast to compute the amplification of Reynolds

stresses and TKE across the shockwave.

R11,d

R11,u
= 1 −Cp

∆u
uu

+ Csu
∆u
uu

+ CΠ1

∆u
uu
, (6.20)

R22,d

R22,u
= 1 −Csd

∆u
uu
, (6.21)

kd

ku
= 1 −

Cp

3
∆u
uu

+
Csu

3
∆u
uu

+
CΠ1

3
∆u
uu
−

2Csd

3
∆u
uu

+
CΠ2

3
∆u
uu
, (6.22)

where we use the fact that ku = 3
2R11,u for incoming homogeneous turbulence, and kd =

1
2 (R11,d + 2R22,d) for the axisymmetric turbulence downstream of the shockwave. The

additional effect of Π2
k is also included and the source terms are written in terms of the

coefficients Cp, Csu, Csd, CΠ1 and CΠ2 . The derivation is given in appendix D, and the

coefficients are plotted in Fig. (6.3).

The Mach number dependence of the Reynolds stresses and the TKE amplification,

as predicted by LIA Eqs. (6.20)-(6.22), is shown in Fig. (6.4). All components of the

velocity fluctuation are amplified across the shockwave, and the amplifications tend to
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saturate beyond Mach 5. The shock-normal component is amplified more than transverse

component for shockwaves with M < 2, while the opposite is seen for M > 2. In fact,

the LIA prediction for R11 decreases with increasing Mach number beyond 2, whereas

R22 amplification increases monotonically to reach a value of about 2.0 in the hypersonic

limit. The LIA results do not match the DNS data, taken from Larsson et al. [9, 10], where

the streamwise Reynolds stress is amplified more than the transverse velocity fluctuations

for strong shockwaves (M > 2). This is similar to that reported in Fig. (5) of Larsson and

Lele [9]. Reynolds stress anisotropy R11/R22 behind the shock (Fig. (6.4d)) also shows a

poor comparison between LIA and DNS. On the other hand, LIA and DNS data for TKE

amplification match very well for the entire range of Mach number (Fig. ( 6.4c)). This

could be because of the additional CΠ2 term included in Eq. (6.22).

We propose improvement to the LIA-based results, by noting that the streamwise

Reynolds stress is under-predicted in comparison to the DNS data, while the transverse

Reynolds stress is over-predicted. This is due to the effect of the shock-unsteadiness

term, which reduces the streamwise Reynolds stress (see budget plot in Fig. (6.2)), and

the shock-distortion term that results in a much larger amplification for the transverse

Reynolds stress. The overall effect of the two terms (S 1
k and S 2

k) seems to give the correct

amplification of TKE across the shockwave. We thus propose to redistribute the shock-

unsteadiness and distortion effect (Cs = Csu - 2Csd) more equally among the different

directions, so as to obtain a modified set of Reynolds stress amplification equations. A

contribution of (1/3)Cs is used for each component, and the R33 equation is not shown for

brevity.

R11,d

R11,u
= 1 −Cp

∆u
uu

+

[
1
3

Cs +
2
3

CΠ

]
∆u
uu
, (6.23)

R22,d

R22,u
= 1 +

[
1
3

Cs +
1
6

CΠ

]
∆u
uu
, (6.24)

kd

ku
= 1 −

Cp

3
∆u
uu

+
Cs

3
∆u
uu

+
CΠ

3
∆u
uu
. (6.25)

We introduce a new pressure dependent coefficient CΠ = CΠ1 + CΠ2 to represent the com-

bined effect of Π1
k and Π2

k and it is also redistributed among the Reynolds stresses. A

higher contribution to R11 and a smaller fraction to R22 and R33 are found to give a reason-

able match with the DNS data. Both the shock unsteadiness (Cs) and pressure dependent

(CΠ) terms are redistributed in such a way that the TKE amplification remains unchanged

as in Eq. (6.22). Also, the production term remains unaltered from Eq. (6.20). The model

Eqs. (6.23) - (6.25) is termed as shock-unsteadiness corrected explicit algebraic Reynolds

stress model (SU-EARSM).
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Figure 6.4: Comparison of the amplification of the Reynolds stresses, TKE, and their

anisotropy across the normal shockwave obtained using modified algebraic equations with

the DNS data [9, 10], SU-RSM and LIA for varying upstream Mach number.

The Reynolds stresses predicted by Eqs. (6.23) and (6.24) match DNS data up to

a Mach number of 2.5, beyond which R11 is over predicted and R22 is under predicted.

The Reynolds stress anisotropy generated by the shockwave is also predicted well for M

≤ 2.5, and it is a significant improvement over the baseline EARSM predictions, shown

in Fig. 6.1. The amplification of TKE matches the DNS data as earlier (LIA data). We

also present the results obtained using shock-unsteadiness based Reynolds stress transport

model (SU-RSM). It solves partial differential equations for R11 and R22 across the shock

wave, and is able to predict the redistribution of TKE in the streamwise and transverse
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directions for M > 2.5. The mismatch between DNS and SU-EARSM predictions could

be because of the particular choice of the model fractions (1/3, 2/3 and 1/6), and could be

improved by a better choice of these coefficients. The TKE amplification is very close to

the DNS data, and small changes with respect to the LIA results are due to the fact that

the model coefficients are approximated as curve-fits to the LIA data (see Fig. (6.3)).

Cp = 1.48 + 0.5e(6.2(1−M)),

Cs = Csu − 2Csd = −2.5 + 2.2e(6.2(1−M)).

The pressure dependent terms Π1
k and Π2

k have large variation in the transonic regime

M < 1.3, and they show a change of sign beyond Mach 2 (see budget plot in Fig. (6.2)).

The combined effect of the two terms is modelled as CΠ = 0.9, and it appears to be a

good fit for the majority of the Mach number range shown in Fig. (6.3). However, it does

not capture the negative values of CΠ1 , as a result of which the new model is not able

to reproduce the slight decrease in R11 and the non-monotonic trend in Reynolds stress

anisotropy beyond Mach 2.5.

We note that there are many similarities between the SU-EARSM proposed here and

the SU-RSM source terms given in chapter 4. The production term in SU-RSM is equiv-

alent to the Cp-term in Equation (22); Cp varies in the range of 1.98 to 1.48 as compared

to a constant value of 2 in RSM. The model coefficient in the shock-unsteadiness term is

-2b′1 for SU-RSM and it varies between 0 and -0.8 with increasing Mach number. The

corresponding coefficient (1/3)Cs in SU-EARSM has a similar variation, with an asymp-

totic value of -0.83 in the hypersonic limit. The pressure-strain correlation plays a vital

role in Reynolds stress modeling. The corresponding model coefficient is C2 = 0.55 for

SU-RSM and (2/3)CΠ = 0.6 for SU-EARSM. There are additional dissipation and slow

pressure strain terms in the RSM equation, and their effect is discussed in the next section.

6.3 Application to STI

The newly developed SU-EARSM is implemented with the shock-unsteadiness (SU) k−ω

model equations given below. The SU correction [41] is based on LIA of the canonical

STI and was developed previously for the k − ε model [74]. It is converted to the k − ω

framework using the transformation ε = β∗ωk, where β∗ = 0.09 and ω is the specific

dissipation. See Appendix A for the derivation.

ρũ
∂k
∂x

= −
2
3

c0ρk
∂ũ
∂x
− ρβ∗ωk, (6.26)

ρũ
∂ω

∂x
= −

2
3
γρω

∂ũ
∂x
− ρβω2. (6.27)
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Here, we write the equations in terms of Favre averaged velocity under the linear-

ity assumption at shockwaves, which ensures negligible difference between Favre- and

Reynolds averaging. The coefficient c0 = 1 − b′1 combines the production and the shock-

unsteadiness source terms, with b′1 = 0.4 (1− e(1−M)) as the shock-unsteadiness parameter.

In the ω-equation, γ = Cε1 − c0 and β = (Cε2 − 1)β∗ are based on the ε-coefficients Cε1

= 1.0 + 0.21 M and Cε2 = 1.2 given in Ref. [74]. The shock-unsteadiness k − ε model

has been validated against DNS data of shock-turbulence interaction for a wide range of

Mach numbers [74]. The above k−ω equations are mathematically equivalent to the k− ε

model and hence give identical results.

Equations (6.26) and (6.27) are used to compute TKE in the canonical STI, and

the normal Reynolds stresses are evaluated in terms of the Reynolds stress anisotropy â,

obtained from Eqs. (6.23) and (6.24),

â =
R11

R22
=

[
1 −Cp

∆ũ
ũu

+
(

1
3Cs + 2

3CΠ

)
∆u
ũu

][
1 +

(
1
3Cs + 1

6CΠ

)
∆ũ
ũu

] (6.28)

which gives

R11 =
2kâ

â + 2
, (6.29)

R22 =
2k

â + 2
. (6.30)

The above equations consist of dimensionless and normalized quantities where the

freestream mean density and the freestream mean speed of sound are used as the char-

acteristic variables. The characteristic length scale is taken from the peak wave number

κ0 = 4 in the incoming turbulence field.

We solve Eqs. (6.26) - (6.27) with the mean conservation equations for mass, mo-

mentum and energy using the finite-volume approach. The inviscid fluxes at the cell faces

are evaluated using the Lax-Friedrich scheme and the mean flow gradients in the source

terms are computed using a second-order accurate central difference scheme. A first-order

forward Euler method is used to integrate the equations in time to reach steady state solu-

tion. The method is identical to that used for SU-RSM and additional details can be found

in chapter 5.

We use the DNS data of Larsson et al. [9, 10] for evaluating the SU-EARSM pro-

posed above. The DNS dataset covers a Mach numbers from 1.27 to 6, with turbulent

Mach number Mt in the range of 0.15–0.22, and Reλ = 40. The normalized values of the

Reynolds stresses, TKE and the specific dissipation rate for the different test cases are

listed in Table 4.1.
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Figure 6.5: Comparison of spatial variation of the R11, R22, and TKE obtained using SU-

EARSM with DNS data [9, 10] and SU-RSM for M = 1.5 and 3.5 for shock/turbulence

interaction. The open circle at κ0x∗ = 0 denote the effective jump in the turbulent quantities

at the shock location, shown on the vertical line.

Figure (6.5) show the streamwise variation of the the turbulent quantities obtained

from DNS [9, 10], as well as those computed using the SU-EARSM described above.
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Predictions of SU-RSM are also presented for comparison. The turbulence quantities are

normalized by their respective values just upstream of the shockwave. Results are shown

for two Mach numbers and the other cases are found to exhibit similar trend. Mach 1.5

is representative of the low supersonic range, while M = 3.5 is representative of the high

supersonic cases listed in Table 4.1.

The Reynolds stresses and the TKE shows a monotonic decay before the shockwave,

a jump at the shockwave (κ0x∗ = 0), followed by a faster decay away from the shockwave.

The DNS data has large values of R11 and TKE in the vicinity of the shockwave, which

is an artifact of unsteady shock motion [9, 10]. The non-monotonic variation of R11

and, to a smaller extent, in TKE immediately behind the shockwave is caused by the

acoustic transient, as described in Appendix D. The SU model does not reproduce the non-

monotonic trend [41]. In stead, it attempts to predict the effective jump in the turbulent

quantities across the shock and the acoustic transient. This is obtained from the DNS data

by extrapolating the post-shock decay back to the shock-center location (shown by open

circle at κ0x∗ = 0 in Fig. (6.5)). Similar extrapolation is used, as in chapter 4.

At Mach 1.5, the model predictions for R11, R22 and TKE match the DNS data well.

There are small differences in the post-shock decay rates, and they are discussed subse-

quently. The jump in TKE is governed by the coefficient c0 in Eq. (6.26), and it is dis-

tributed among the normal Reynolds stresses as per the anisotropy parameter â given in

Eq. (6.28). The anisotropy parameter includes the effect of turbulence production, shock-

unsteadiness and pressure-velocity correlation via the model coefficients Cp, Cs and CΠ

respectively.

The SU-RSM on the other hand, solves separate transport equations for the nor-

mal Reynolds stresses. The jump in R11 and R22 are governed by the production, shock-

unsteadiness and rapid pressure strain terms in the respective equations. The TKE jump is

thus obtained by summing the changes in the individual Reynolds stresses. In spite of the

differences in approach between SU-EARSM and SU-RSM, both models predict almost

identical jump in R11, R22 and TKE at the shockwave. This is because of the fact that

both models are based on the same physical mechanisms. Using comparable coefficients,

as discussed in section 6.2, the SU-EARSM is able to achieve the accuracy of the more

elaborate SU-RSM at low supersonic Mach numbers.

This is not the case for stronger shockwaves. The SU-RSM is able to reproduce the

jump in R11 at Mach 3.5; the model prediction at κ0x∗ = 0+ matches the DNS-extrapolated

value (shown by open circle). A quantitative comparison is given in Table 6.1, which

shows a -0.03% error in R11 for SU-RSM. By comparison, the SU-EARSM prediction
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exceeds the DNS data by 9.5%. The error in R22 amplification at the shockwave is compa-

rable in the two models, whereas TKE jump is better matched by the current SU-EARSM.

M = 1.5 M = 3.5

DNS RSM EARSM DNS RSM EARSM

R11 1.69 1.78 (4.75%) 1.79 (5.61%) 2.12 2.12 (-0.03%) 2.32 (9.50%)

R22 1.29 1.29 (0.15%) 1.30 (0.88%) 1.64 1.77 ( 7.70%) 1.53 (-6.98%)

TKE 1.42 1.45 (1.96%) 1.46 (2.76%) 1.80 1.88 (4.66%) 1.79 (-0.51%)

R11/R22 1.31 1.37 (4.59%) 1.38 (4.69%) 1.29 1.20 (-7.17%) 1.52 (17.72%)

Table 6.1: Turbulence quantities from DNS are compared with the model predictions at

the shockwave location (κ0x∗ = 0+) for Mach 1.5 and 3.5. The values extracted from

Fig. (6.5) are reported along with the corresponding percentage error with respect to DNS

(in bracket).

The most prominent difference between the two models is in the Reynolds stress

anisotropy predicted at the Mach 3.5 shock wave. SU-RSM underpredicts the post-shock

R11/R22 by about 7%, while SU-EARSM exceeds the DNS value by more than 17%.

This is representative of the limitations of the current model for Mach numbers exceeding

2.5, as shown in Fig. (6.2). It is due to the particular choice of model coefficient CΠ, as

discussed in section 6.2. The Reynolds stress anisotropy predicted by the two models are

almost identical for the Mach 1.5 case, and the deviation from the DNS data is less than

5%; see Table 6.1. The model predictions for the jumps in R11, R22 and the TKE across

the shock (κ0x∗ = 0+) are also comparable for Mach 1.5.

M = 1.5 M = 3.5

DNS RSM EARSM DNS RSM EARSM

R11 1.15 1.22 (6.23%) 1.16 (0.51%) 1.07 0.69 (-35.26%) 0.73 (-31.83%)

R11 0.84 0.89 (6.30%) 0.84 (0.87%) 0.67 0.58 (-13.16%) 0.48(-27.60%)

TKE 0.95 1.00 (5.67%) 0.95 (0.18%) 0.78 0.62 (-20.56%) 0.56 (-27.23%)

R11/R22 1.38 1.38 (-0.06%) 1.37 (-0.36%) 1.61 1.20 (-25.44%) 1.52 (-5.85%)

Table 6.2: Turbulence quantities from DNS are compared with the model predictions

downstream of the shockwave (at κ0x∗ = 10). The values extracted from Fig. (6.5) are

reported along with the corresponding percentage error with respect to DNS (in bracket).

Table 6.2 lists the values of the turbulence quantities farther away from the shock-

wave. The model predictions are compared with the DNS data at κ0x∗ = 10, where the re-

sults are governed mainly by the post-shock decay rate. At this location, the SU-EARSM
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predictions are within 1% of the DNS data for Mach 1.5, whereas SU-RSM results shows

a higher deviation (up to about 6%). At the higher Mach number, the error increases up

to 30-35% for both models, and it is due to a faster post-shock decay than the DNS (see

Fig. (6.5 b,d,f)).

From the table 6.2, we observe a change in sign of the percentage error for the TKE

with increasing the shock strength. This phenomenon can be elucidated from Fig. (6.6)

to Fig. (6.7), which shows the decay rate of the TKE obtained from models (SU-RSM

and SU-EARSM) in comparison with the DNS data for different Mach numbers. From

the tables, (6.3) - (6.4), the SU-EARSM turbulence model overpredicts the TKE value for

the weaker shock strengths and underpredicts for stronger shocks, compared to the DNS

data. For the SU-EARSM turbulence model, the mean flow of Mach 2.5 acts as a limiting

Mach number, where we observe the change in a sign of the percentage error in the TKE

value. Both SU-RSM and SU-EARSM results shows a high deviation in percentage error

as the shock strength increases.

M = 1.87 M = 2.5

DNS RSM EARSM DNS RSM EARSM

R11 1.01 1.08(6.55%) 1.01(-0.56%) 1.06 0.92(-12.81%) 0.90(-14.74%)

R22 0.63 0.78(24.26%) 0.70(12.11%) 0.64 0.71(10.70%) 0.61(-5.03%)

TKE 0.74 0.88(18.51%) 0.80(8.51%) 0.76 0.78(2.32%) 0.71(-7.39%)

R11/R22 1.62 1.39(-14.25%) 1.44(-11.30%) 1.65 1.30(-21.24%) 1.49(-10.22%)

Table 6.3: Turbulence quantities from DNS are compared with the model predictions

downstream of the shockwave (at κ0x∗ = 10).The values extracted from Fig. (6.6) are

reported along with the corresponding percentage error with respect to DNS (in bracket).

M = 4.7 M = 6.0

DNS RSM EARSM DNS RSM EARSM

R11 1.13 0.53(-53.15%) 0.58(-48.80%) 1.20 0.41(-56.34%) 0.45(-59.86%)

R22 0.69 0.46(-33.50%) 0.38(-45.22%) 0.71 0.36(-49.82%) 0.29(-59.06%)

TKE 0.82 0.48(-41.13%) 0.45(-45.70%) 0.86 0.37(-56.34%) 0.34(-59.86%)

R11/R22 1.64 1.15(-29.55%) 1.53(-6.54%) 1.20 1.05(-12.99%) 1.18(-1.94%)

Table 6.4: Turbulence quantities from DNS are compared with the model predictions

downstream of the shockwave (at κ0x∗ = 10).The values extracted from Fig. (6.7) are

reported along with the corresponding percentage error with respect to DNS (in bracket).
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Figure 6.6: Comparison of spatial variation of the R11, R22, and TKE obtained using SU-

EARSM with DNS data [9, 10] and SU-RSM for M = 1.87 and 2.5 for shock/turbulence

interaction. The open circle at κ0x∗ = 0 denote the effective jump in the turbulent quantities

at the shock location, shown on the vertical line.

The post-shock predictions obtained using SU-EARSM are depended on the partic-

ular choice of the model coefficients (1/3, 2/3, and 1/6), and we note that the downstream
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Figure 6.7: Comparison of spatial variation of the R11, R22, and TKE obtained using SU-

EARSM with DNS data [9, 10] and SU-RSM for M = 4.7 and 6.0 for shock/turbulence

interaction. The open circle at κ0x∗ = 0 denote the effective jump in the turbulent quantities

at the shock location, shown on the vertical line.

decay rate is determined to a large extent by the model parameter Cε1 . The sign change
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in the percentage error from weaker to stronger shock strength is dependent on model

coefficients.

The value of Cε1 = 1 + 0.21 M, taken from [74], is used in the current work. An

alternate value of Cε1 = 1.44 [15] gives a much better comparison with the DNS data. A

representative results obtained using SU-EARSM is shown in Fig. (6.8), and it points to

potential future improvement of the models.
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Figure 6.8: Comparison of spatial variation of the R11, R22, and TKE obtained using the

SU-EARSM for Cε1 = 1.0 + 0.21 M and 1.44, with the DNS data [9, 10] and SU-RSM

at M = 3.5 for shock/turbulence interaction. Normalized with the values immediately

upstream of the shockwave.
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6.4 Summary

The Reynolds stresses in streamwise and transverse directions are amplified differently

across the shockwave. Modification, such as shock-unsteadiness correction, has signifi-

cantly improved in predicting turbulent kinetic energy in two-equation k − ε and k − ω

framework. Still, these models cannot reproduce this shock-induced anisotropy in the

Reynolds stresses, as they model the total effect of the amplification in the form of the

turbulent kinetic energy.

We evaluated the Wallin and Johansson EARSM model for the canonical STI. The

amplification, decaying, and nature of turbulence are obtained by solving the simplified

1D mean flow equations using the Lax-Friedrich numerical method. Across the shock-

wave, the WJ EARSM based on the k − ω turbulence model can capture the nature of the

anisotropy in Reynolds stresses, but it highly overpredicts.

We linearized the principal Reynolds stress transport equations about the uniform

mean flow and investigated the significant terms responsible for the amplification post-

shock principal Reynolds stresses through budget analysis. The principal Reynolds

stresses are modified based on LIA to capture the anisotropy in turbulence across the

shockwave. Further, we adopted a shock unsteadiness correction from Sinha et al. [41] to

limit the production across the shockwave. The proposed model predicts the post-shock

amplification, and the decay of the Reynolds stresses very well for the range of Mach

numbers considered in this study.



Chapter 7

Application to shock wave boundary
layer interactions

To compute a compressible turbulent flow, one needs to solve the RANS along with the

turbulent transport equations. In this chapter, we numerically computed the flow of the

oblique shock wave interacting with the turbulent boundary layer using four different tur-

bulence models. The first model is the standard k − ω model, modified standard k − ω

model based on shock-unsteadiness correction (SU k − ω), and the other two are WJ-

EARSM and SU-EARSM based on the standard k−ω turbulence model. We note that the

generalization and application of the SU-RSM turbulence model to SBLI is very cumber-

some, therefore we considered only four turbulence models. Computed flow properties

such as surface pressure distribution and skin friction coefficient are compared with ex-

periments. In the following sections, we present the RANS equations along with the

turbulence models for the sake of completeness, and the numerical method to solve these

governing equations. Subsequently, we discuss the flow topology and results generated

for the flow with SBLI computed using different turbulence models.

7.1 Reynolds averaged Navier-Stokes equations

Applying the Reynolds averaged approach to the instantaneous Navier-Stokes equations,

and with Favre decomposition of the flow variables except for pressure and density, we

will get the compressible form of the Reynolds averaged Navier-Stokes equations as fol-

lows,

∂ρ

∂t
+
∂(ρũk)
∂xk

= 0, (7.1)
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∂(ρũi)
∂t

+
∂(ρũiũk)
∂xk

+
∂(ρRik)
∂xk

=
∂p
∂xi

+
∂τik

∂xk
, (7.2)

∂(ρE)
∂t

+
∂(ρHũk)
∂xk

+
∂(ρRikũi)
∂xk

=
∂(τikũi)
∂xk

−
∂(qk)
∂xk

+
∂

∂xk

(
1
2
ρu′′i u′′i u′′k − u′′i τik − ρh′′u′′k

)
. (7.3)

The unclosed term in the Reynolds averaged governing equations are Reynolds stress

tensor Ri j, the turbulent diffusive transport u′′i τik and
ρu′′i u′′i u′′k

2
, and the turbulent heat flux

vector ρh′′u′′k . Modeling of these unclosed turbulent correlation terms are discussed in

chapter 2.

7.2 Turbulence closure

Additionally, two turbulent transport equations are solved apart from conservation equa-

tions. The k − ω turbulence model of Wilcox [15] is a well known and widely tested

two-equation eddy viscosity model. We refer to this model as the standard k − ω model.

It demonstrates superior performance for wall-bounded and low Reynolds number flows.

The model also gives good agreement with experimental results for mild adverse pressure

gradient flows in the logarithmic region of the boundary layer.

7.2.1 Standard k − ω model

In the k − ω turbulence model [15], one equation describes the turbulent kinetic

energy k, and another equation is for turbulence length scale in terms of ω. The standard

k − ω model is approximated as follows,

ρ
∂k
∂t

+ ρũ j
∂k
∂x j

= −ρRi j
∂ũi

∂x j
− β∗ρkω +

∂

∂x j

[
(µ +

µT

σk
)
∂k
∂x j

]
, (7.4)

ρ
∂ω

∂t
+ ρũ j

∂ω

∂x j
= −α

ω

k
ρRi j

∂ũi

∂x j
− βρω2 +

∂

∂x j

[
(µ +

µT

σ
)
∂k
∂x j

]
, (7.5)

where α , β , and β∗ are the closure coefficients: α =
5
9

, β =
3

40
, β∗ =

9
100

, σ = 2, and

σk = 1 (see chapter 2 for details).

7.2.2 EARSM based on standard k − ω model

In the eddy-viscosity model, such as in the standard k −ω model [15], the Reynolds

stress tensor is obtained from

ρRi j =
2
3
ρkδi j − 2µT S ∗i j, (7.6)
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with

µt =
ρk
ω
, S ∗i j =

1
2

[
∂ũi

∂x j
+
∂ũ j

∂xi
−

2
3
∂ũk

∂xk
δi j

]
, and Ω∗i j =

1
2

[
∂ũi

∂x j
−
∂ũ j

∂xi

]
.

In EARSM, Reynolds stress tensor is expressed in terms of effective turbulent viscosity

and an extra anisotropy.

ρRi j =
2
3
ρkδi j − 2µ′T S ∗i j + ρkaext

i j (7.7)

where

µ′T = −
1
2
β1ρkτ, and aext

i j = β4(S ikΩk j −ΩikS k j) (7.8)

Here,

S i j = τS ∗i j, Ωi j = τΩ∗i j, and τ = max
(

1
β∗ω

, 6.0
√

µ

β∗ρωk

)
(7.9)

More details of the WJ-EARSM formulation are provided in the chapters 2 & 5.

7.3 Numerical method

The RANS equations govern the flow features of any turbulent fluid flow. The exact an-

alytical solutions of these equations are difficult to obtain and become more complicated

for flows such as shockwave/turbulent boundary-layer interactions. We can discretize

these partial differential equations into a system of algebraic equations employing differ-

ent discretization methods available like finite difference, finite element, and finite volume

[112]. In this chapter, we restrict ourselves to the finite volume technique [112–114, 116].

We use RANS equations for solving the high-speed supersonic flows. The terms in these

equations are viewed in three categories: the inviscid or convective terms, the viscous

terms, and the source terms.

The shockwave/boundary-layer interaction flow includes high-pressure gradient re-

gions, separation bubble, shock-waves, expansion waves, shear-layer, boundary-layer

flow separation point, and reattachment point. Using appropriate CFD techniques, all

these physical features in the flowfield can be captured. For shock dominated flows at

a steady-state solution, both the hyperbolic and elliptic nature of the equations dominate

the flowfield; the convective (hyperbolic) terms dominate in the inviscid flow region, and

the diffusive (elliptic) terms dominate in the boundary layer and separated flow regions.

In a separation bubble, the flowfield information passes in all the directions, and the flow

possesses elliptic nature in this confined region. The central difference scheme can be

used to discretize the viscous/diffusive terms.
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A finite volume formulation is used to discretize the governing mean flow equations

fully coupled with turbulence model equations. The inviscid fluxes are solved using a

modified, low-dissipation form of the Steger-Warming flux splitting method [116]. This

method reduces the numerical dissipation, which is very useful for high speed flows with

strong shock waves and viscous-inviscid interactions with boundary layers. As a result,

very thin and well-defined shock waves are captured over minimal grid cells. The dis-

cretization method is second-order accurate in space. The viscous fluxes and the turbulent

source terms are calculated using a second-order accurate central difference method. The

implicit Data-Parallel Line Relaxation (DPLR) method of Wright et al. [117] is used to

integrate the equations in time to reach a steady-state solution.

In the following, we briefly discuss the finite volume formulation and flux-vector

splitting scheme of Steger - Warming [111] and modified Steger - Warming [116] for

solving RANS equations using the k − ω turbulence model for a perfect gas.

Conservation form

We used an in-house CFD code capable of parallel computing, and it has been well val-

idated for several high-speed applications. It solves two - dimensional RANS equations

along with the k − ω model to calculate the turbulent eddy viscosity. A total of six equa-

tions are solved simultaneously to obtain six conservative variables ρ, ρũ, ρ̃v, ρẼ, ρk, ρω.

Here Ẽ is the total mean flow energy. From these conservative variables, the six primitive

mean flow quantities are calculated as, streamwise velocity ũ, wall-normal velocity ṽ, den-

sity ρ, temperature T̃ , TKE k and the specific dissipation rate of turbulent kinetic energy

ω. The mean pressure p is obtained from the perfect gas equation. The two-dimensional

RANS system of equations can be written in conservation form as,

∂U
∂t

+ ∇.
(
~F + ~G

)
= Q, (7.10)

where U is the set of conservative variable, ~F is the flux vector in the streamwise direction,
~G is the flux vector in flow normal direction, and Q is the source term. The total fluxes

are split into the inviscid and viscous part. The subscripts I and V represent the inviscid

and viscous terms.

∂U
∂t

+ ∇. (F + G) = Q, (7.11)

where

F = FI − FV ; G = GI −GV ; (7.12)
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and

U =
[
ρ ρũ ρ̃v ρẼ ρk ρω

]T
, (7.13)

here superscript T stands for the transpose of the matrix.

FI =



ρũ

ρũ2 + p + 2
3ρk

ρũ̃v(
ρẼ + p + 2

3ρk
)

ũ

ρũk

ρũω


; GI =



ρ̃v

ρũ̃v

ρ̃v2 + p + 2
3ρk(

ρẼ + p + 2
3ρk

)
ṽ

ρ̃vk

ρ̃vω


(7.14)

FV =



0

τxx + ρRxx

τxy + ρRxy

(τxx + ρRxx) ũ +
(
τxy + ρRxy

)
ṽ + (κ + κT ) ∂T̃

∂x +
(
µ +

µT
σk

)
∂k
∂x(

µ +
µT
σk

)
∂k
∂x(

µ +
µT
σ

)
∂ω
∂x


(7.15)

GV =



0

τxy + ρRxy

τyy + ρRyy(
τxy + ρRxy

)
ũ +

(
τyy + ρRyy

)
ṽ + (κ + κT ) ∂T̃

∂y
+

(
µ +

µT
σk

)
∂k
∂y(

µ +
µT
σk

)
∂k
∂y(

µ +
µT
σ

)
∂ω
∂y


(7.16)

Q =

[
0 0 0 0 (Pk − β

∗ρkω)
(
α
ω

k
Pk − βρω

2
) ]T

(7.17)

Here ρ is the mean density of the fluid, τxx, τxy, τyy are the mean viscous stresses acting on

fluid particles, Rxx, Rxy, Ryy are the Reynolds stresses, Pk represents the production term

of the turbulent kinetic energy. The conservation Eq. (7.10) is integrated over the control

volume (see Fig. (7.1)) to give:

∂

∂t

$
CV

U dV +

"
CS

[(
~FI + ~GI

)
+

(
~FV + ~GV

)]
. (n̂dS ) = Q (7.18)

∂U
∂t

= −
1

Vi, j

[
~Fi+1/2, j.~S i+1/2, j + ~Fi−1/2, j.~S i−1/2, j + ~Gi, j+1/2.~S i, j+1/2 + ~Gi, j−1/2.~S i, j−1/2

]
+ Q,

(7.19)
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Figure 7.1: (a) Two-dimensional control volume used in finite volume formulation, where

the grid points are represented by black solid circles with capital indices of I and J and cell

centers are shown by crosses represented by small indices of i and j and (b) Calculation

of normal surface vector ~S i, j−1/2 [115].

Figure 7.2: The conservative variable Ui, j at cell center calculated from the fluxes F and

G passing through the cell boundaries in the x-and y-directions [115].

where
~S i+1/2, j =

(
yi+1, j+1 − yi+1, j

)
î −

(
xi+1, j+1 − xi+1, j

)
ĵ

~S i−1/2, j = −
(
yi, j+1 − yi, j

)
î +

(
xi, j+1 − xi, j

)
ĵ,

(7.20)

and

Vi, j = [|
(
xi, j − xi+1, j

)
yi+1, j+1 +

(
xi+1, j − xi+1, j+1

)
yi, j +

(
xi+1, j − xi, j

)
yi+1, j|

+ |
(
xi, j − xi+1, j+1

)
yi, j+1 +

(
xi+1, j+1 − xi, j+1

)
yi, j +

(
xi, j+1 − xi, j

)
yi+1, j+1|]

(7.21)

Here n̂ is unit normal vector to surface area dS as shown in Fig. (7.1) and ~S i+1/2, j, ~S i−1/2, j

are the surface area vectors and î, ĵ are unit vectors in i and j direction respectively. x
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and y are the coordinates of the grid points and Vi, j is the control volume. The calculation

of ~S i, j−1/2 is explained in Fig. (7.1b). The vector ~DC =
(
xi+1, j − xi, j

)
î +

(
yi, j+1 − yi, j

)
ĵ.

Hence the normal vector is evaluated as ~S i, j−1/2 =
(
yi, j+1 − yi, j

)
î −

(
xi+1, j − xi, j

)
ĵ. The

normal vector ~S i, j+1/2 is calculated in a similar way. The numerical methodology is the

same approach used in Ref.[115].

7.3.1 Steger-Warming method

The Steger - Warming method [111] is used for high-speed inviscid flows to capture

shock waves by taking advantage of the hyperbolic nature of the Euler equations. The

essential requirement for hyperbolic flow is that the eigenvalues should be real, distinct,

and positive [114]. The upwind schemes use the local wave propagation information,

and the eigenvalues provide the direction of the information in the flowfield. Spatial

differencing is done on the mesh points, towards the side of which the information flows.

To demonstrate the Steger - Warming method [111], we take the case of one-dimensional

Euler equations for simplicity. The same methodology can be extended to the two- and

three-dimensional flows.

U =


ρ

ρũ

E

 =


U1

U2

U3

 , (7.22)

FI =


ρũ(

ρũ2 + p
)

(Eũ + pũ)

 =


F1

F2

F3

 , (7.23)

where U is the conserved variables vector, E = ρe +
1
2
ρũ2 is the total energy and e = cvT̃

is the internal energy. The flux vector is function of the conservative variable vector and

is evaluated as,

[F] = [A] [U] (7.24)

The Jacobian matrix, A is calculated by taking the partial derivative of the flux-vector with

respect to the vector of conserved variables.

A =



∂F1
∂U1

∂F1
∂U2

∂F1
∂U3

∂F2
∂U1

∂F2
∂U2

∂F2
∂U3

∂F3
∂U1

∂F3
∂U2

∂F3
∂U3


=



0 1 0

(γ − 3) ũ2/2 (3 − γ) ũ (γ − 1)

(γ − 1) ũ3 − γẽu/ρ γe/ρ − 3 (γ − 1) ũ2/2 γũ


(7.25)
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With this Jacobian matrix we write the characteristic equation to find the eigen values as

det [A − λI] = 0, (7.26)

where I is the identity matrix. The three eigen values of the above matrix are

Λ =



ũ 0 0

0 ũ + a 0

0 0 ũ − a


(7.27)

Here ũ is speed of the flow and a corresponds to the speed of the sound. The corresponding

left eigen vector matrix and right eigen vector matrix is evaluated as T + and T−. For each

eigen value the corresponding eigen vectors are calculated as,

[A]
[
r1

1r2
1r3

1

]
= λ1

[
r1

1r2
1r3

1

]T
(7.28)

[A]
[
r1

2r2
2r3

2

]
= λ2

[
r1

2r2
2r3

2

]T
(7.29)

[A]
[
r1

3r2
3r3

3

]
= λ3

[
r1

3r2
3r3

3

]T
(7.30)

Each of the these single column 1 × 3 matrix of eigen vectors are arranged in three

columns of a 3 × 3 square matrix to form a right eigen vector matrix T as given by

Eqs. 7.31.

[T ] =
[
|rp

k ||r
p
k ||r

p
k |
]

(7.31)

Here r is a 1 × 3 single column eigen vector with p = (1, 2, 3) and k = (1, 2, 3). |rp
k |

corresponds to the right eigen vector single column matrix formed by calculating the

three eigen vectors in Eqs. 7.30, for corresponding eigenvalues. The left eigen vector

matrix is calculated by taking the inverse matrix of the right vector matrix. Using T +

and T−, we calculate two Jacobian matrices containing positive and negative eigenvalues,

such that the diagonal matrix Λ+ contains only positive eigenvalues and a diagonal matrix

Λ− has only negative eigenvalues [115].

A = A+ + A− (7.32)

λk = λk+ + λk− (7.33)

λk+ =
λk + |λk|

2
(7.34)

λk− =
λk − |λk|

2
(7.35)

Λ = Λ+ + Λ− (7.36)
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Λ+ = diag
(
λk + |λk|

2
,
λk + |λk|

2
,
λk + |λk|

2

)
(7.37)

Λ− = diag
(
λk − |λk|

2
,
λk − |λk|

2
,
λk − |λk|

2

)
(7.38)

A+ = T +Λ+T−; A− = T +Λ−T− (7.39)

The information in the flowfield can come from an upstream or downstream direction.

Depending on it, the discretization is done to the fluxes. In a control volume, as shown

in Fig. (7.3), the fluxes are calculated at the cell faces and the values of conservative

variables at the cell center. According to the Jacobians’ sign as positive and negative

parts, the fluxes are split into

F = F+ + F− (7.40)

F+ = F+U F− = F−U (7.41)

The above fluxes are evaluated for subsonic flows. For supersonic flows, the information

moves in a downstream direction, and no information influences the upstream direction

flowfield. Hence for supersonic flows F+ = F and F− = 0.

The first order fluxes are given as

F+i = A+iUi, (7.42)

F−i+1 = A−i+1Ui+1. (7.43)

For the hyperbolic nature of the Euler equations, the eigenvalues are real and distinct.

In the Steger-Warming method [111], the modification is made to the eigenvalues when

they become either zero or one. This can happen when the flow becomes sonic for local

Mach = 1 or stagnant for M = 0 in some regions. One of the examples in the regions at

blunt-nosed of the vehicle. Therefore, the eigenvalues are corrected (λ) with a small value

of a constant, ε = 0.3.

λ̃± = λ± ±
√
λ± + ε2a2 (7.44)

The high-quality solutions of undisturbed supersonic boundary-layers are obtained by

setting ε = 0, and the original eigenvalues are restored from this modified eigenvalue.

7.3.2 Modified Steger-Warming method

The Steger-Warming method [111], when applied to the viscous flows, results in

large numerical dissipation [116] across the boundary-layer. Also, it creates a fictitious

pressure gradient, which causes unrealistic convection within the layer. It has similar
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problems across free shear-layers. MacCormack and Candler [116] modified the Steger-

Warming method [111] to reduce the excessive numerical mixing in the boundary layer

and free shear-layer flows. In the Steger-Warming method [111], the evaluation of Jaco-

bians at the cell centers results in excessive numerical dissipation in the boundary-layer.

In the modified Steger-Warming method [116] the Jacobians are modified and are calcu-

lated at cell-interfaces (see Fig. (7.3)), and from these values, the first order fluxes were

calculated as given by Eq. 7.45

F+i = A+i+1/2Ui

F−i+1 = A−i+1/2Ui+1

A±i+1/2 = A±

[
1
2

(Ui + Ui+1)
] (7.45)

Figure 7.3: Physical interpretation for evaluation of conservative variable at cell-center,

using fluxes at cell-interfaces, for the first-order method (reproduced from Hirsch [113]).

7.3.3 Time integration

The explicit time integration is carried out by

Un+1
i = Un

i −
∆t
∆x

[(
Fi+1/2 − Fi−1/2

)]n , (7.46)

Un+1
i = Un

i −
∆t
∆x

[(
F+i + F−i+1

)
−

(
F+i−1 + F−i

)]n , (7.47)

Un+1
i = Un

i −
∆t
∆x

[(
F+i − F+i−1

)
+

(
F−i+1 − F−i

)]n , (7.48)

The one-dimensional Euler equation is solved using the explicit method as in Eq. 7.47,

where the forward differencing is used. In this explicit formulation, the conservative
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variables at time step n + 1 are evaluated as Un+1
i from the known conservative variables

Un
i and fluxes at time step n, and the solution is marched in time to obtain a steady-state

solution. Here, n represents the previous time step and n + 1 represents the updated or

new time step. The only unknown term is Un+1
i and is calculated explicitly in the known

terms on RHS; hence the name explicit method is coined to this approach.

Fig. (7.3) shows the physical interpretation for evaluating the fluxes with the first-

order scheme of Eq. (7.48). The positive and negative fluxes in Fig. (7.3) are attached

to the characteristics of positive and signs (eigenvalues). To evaluate the conservative

variable at cell center the fluxes are evaluated at cell faces i + 1/2 and i − 1/2. Fig. (7.3)

shows that the flux at interface Fi+1/2 , at D is calculated from the positive flux vector

F+i coming from left hand side and negative flux vector F−i+1 coming from right hand

side of Ui. Similarly, the flux at interface Fi−1/2, at C is evaluated. Both of these fluxes,

Fi+1/2 and Fi−1/2 contribute to the conservative variable Ui at cell center. Fig. (7.3) shows

that for an upwind direction of positive fluxes, the backward difference method is used,

and for negative fluxes of downwind direction, the forward difference method is used

(see Eq. (7.48).). Hence the discretization of the fluxes is done on the side of wind flow

(information).

Stability analysis had been carried by Steger and Warming method [111] for one-

dimensional Euler equations using Von-Neumann stability condition [113]. In this analy-

sis, the Jacobian matrix is frozen, and decoupling is done to system of simple advection

equations. The Fourier analysis is done by assuming the solution in the form of waves

and satisfying the condition of the ratio of amplification of solution error to be less than

1. It is shown that taking the only positive direction of eigenvalues in the upwind scheme

resulted in instability. From stability analysis, the Courant-Friedrichs-Lewy (CFL) num-

ber is restricted to less than 1 in the explicit method, due to which only small time steps

can be taken while solving the flow.

7.3.4 Second order flux evaluation

Second order Steger-Warming method [111]

The first-order upwind schemes are less accurate as they contain less number of points

in a stencil. They are more dissipative and do not give any oscillations across the high

gradient regions, such as shock waves. The second-order central differencing schemes are

more accurate than first-order upwind schemes and are less dissipative, but they are un-

stable across the shock waves. The second-order upwind schemes possess less numerical

dissipation than the first-order upwind schemes and are more accurate because of more
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points in the cell face. By increasing the number of points minute details of flow, physics

can be accurately captured by the numerical method.

F+i = A+iU
L
i+1/2

F−i+1 = A−i+1U
R
i+1/2

(7.49)

UL
i+1/2 =

3
2

Ui −
1
2

Ui−1

UR
i+1/2 =

3
2

Ui+1 −
1
2

Ui+2

(7.50)

Second order modified Steger-Warming method [116]

F+i = A+i+1/2U
L
i+1/2

F−i+1 = A−i+1/2U
R
i+1/2

(7.51)

UL
i+1/2 =

3
2

Ui −
1
2

Ui−1

UR
i+1/2 =

3
2

Ui+1 −
1
2

Ui+2

(7.52)

Here UL and UR correspond to the left and right states. Fig. (7.4) gives the physical

interpretation for evaluating the fluxes using a second-order scheme. The fluxes are ex-

trapolated [113] to the interfaces defining the flux equal to the numerical scheme. Here,

the flux is evaluated by summing up the first-order and second-order fluxes from the left

and right states of the cell interface i + 1/2, as shown in Fig. (7.4). The second-order

Figure 7.4: Physical interpretation for evaluation of fluxes for the second-order method

(reproduced from Hirsch [113]).

schemes give spurious non-physical oscillations across high gradients regions, such as

shockwaves. Flux limiters are used to avoid these spurious oscillations and to limit the
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spatial derivatives to physically realistic values. Moreover, the modified Steger-Warming

method [116] gives less dissipation in the boundary-layers and result in oscillations in

the high gradient regions such as shockwaves. In contrast, the standard Steger-Warming

gives more numerical dissipation in the boundary-layers and is stable across the shock-

waves. To take advantage of both the methods, a hybrid scheme is used to evaluate the

fluxes, and the pressure limiter [118] is used to switch from a modified Steger-Warming

scheme to the standard Steger-Warming scheme across the shockwaves. When the pres-

sure gradient is more than 50% across the shockwaves, the scheme is reverted to the

Steger-Warming method of first-order, and when the pressure gradient is less, the scheme

is reverted to modified Steger-Warming method in the boundary-layer regions. The pres-

sure jump across high gradients is detected with the use of pressure limiter [118]. For

smooth gradient regions, these flux limiters are not active.

7.3.5 Boundary conditions

Computational domain with different boundary conditions for supersonic flow over

flat-plate is shown in Fig. (7.5). Here, mx × my are the total number of cells, where

mx and my are the number of cells in flow-parallel direction and flow-normal direction,

respectively. Dashed-lines represent the dummy cells, and circles mark their cell centers.

Solid-lines represent the inner cells, and cross marks their cell centers. Dummy cells

serve to calculate the fluxes at the cell faces of inner cells along the boundaries, as shown

in Fig. (7.5). Dummy cells are used to impose boundary conditions. Dummy cells are

assigned appropriate values to obtain the required flow condition at the boundaries. We

refer to the dummy cell as the 1st cell and the interior cell adjacent to the boundary as 2nd

cell.

The viscous boundary condition (no-slip condition) is achieved by setting an oppo-

site sign condition to the velocity value taken from the 2nd cell, so the wall velocity to be

zero. For isothermal boundary condition, the temperature at the 2nd cell is extrapolated

to the 1st cell, such that the wall will have a specified and constant temperature. For the

inviscid boundary condition, we calculate the wall-normal velocity component at the 2nd

cell and put the value at the dummy cell so that this wall-normal component becomes zero.

The symmetry boundary condition is similar with an added clause that the gradients of

all the variables should be zero. In Fig. (7.5), the extrapolation boundary condition at the

exit plane means that the mass flux should be balanced, and the diffusion fluxes for all the

variables should be zero. By which the dummy cells do not affect the interior flowfield.

For the inlet boundary, the dummy cell values are always set to freestream values.
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Figure 7.5: Computational domain along with boundary conditions for a flat plate config-

uration.

The free stream and wall boundary conditions for k −ω turbulence model are stated

below with subscript ∞ and w representing the freestream and wall conditions: ω∞ =

(10ũ∞)/L and k∞ = 0.01ν∞ω∞ and ω → 6νw/(βy2) as y → 0; ωw = 106νw/(β1∆y
2
1) as

y → 0; for ∆y+
1 < 3 (for smooth wall), where ∆y1 is the normal distance to the next point

nearest from the wall, β1 = 3/40 and L is the length of the domain.

Inlet

The free-stream conditions are assigned at i = 1 with j varying from 1 to my.

u(1, j) = V∞, (7.53)

ρ(1, j) = ρ∞, (7.54)

v(1, j) = 0, (7.55)

T (1, j) = T∞. (7.56)

Top

The free-stream conditions are assigned at top boundary at j = my with i varying from 2

to (mx-1).
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Symmetry

The symmetry conditions are assigned at j = 1 and i = 2. The variables are mirrored over

symmetry boundary.

u(2, 1) = u(2, 2), (7.57)

v(2, 1) = −v(2, 2), (7.58)

ρ(2, 1) = ρ(2, 2), (7.59)

T (2, 1) = T (2, 2). (7.60)

Wall

The physical boundary conditions applied at stationary flat-plate for the viscous flow are,

~v = 0, no slip condition (7.61)

∂P/∂n, constant pressure boundary layer (7.62)

Tw = constant, isothermal wall (7.63)

∂T/∂n, adiabatic wall (7.64)

Here, ~v is the velocity vector with components u and v and n is the normal direction to

wall. The above conditions are applied numerically at j = 1 with i varying from 3 to mx.

The density is calculated using the equation of state.

u(i, 1) = −u(i, 2), (7.65)

v(i, 1) = −v(i, 2), (7.66)

ρ(i, 1) = ρ(i, 2)T (i, 2)/T (i, 1), (7.67)

T (i, 1) = 2Tw − T (i, 2), (7.68)

T (i, 1) = T (i, 2) (7.69)

Exit

At the exit, the supersonic extrapolation condition is applied where the computed flow

variable values are extrapolated from inner cells with i = mx and j varying from 2 to my.

u(mx, j) = u(mx − 1, j), (7.70)

v(mx, j) = v(mx − 1, j), (7.71)

ρ(mx, j) = ρ(mx − 1, j), (7.72)

T (mx, j) = T (mx − 1, j) (7.73)
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7.4 Verification of implementation and validation of

turbulence model

Flat Plate at Zero Pressure Gradient

This section verified and validated the WJ-EARSM turbulence model for the zero pressure

gradient boundary layer on a flat plate. A real developing zero pressure gradient boundary

layer is computed accurately using the WJ-EARSM model and compared with the experi-

mental data [14] available in the literature. Schulein et al. [14] conducted the experiments

for SBLI in the DLR Gottingen Ludwig tube wind tunnel at nominal Mach number 5.0

with a wall temperature of 300K, the static temperature of 68.3 K, and Reynolds num-

ber based on a unit length of 3.67 × 107. Here verification refers to the objective that a

turbulence model, here the WJ-EARSM, is implemented correctly (i.e., according to the

specified model equations, including boundary conditions). The WJ-EARSM model has

been implemented into our in-house code, which solves the compressible RANS equa-

tions and the respective turbulence equations, such as k and ω.
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Figure 7.6: Comparison of velocity profile for a flat plate boundary layer computed from

EARSM turbulence model with Schulein et al. [14] experiment data.

The computed RANS solutions are compared with the flat plate boundary layer pro-

file obtained from experiment data at upstream of the shock boundary layer interaction

[14]. The grid used for the flat plate solutions is 300 × 250, and the initial cell size of

the grid is about 1E-6 m, which ensures the y+ less than 0.05. The relevant boundary

layer thickness is measured and compared with the experimental data at different loca-
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Figure 7.7: Comparison of skin-friction coefficient distribution obtained from EARSM

and standard k − ω turbulence models with experimental data [14].

tions along the flow direction from the computed velocity profiles. Figure (7.6) shows the

comparison of the velocity in the boundary layer obtained from the WJ-EARSM turbu-

lence model and experimental data. WJ-EARSM turbulence model solutions show a good

match with the experimental data at all the locations. The skin friction coefficient plotted

in Fig. (7.7) also shows a similar trend with the experimental data.

7.5 Shock unsteadiness model implementation

The accuracy of RANS with turbulence models to reliably predict the flow structure is not

satisfactory in high-speed flows involving shockwave/boundary-layer interaction. Inaccu-

racy is due to the over-amplification of TKE across the shockwave, and the overestimation

of TKE leads to a more energized turbulent boundary layer. A more energized turbulent

boundary layer can sustain the adverse pressure gradient created by the shockwaves for

longer, thus delaying the flow separation. These flaws in the turbulence model may be

because they do not consider the unsteady nature of shockwave while interacting with the

incoming upstream turbulence. Sinha et al. [41] modeled the unsteady effect of shock-

waves by including the additional shock-physics term into the standard turbulence mod-

els. The turbulence models modified based on shock-unsteadiness correction are found

to improve the flow topology significantly. This section will discuss the key features
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of shock-unsteadiness modification applied to WJ-EARSM based on the standard k − ω

model.

We extend the SU-EARSM formulation to two-dimensional k − ω framework and

apply to oblique shock impinging on turbulent boundary layer. The production term in

the k-equation in the generalized tensor form is given by

Pk = −ρRi jS ∗i j ' −ρR11S ∗11

At a normal shock wave, the shock-normal gradients are dominant and Pk is expected to

simplify to the form given above. For an oblique shock, the streamwise Reynolds stress

R11 has to be replaced by the shock-normal component. The Reynolds stresses given

by the new SU-EARSM Eqs. (6.29) and (6.30) can then be interpreted as for Rnn and

Rtt, respectively, in the shock-normal and transverse directions. The anisotropy ratio â

is computed in terms of the model coefficients Cp, Cs and CΠ, given in chapter 6, where

the Mach number M is replaced by the shock-normal component of the upstream Mach

number M1n. The Reynolds stresses are thus function of the local shock strength, via

the shock-normal Mach number M1n. The orientation of the oblique shock is also to be

calculated in terms of the local pressure gradient vector. The shock inclination angle is

required to transform the Reynolds stresses (Rnn,Rtt) given by SU-EARSM back to the

(x, y) components. The model reverts back to (R11,R22) components for the baseline WJ-

EARSM outside of shock waves. The transition between SU-EARSM and WJ-EARSM

is to be done smoothly so as to avoid any artificial discontinuity in the turbulence field.

Overall, it can lead to a fairly cumbersome procedure.

We take an alternate approach. Substituting the expression for Ri j from Eq. (6.1) in

to the general expression for TKE production, we get

Pk = Rxx
∂u
∂x

+ Rxy
∂u
∂y

+ Ryx
∂v

∂x
+ Ryy

∂v

∂y
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[
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+ 2µ′T
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where
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]
.

Here µT is the effective eddy viscosity and aext
i j is the extra anisotropy tensor; see chapter

6 for details. In a shockwave, S ∗i jS
∗
ji = S ∗2ii is very large in magnitude. This leads to

high production and excessively high values of k behind the shock. At a shockwave, the
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turbulence is in a highly non-equilibrium state and the eddy viscosity assumption literally

breaks down. A more accurate amplification of k is obtained by setting µ′T to zero in the

production of turbulent kinetic energy [42].

In the region of shock waves, the production term is required to match the shock-

unsteadiness model as,

Pk = −
2
3
ρkS ∗ii +

2
3

b′1ρkS ∗ii − ρkβ4ai j
∂ui

∂x j
(7.75)

which is identical to the production term in Eq. (6.26) with c0 = 1 − b′1. The first part

represents the effect of mean compression and the second part corresponds to the shock-

unsteadiness mechanism, with coefficient b′1 = 0.4(1 − e1−M1n).

The shock-unsteadiness correction is applied in the k −ω based WJ-EARSM turbu-

lence model by multiplying the eddy viscosity term in Eq. (7.74) by the factor,

c′µ = 1.0 − fs

1.0 +
2b′1ω

β1
√

6S i jS ji

 (7.76)

where fs is an empirical function that locates the region of shock wave in a given flow

field. We use a form of fs given by [104]

fs = 0.5 − 0.5 tanh
(
12

S ∗iiδ0

U∞
+ 4

)
(7.77)

where the mean dilatation S ∗ii is normalized by the freestream velocity U∞ and incoming

boundary layer thickness δ0.

Incorporating the shock-unsteadiness modification in k − ω based EARSM turbu-

lence model, the production of turbulent kinetic energy is modified as

P′k = c′µµ
′
T

[
2S ∗jiS

∗
ji

]
−

2
3
ρkS ∗ii − ρkβ4ai j

∂ui

∂x j

The function fs takes a value of one in shockwaves and high compression regions of

the flow field, such that c′µ = −2b′1ω/β1
√

6S i jS ji and the modified production term in

the baseline WJ-EARSM matches the production term in Eq. (7.75) for SU-EARSM.

Otherwise, fs = 0 and the baseline WJ-EARSM turbulence model, with Eq. (7.74) is

recovered. The additional term containing β4 is found to be relatively small in the region

of shock waves and does not make any appreciable contribution to the production of TKE

in Eq. (7.75). This is not the case downstream of the shock, where the model switches

back to WJ-EARSM, that includes the β4 term.

The physics-based shock-unsteadiness parameter b′1 is a function of the local shock

strength, given in terms of the upstream normal Mach number M1n. The flow variables at

points upstream of the shock wave are required to evaluate b′1, which in turn is required to
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solve the TKE equation at points in the shock region. The shock-unsteadiness parameter

b′1 was originally defined as a function of the upstream shock-normal Mach number M1n.

It has to be calculated locally at each point in the shockwave to bring in the physical effect

through the shock strength. Sinha & Candler [42] and Pasha & Sinha [104] computed M1n

by taking a dot product of the streamwise Mach number in the incoming boundary layer

with the pressure gradient vector in the shock wave as,

M1n =
ũu . ∇p
ãu|∇p|

(7.78)

where ãu is the mean speed of sound upstream of the shock wave, ũu is the upstream mean

velocity and p is the mean pressure. The values of upstream Mach number at different

shock locations are calculated manually by identifying an upstream location along the

local streamline. This makes the model non-local, and it can be severely restrictive in

parallel implementation of the code. In addition, computing M1n is not trivial for flows

involving multiple shock waves and their interactions, especially when the shock topology

is not known a prior.

To overcome this limitation, Roy et al. [106] employed a different approach to obtain

the shock strength, where b′1 is written in terms of density ratio across the shockwave.

They propose an extra transport equation for a new variable ψ given by

∂ρψ

∂t
+
∂ρũiψ

∂xi
= ρψS ∗ii − ρ(ψ − ψ0)

√
ũiũi

Lε
(7.79)

where
√

ũiũi is the mean velocity magnitude and Lε =
√

k/ω is the dissipation length

scale and ψ0 = 1 is a reference value of ψ. At shock waves, ψ takes the value 1/r, where r

is the mean density ratio across the shock. The variable ψ thus captures the local strength

of the shock, and the shock unsteadiness parameter b′1 is recast in terms of ψ = 1/r,

b′1 = 0.4
(
r − 1

5

)0.3

= 0.4
(
1 − ψ

5ψ

)0.3

(7.80)

In the undisturbed flow ahead of shockwaves, ψ = ψ0 and it returns to its reference value

after the shock wave. It is particularly useful for flows with multiple shock waves, where

b′1 can be evaluated at each shock wave without computing M1n.

For one-dimensional steady flow across a normal shock, the transport equation takes

the form

∂ρũψ
∂x

= ρψ
∂ũ
∂x
− ρ(ψ − ψ0)

ũ
Lε

(7.81)

where ũ is the mean velocity and Lε =
√

k/ω is the dissipation length scale. Here, sub-

script 0 indicates the location upstream of the shockwave, with ψ0 = 1. At a shock wave,
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ψ takes the value 1/r and thus captures the shock strength that is used to compute the

local value of b′1. Figure (7.8) shows the variation of ψ for the canonical shock-turbulence

interaction at Mach 2.5. A minimum value of ψ = 0.31 is obtained for a density ratio of

3.33 across the Mach 2.5 shock, and it relaxes back to the reference value.

κ
0
x*

ψ

0 5 10 15

0.4

0.6

0.8

1

Figure 7.8: Streamwise variation of ψ for a Mach 2.5 normal shock located at κ0x∗ = 0.

7.6 Computational domain

Schulein [14] performed the experiments for oblique shock wave/turbulent boundary layer

interaction flows. The schematic of the experimental setup shown in Fig. (7.9a) consists

of a 500 mm long flat plate and a shock generator with three different deflection angles of

6, 10, and 14 degrees. The inviscid shock generated by the shock generator was adjusted

to impinge on the turbulent boundary layer at a fixed location of 350 mm from the tip of

the flat plate. The strength of the incident shock wave increases with the deflection angle,

resulting in a stronger interaction with the boundary layer. The inviscid shock from the

tip of the shock generator interacts with the turbulent boundary layer developed over the

flat plate.

Free stream conditions are M∞ = 5, T∞ = 68.3 K, p∞ = 4008.5 N/m2 and unit

Reynolds number Re∞ = 37 × 106 m−1 with isothermal wall temperature condition of 300

K. Initial experiments were done for flow over a flat plate to obtain undisturbed turbu-

lent boundary layer properties like δ, δ∗, θ and C f at different locations. Wall data like

pressure, skin friction, and heat transfer rates are obtained along with the flat plate in the

interaction region.
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A rectangular computational domain shown in Fig. (7.9b) is considered for the

present simulations. The domain length extends 84 mm upstream and 150 mm down-

stream of the shock impingement point and 60 mm in the vertical direction. The incoming

boundary layer thickness δ0 of 3.5 mm and the momentum thickness of 0.1568 mm are

matched with the experimental data [14] at 266 mm from the tip of the flat plate. Table

7.1 gives the freestream conditions and undisturbed incoming boundary layer details of

the experiment and computation.

Flat plate

Shock generator

Turbulent 

boundary layer

Flow

Schematic of experiment setup

350 mm

266 mm

(a) Experimental configuration [14]

Shock Entry

      Point

Origin

Exit

Wall

Top (Post shock conditions)

Wall

Impinging 

   shock

Re ected  

   shock

84 mm 150 mm

 Inlet 

pro le

Schematic of computational domain

(b) Computational domain

Figure 7.9: Schematic of the SBLI experimental setup and the computational domain.

Parameter experiment computation

Freestream Mach number 5.00 5.00

Freestream temperature 68.3 K 68.3 K

Freestream density 0.203 kg/m3 0.203 kg/m3

Freestream velocity 828.6 m/s 828.6 m/s

Wall temperature 300 K 300 K

Reynolds number 3.67 x 107 /m 3.67 x 107 /m

Boundary layer thickness 3.814 mm 3.56 mm

Momentum thickness 0.157 mm 0.1568 mm

Table 7.1: Freestream conditions and characteristics of the incoming turbulent boundary

for all the shock impingement cases.

Note that beyond Mach 2.5, the post-shock amplification obtained using the SU-

EARSM reaches an asymptotic value (incrementing within 2 % up to Mach 6). Examining

the available computational data for a 14-degree of Schulein et al. [14] SBLI experimental

test case, the average values of the shock normal Mach numbers for incident, separation,



130 Application to shock wave boundary layer interactions

reflected, and reattachment shocks are within the range of 1.25 to 2.0. Observing the

advantages and limitations of the SU-EARSM for different upstream Mach numbers in

the STI framework and depending upon the availability of experimental data, the Schulein

SBLI test cases are well suited. Moreover, Schulein et al.[14] provides experimental data

for skin friction coefficient, surface pressure distribution, and heat transfer data for three

different shock strengths.

7.6.1 Initial/Boundary conditions

The streamwise flow axis is along the i-direction and wall-normal along j-direction.

The mean flow and turbulence profiles at the inlet boundary of the computational domain

are generated using a separate flat plate simulation. They are modified using inviscid

shock relations to simulate the entry of the oblique shock. The domain above the shock

entry point at the inlet boundary and the top boundary are maintained at post-shock condi-

tions. The isothermal temperature of Tw = 300 K along with no-slip boundary conditions

are specified at the wall, and extrapolation condition for the primitive variables is im-

posed at the exit boundary of the domain. Fig. (7.9b) shows the boundary conditions with

a schematic of the SBLI.

The value of the momentum thickness reported in the experiments is matched to

obtain the mean flow and turbulence profiles at the inlet boundary of the computational

domain, as listed in table 7.1. The shock impingement point on the flat plate in the invis-

cid simulation is taken as origin of the computational domain. The shock impingement

point is synchronized between the computations and experiments for comparing surface

pressure and skin friction data obtained over the surface.

7.6.2 Grid convergence

A single block structured grid is generated using the code written in FORTRAN.

The grid stretches exponentially in the y-direction with the first cell size of 1 × 10−6

m. In x-direction, the initial cell width of 10−3 m is maintained at origin and stretched

exponentially in the upstream and downstream directions. The grid density is high at

the shock wave impingement location. A systematic grid convergence study has been

performed on the existing rectangular computational domain by varying the grid points

in each direction and critical regions, such as the flow separation region. Both surface

pressure and skin friction coefficient are used to identify a grid converged solution, in

which the skin friction coefficient found to be the most sensitive mesh refinement. The

present section explains the grid refinement study done for the flow interaction of the

turbulent boundary layer with oblique shock generated by 10◦ ramp. First, the distance of
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Grid no. of points Grid no. of points

Grid 1 340 × 120 Grid 6 100 × 405

Grid 2 340 × 180 Grid 7 150 × 405

Grid 3 340 × 270 Grid 8 226 × 405

Grid 4 340 × 405 Grid 9 500 × 405

Grid 5 340 × 600

Table 7.2: Grid refinement in x- and y-direction (streamwise and wall normal directions).
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Figure 7.10: Variation of (a) wall pressure and (b) skin friction coefficient for 10◦ case

with changing number of wall-normal grid points.

the first cell center from the wall is maintained at 0.5 × 10−6 m and next, the number of

points in the wall parallel direction is refined until the two finest grids yield overlapping

results, such as the grids with 340 ×405 and 340 × 600 shown in Figs. (7.10) & (7.11).

The solution obtained from the domain with 340 × 460 grid points yields less than 2%

variation in wall pressure and skin friction in comparison with the solution obtained with

340 × 600 grid points. Based on the study, the solution obtained on the 340 × 405 grid is

considered to be grid converged, and further simulations are carried out using 340 × 405

grid points. All the simulated cases are grid converged.

The steady converged solution is reached with optimized number of iterations by

changing the Courant-Friedrichs-Lewy (CFL) number within the range of the total num-

ber of iterations. In the computations, the initial development of the flow is achieved by

using a CFL of 25 for 500 iterations and is increased to 50 after the first 500 iterations. It
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Figure 7.11: Variation of (a) wall pressure and (b) skin friction coefficient for 10◦ case

with changing number of wall-parallel grid points.

is further increased to 100 at 1000 iterations, to 500 at 1500 iterations, and 1000 at 5000

iterations. The developing flow was able to handle a maximum CFL of 8000 after 10000

iterations. The computation converges in 14 CPU hrs, and it takes 15000 iterations to

reach the steady-state solution. The drop of local residue is approximately from 103 to

10−5.

7.7 Simulation results

7.7.1 14◦ oblique shock impingement

Figure (7.12) shows the magnified view of the interaction region of SBLI using

the pressure and Mach number contours for 14◦ shock deflector case, computed using the

EARSM turbulence model. On the flat plate surface, the adverse pressure gradient created

by the incident shock wave is high enough to separate the turbulent boundary layer and

form a recirculation region. Along with local flow separation and reattachment, the flow

in the interaction region becomes more complicated due to the presence of multiple shock

and expansion waves. S and R, respectively, identify the streamline showing the extent of

separation region, and the separation and reattachment locations.

Edney type I interference has occurred when the opposite family shocks, such as

separation shock and incident shocks, intersect each other. The transmitted shock and

induced shock equalizes the pressures and flow directions in the downstream. The trans-

mitted shock is short in length and terminates as the expansion waves generated by the
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Figure 7.12: Shock structure of the oblique shockwave/boundary-layer interaction of the

14◦ shock deflector.

flow, turning over the separation bubble. The expansion fan is embedded between the in-

duced and reflected shock waves. It interacts with and weakens the induced shock. It also

causes the induced shock to bend and merge with the reflected shock. The compression

waves generated by flow reattachment coalesce to form the reattachment shock.

Figure (7.13) shows the variation in pressure and skin friction coefficient measured

along the surface of the plate. The computations using the WJ-EARSM model show a

similar trend in surface pressure and skin friction coefficient variation. The significant

differences compared to the experimental data are in the size of the separation bubble

and the skin friction coefficient value at reattachment. Compared to experimental data,

the EARSM predicted separation point is located further in the downstream. The pres-

sure rise at the separation shock location is smaller and followed by a lower pressure

gradient in the reattachment region. The computed results show some waviness in the

pressure distribution downstream of reattachment. The experimental pressure data also

shows a similar trend, and this may be due to the reflection of compression/expansion

waves between the wall and the reflected shock. The zero-crossing of the computed C f

value determines the separation bubble size. The steep rise in skin friction at reattachment

over-predicts the measurements. C f decreases further downstream to values closer to the

experimental data.



134 Application to shock wave boundary layer interactions

­20 ­10 0 10 20 30
0

20

40

60

Experiment

WJ­EARSM

x/δ
0

P
w
(kPa)

(a)

­20 ­10 0 10 20 30

0

0.005

0.01

WJ­EARSM

Experiment

C
f

x/δ
0

(b)

Figure 7.13: Computed (a) wall pressure and (b) skin friction with θ = 14◦ using EARSM

with M∞ = 5, compared with experiments.

The additional non-linear term in a Reynolds stress tensor has a very prominent role

in swirl flows or curvature flowfield. Whereas, in the vicinity of the shock region, the

effect is unknown. In the present section, we quantify the magnitude of β4 and its effect

in the vicinity of the shock wave region. Figure (7.14a) shows the shock structure for

the 14◦ shock impingement case by using pressure contour. Figure (7.14b) shows the β4

magnitude extracted for the streamline passing through the incident shock and reflected

shock. The rectangular box in the figure shows the shock region and the β4 value on the

top. Across the shock, the β4 coefficient value is very less, and its contribution or effect

to the shock unsteadiness correction is negligible.

Figure (7.15a) shows the pressure contour in the interaction region of the 14◦ SBLI

computed using the SU-EARSM turbulence model. It is qualitatively similar to the solu-

tion obtained using WJ-EARSM model shown in Fig. (7.12a).

The computed shock function fs plotted in Fig. (7.15b) identifies the different shock

waves, and the pattern matches the experimental shadowgraph in Fig. (7.15c). An expan-

sion fan is embedded between the induced and reattachment shock waves. It interacts with

and curves the shock waves, as seen in the experimental shadowgraph and schematic. The

mean dilatation S ii is the quantity to measure the shocks or high compression regions, and

in the present computations, the function in terms of mean dilatation is used to identify

the compression regions. S ii becomes negative across the incident and separation shocks

and attains large negative values at the intersection of these two shock waves. S ii also

identifies the induced and transmitted shock waves for the computed solution. It takes a

positive value in the expansion fan. A region of the relatively low negative value of S ii is
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Figure 7.14: Computed β4 coefficient along the streamline passing the incident and re-

flected shock.

observed in the reattachment region, see Fig.(7.15b). It corresponds to the compression

waves generated by continuous flow turning.

In the shock function formulation, the quantity S ii is normalized by the magnitude

of the local velocity vector U∞ and boundary layer thickness δ0 calculated upstream of

the interaction region. The function yields good identification of the separation shock, in-

cident shock, induced shock, transmitted shock, and reattachment shock, see Fig. (7.15b).

The characteristic length δ0 and velocity U∞ are specified as user input, which are priori

known quantities for a given simulation.

The SU-EARSM is used in the regions where fs is non-zero, and the base line WJ-

EARSM is used elsewhere. Depending on the level of compression, it smoothly varies

between 0 and 1. Care is taken to make fs magnitude negligible in boundary layer flows

where the baseline model is well-validated.

Figure (7.16) shows the variation in pressure and skin friction coefficient in the shock

impingement region. The experimental pressure measurements remain at freestream value

up to the separation point, and rise to about 18 kPa across the separation shock and to

58 kPa after flow reattachment. An adverse pressure gradient of the separation shock

decreases the skin friction coefficient from its value measured in the undisturbed boundary

layer. C f is negative in the recirculation bubble and reaches high values downstream of

the interaction region.
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Figure 7.15: Comparison of the shock structure of the oblique shockwave/boundary-layer

interaction obtained using SU-EARSM for θ = 14◦ at Mach with experimental shadow-

graph and schematic [14].

The results obtained using the WJ-EARSM model follow the experimental trend in

surface pressure and skin friction coefficient. The SU-EARSM model predictions show

a better comparison with the measurements. In particular, the separation pressure rise is

close to the location reported in the experiment. The reattachment point is almost identical

to the WJ-EARSM model, and both match the skin friction data well. Post reattachment,

the SU-EARSM gives a lower C f that matches the experimental data better up to x/δ0 =

8.

The standard k−ω model and SU k−ω model, based on Boussinesq approximation,

are also shown in the figure for reference, and they grossly underpredicts the separation

bubble size. Using non-linear eddy viscosity WJ-EARSM moves the separation point up-

stream. Further improvement is observed by using the shock-unsteadiness correction and
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Figure 7.16: Computed (a) wall pressure and (b) skin friction for θ = 14◦ oblique shock

impingement at M∞ = 5 using WJ-EARSM, SU-EARSM, SU k − ω and standard k − ω

turbulence models, compared with experimental data [14].

the separation pressure rise overlaps with the experiment. We note that the SU correction

applied to the k − ω model is not able to match the separation location in this flow.

7.7.2 θ = 10◦ and 6◦

The results obtained for the 10◦ shock generator angle are presented in Fig. (7.17),

and they show a trend similar to the 14◦ case. The strength of the interaction is weaker

in this case, and it results in a smaller separation bubble than in Fig. 7.16. Once again,

SU-EARSM predicts a separation location that matches the experimental pressure rise.

The standard k −ω model is known to suppress separation in this flow, whereas SU k −ω

and WJ-EARSM predict almost identical separation point. All the four models give over-

lapping reattachment pressure rise (x/δ0 > 0). There are, however, significant differ-

ences between their skin friction values downstream of the interaction region. The shock-

unsteadiness correction dramatically reduces the skin friction coefficient of the standard

k − ω model. It has a smaller effect in the EARSM framework, and the SU-EARSM pre-

dictions are found to match experimental measurement up to x/δ0 = 4. The skin fiction is

under predicted beyond this point, and this is similar to that observed in the 14◦ case.

Figure (7.18) shows the pressure and skin friction values computed for the weakest

interaction with a 6◦ shock generator. The experimental data indicate incipient separa-

tion in this case, and standard k − ω model is able to predict it. The other three models,

namely SU k − ω, WJ-EARSM and SU-EARSM predict a small separation bubble. The

wall pressure values computed using all the models are comparable, while the post in-
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Figure 7.17: Computed (a) wall pressure and (b) skin friction for θ = 10◦ at M∞ = 5 using

standard k − ω, SU k − ω, WJ-EARSM and SU-EARSM, compared with experimental

data [14].
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Figure 7.18: Computed (a) wall pressure and (b) skin friction for θ = 6◦ at M∞ = 5 using

standard k − ω, SU k − ω, WJ-EARSM and SU-EARSM, compared with experimental

data [14].

teraction skin friction data shows difference between the standard k − ω and the baseline

WJ-EARSM results. Interestingly, both the SU models predict overlapping skin fiction

coefficient in this case, and they match experimental data up to about x/δ0 = 30. The

location of separation and re-attachment points computed using the standard k − ω and

current shock-unsteadiness modified k −ω models is listed in Table 7.3. The correspond-

ing points from oil flow visualization in the experiment are also tabulated. Quantitative
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Separation point Reattachment point Separation bubble size

θ◦ 14 10 6 14 10 6 14 10 6

Std. k − ω 11.6 6.2 4.6 5.4 2.7 3.7 6.2 3.5 0.9

SU k − ω 27.5 12.3 6.8 -2.3 2.0 2.9 29.7 10.3 3.9

WJ-EARSM 21.6 12.6 6.4 4.7 3.7 3.2 21.6 8.9 3.2

SU-EARSM 35.2 15.6 7.0 4.1 3.7 3.2 31.1 12.0 3.8

Experiment 35.7 16.2 - 1.7 4.2 - 34.0 12.1 -

Table 7.3: Comparison of computed separation point, reattachment point and separation

bubble size with experiments. All distances are measured from origin in upstream direc-

tion.

comparison shows that the shock-unsteadiness correction markedly improves separation

location. Coincidentally, the separation point computed by WJ-EARSM and SU k − ω

turbulence models is very close, but the main difference between the two computational

results is the separation bubble size (see Table 7.3). Standard k −ω model predictions are

found to be grossly inaccurate for SBLI flows. SU correction improves the prediction,

but the modified model cannot reproduce the shock-induced anisotropy in the Reynolds

stresses. On the other hand, non-linear eddy viscosity based turbulence models, such as

an EARSM, can predict the non-equilibrium effects in the SBLI flowfields. However, the

model predictions still show discrepancies compared to the experiments. SU and pressure

strain distribution corrections to the EARSM improve the predictions and match better

with the experimental data.

Figure 7.19 show the different y/δ0 locations used to extract the streamwise varia-

tion of pressure and Mach number obtained using different turbulence models for SBLI

at θ = 10◦. The streamwise variation of pressure at different y/δ0 locations are shown

in Fig. 7.20 for different turbulence models. At y/δ0 = 0.25 as seen in Fig. (7.20a), it

becomes clear that the standard k − ω model highly underpredicts the size of separation

bubble compared to other turbulence models, which is also observed from the stream-

wise variation of Mach number shown in Fig. (7.21a). At y/δ0 = 1.2, the SU-EARSM

shows the significant difference as the SU-EARSM predicts the height and size of the

separation bubble better than the other turbulence models. At y/δ0 = 3 and 7 located far

above the separation region, the SU-EARSM shows slight decrement in Mach number

and increment in pressure in comparison to WJ-EARSM, this is due to reduction of the

generation of turbulence obtained from using the shock unsteadiness modification. How-
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Figure 7.19: Representation of the line of extraction of pressure and Mach number for

different turbulence models (y/δ0 = 0.25, 1.2, 3, 7).
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Figure 7.20: Comparison of the streamwise variation of pressure for different turbulence

models at θ = 10◦.
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ever, the shock unsteadiness modification shows significant improvement in prediction

the separation point of the turbulent boundary layer.
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Figure 7.21: Comparison of the streamwise variation of Mach number for different turbu-

lence models at θ = 10◦.

The shock strength changes the generation of the turbulence in the flowfield. The

increasing shock strength generates an excessive rise in the Reynolds stress components

for the case with θ = 14◦, as suggested by the tendency observed when comparing for

different turbulence models at θ = 10◦. Similar for the θ = 6◦ case also, which are not

shown. However, the variation of pressure, Mach number, and Reynolds stresses con-

tours obtained using SU-EARSM turbulence model show better improvement than other

turbulence models.

Figure (7.22) shows the comparison of contour of R11, R22 and R12 for 10 deg case in

vicinity of SBLI to compare the numerical results qualitatively for all analyzed turbulence

models. Reynolds stresses computed using WJ-EARSM and SU-EARSM exhibit signifi-
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Figure 7.22: Comparison of the streamwise Reynolds stress, transverse Reynolds stress

and Reynolds shear stress for different turbulence models at θ = 10◦.

cant growth in turbulence enhancement and its anisotropy in the adverse pressure gradient

region. This is due to the nonlinear constitutive relationship between the Reynolds-stress

tensor and the mean strain-rate tensor used in EARSM turbulence models. In compari-

son, k − ω and SU k − ω turbulence models do not show anisotropy in normal Reynolds

stresses since these models use the Boussinesq hypothesis. R12 plays a vital role in the

flow recirculation and the boundary layer separation (see Fig. (7.22c)). The effect of the

shock unsteadiness modification in predicting the size of the separation bubble is notice-

able. The SU-EARSM result shows a significant improvement and apparent difference

from other turbulence models.

EARSM based models play a crucial role in energy redistribution from streamwise

to transverse Reynolds stress components. The WJ-EARSM turbulence model predicts

higher production of Reynolds stresses than SU-EARSM in the shock impinging region

that crosses the shear layer above the separation bubble. In WJ-EARSM simulation re-

sults, excess production results in incorrect energy redistribution and gives by inaccu-

rate anisotropy. SU modification to WJ-EARSM shows an improvement in capturing the

Reynolds stresses and their anisotropy in post-impinging shock, separation bubble, and

post-reflected shock regions.
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7.8 3D simulations

Several experiments have been conducted in the past to investigate the 3D flowfield of

a transverse jet interacting supersonic cross flow [119–123], and various RANS models

have been assessed by many researchers using the data set from Aso et al. [119, 120].

The primary challenge in getting experimental data is that the supersonic flow structure

is highly susceptible to minute changes in the geometry and flow conditions. Thus, care

must be taken that the measuring instruments cause minimum interference with the ac-

tual flow. Aso et al. [119, 120] carried out experiments for two-dimensional and three-

dimensional mixing flow fields in supersonic flow induced by injected secondary flows

through slot perpendicularly. Schlieren visualization of the shock structure and oil flow

visualization on the plate are obtained to understand the shock and flow topology. Sur-

face pressure distribution was measured from ports located along several lines at constant

span-wise distances from the injection port.

In Aso et al., [119, 120] experimental cases, gaseous nitrogen jet is injected normally

into the external flow of Mach 3.75 through a transverse slot nozzle mounted on a flat

plate model. The freestream total pressure was 1.2 MPa, and the Reynolds number was

2×107. The experiments were conducted with different widths of the slot and varying

total pressure ratios of the jet to the free stream. The experimental setup was similar to

that of Spaid and Zukoski [121, 122]. The set of experiments was performed with and

without aerodynamic fences. It was observed that the fences had a significant impact on

maintaining the two-dimensionality of the flow, thus improving the data set for validation

with the numerical simulations.

Standard RANS turbulence models, like k − ε and k − ω, cannot accurately predict

flows with strong shocks and their interaction with turbulence, which leads to an unsat-

isfactory prediction of the separation bubble size and peak heat transfer rates at reattach-

ment. This drawback is seen in the model problem of JICF, where the standard k−ωmodel

highly under-predicts the upstream separation length and peak pressures. We found that

shock-unsteadiness correction enhances flowfield results with an interaction of the sonic

jet and supersonic crossflow. However, a thorough investigation (in terms of SU-model

parameter b1
1) is needed, and evaluation of shock function fs and upstream normal Mach

number Mun will be essential. Further, a comparison of the surface properties, jet pene-

tration height, and the upstream separation length between the standard k − ω, EARSM,

and SU model is needed to see the shock-unsteadiness modification effect.
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7.9 Summary

The chapter presents RANS and turbulent transport equations along with a finite-volume

based numerical method used for simulating high-speed flows. An in-house code is used

for the computations presented in this chapter. It uses a modified Steger-Warming flux

splitting approach for computing the inviscid fluxes and second-order central differencing

for the viscous fluxes and turbulent source terms. The method and the code have been

validated for a series of hypersonic flow applications.

The flowfield for an oblique shock wave impingement on a turbulent boundary layer

generated with three different shock generator angles of 6◦, 10◦, and 14◦ are computed.

Despite the geometric simplicity, multiple shock waves and flow expansion in the interac-

tion region make the flow very complicated to compute numerically. Different turbulence

models, such as standard k − ω, SU k − ω, WJ EARSM, and SU-EARSM turbulence

models are applied to SBLI, and results are compared with the available experimental

data. The standard k−ω model predicts delayed flow separation and yields too high skin-

friction at reattachment, whereas WJ-EARSM shows better improvement than standard

k − ω, but still underpredicts the separation point.

The damping effect of shock-unsteadiness correction moves the separation location

much closer to the experiment result. This, in turn, leads to close matching of the separa-

tion point with the experimental data. Comparing the surface measurements, the shock-

unsteadiness modification yields excellent improvement over the WJ-EARSM and stan-

dard k − ω models, especially near the separation point and in the reattachment region.



Chapter 8

Summary and future work

8.1 Summary

Presence of shockwaves in high-speed turbulent flows pose significant challenge for com-

putational fluid dynamic methods using Reynolds averaged turbulence models. Eddy

viscosity based turbulence models with modification, such as shock-unsteadiness, have

improved in the prediction of the turbulent quantities, surface pressure, and skin fric-

tion coefficient for the shock dominant flows in comparison with the standard turbulence

models. Still, these modified models cannot reproduce the shock-induced anisotropy in

the Reynolds stresses.

The primary objective of the present work is to improve the existing turbulence

models to capture the shock-induced anisotropy, within moderate computational cost. To

achieve the goal, we used the existing Reynolds stress-based turbulence models (RSM

and EARSM) as the platform to overcome the Boussinesq approximation for calculating

the Reynolds stresses.

We evaluate the three existing RSMs for the canonical shock-turbulence interaction

(STI). The canonical STI is the simplest and most fundamental model problem, where

isotropic homogeneous turbulence interacts with a nominally normal shock wave. The

amplification, decaying, and nature of turbulence are obtained by solving the simplified

equations. In comparison with the DNS data, all the RSMs show a very poor match and

considered for further model improvement. We incorporated the physics-based correction

to include the effect of unsteady oscillations into the existing RSM to accurately predict

shock-induced anisotropy.

The model predictions show non-physical behaviour due to significant numerical

error across the shockwave due to the non-conservative form of the source term. To min-

imize the numerical error at the shockwave, we developed new transformed conservative

145
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form of transport equations for the new RSM (SU-RSM). The SU-RSM with conserva-

tive source terms is found to match DNS data for canonical STI. The amplification of the

principal Reynolds stresses and their downstream evolution are predicted well for a range

of Mach numbers.

A similar approach is applied to EARSM, which are based on the k − ω transport

equations. We introduce the physical concept of redistribution of the total kinetic energy

between the principal Reynolds stresses via pressure-velocity and shock unsteadiness ef-

fects. Using the idea, we propose a new algebraic Reynolds stress model (SU-EARSM)

using closure coefficients from linear interaction analysis of STI. In comparison with the

DNS data, the new model shows a significant improvement in predicting the principal

Reynolds stresses and their anisotropy. They are able to match the performance of the

Reynolds stress models at a much lower computational cost.

The modified EARSM, along with the shock-unsteadiness k−ω turbulence model is

applied to the oblique shock impingement on the turbulent boundary layer at Mach 5. The

shock-unsteadiness correction is implemented in the EARSM framework using the shock

identifying function, and model coefficients based on LIA. The model predictions match

experimental data for surface pressure and skin friction coefficient, and results are better

than those obtained using two-equation models based on Boussinesq approximation as

well as the baseline EARSM.

8.2 List of contributions

1. Physics-based correction to existing RSM to accurately predict shock-induced

anisotropy.

2. Developed a new transformed conservative form of a modified RSM to minimize

the numerical error at the shockwave.

3. Proposed a new algebraic Reynolds stress model (SU-EARSM) using closure coef-

ficients from linear interaction analysis of STI.

4. The shock-unsteadiness corrected EARSM shows significant improvement in pre-

dicting surface pressure and skin friction in SBLI flows.

8.3 Future work

Following are some of the ideas inspired by the current work that could be pursued.
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• Detail study for pressure strain correlation and also other compressibility correc-

tions like pressure dilatation, dissipation dilatation etc.

• Implementing the RSM in the in-house code and extending the modified RSM

for simulating flow over a compression ramp and impinging shock on a turbulent

boundary layer over a flat plate.

• SU and pressure strain distribution corrections to the EARSM improve the predic-

tions with the given model coefficients. Further, it would be interesting to study the

decay behaviour of TKE, Reynolds stresses, and their anisotropy in terms of model

coefficients, which are functions of upstream Mach number..

• A thorough investigation required in terms of SU and pressure strain distribution

corrections for three-dimensional flowfields.

• A similar analysis of shock function, upstream normal Mach number and transport

equation for a new variable ψ will be essential for three-dimensional numerical

simulations.

• Applying the modified EARSM turbulence model to realistic three-dimensional vis-

cous flow simulations, such as scramjet intake flow, sonic jet in supersonic cross-

flow, single and double fin configurations.





Appendix A

Homogeneous turbulent decay relations

The shock-unsteadiness (SU) k− ε model have the following transport equations for TKE

and the turbulent dissipation rate [41, 74].

ρũ
∂k
∂x

= −
2
3

c0ρk
∂ũ
∂x
− ρε, (A.1)

ρũ
∂ε

∂x
= −

2
3

Cε1ρε
∂ũ
∂x
− ρCε2

ε2

k
. (A.2)

The diffusive fluxes are not included in the equations because their contribution is ex-

pected to be small [109]. The model coefficients are given in Chapter 4 and are not re-

peated here. Upstream of the shockwave, there is no gradient in the mean velocity. Thus,

the variation in k and ε for steady one-dimensional uniform mean flow are governed by

the corresponding dissipation terms.

ũ
∂k
∂x

= −ε, (A.3)

ũ
∂ε

∂x
= −Cε2

ε2

k
. (A.4)

The above equations are in non-dimensional form and the respective characteristic

quantities used for non-dimensionalization are mentioned in chapter 4. These equations

are obtained by neglecting the production terms from TKE and dissipation rate equations,

as there is no gradient in the mean velocity in this region (upstream of the shockwave).

Also, the velocity is constant in this region and is equal to ũ , where ũ = M because of the

non-dimensionalization considered. Here, εs ∝ ε is taken. Eqs. (A.3) and (A.4) can be

written as,
∂ε

ε
= Cε2

∂k
k
. (A.5)

On integration, we get

ε = kCε2C, (A.6)
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where C is the integration constant. Substituting in Eq. (A.3) and integrating along x , we

get

k =

[
Cx + Ĉ

ũ
(Cε2 − 1)

]− 1
Cε2−1

, (A.7)

where Ĉ is another integration constant. Using the boundary condition k = k0 and ε = ε0

at x = 0, we get

Ĉ =
ũkCε2−1

0

Cε2 − 1
, (A.8)

C = ε0k−Cε2
0 , (A.9)

and thus

k(x) = k0

[
1 +

ε0

k0

x(Cε2)
ũu

]− 1
Cε2−1

, (A.10)

The expression for the turbulent dissipation rate can be obtained using Eq. (A.3) as,

ε(x) = ε0

[
1 +

ε0

k0

x(Cε2)
ũ

]− Cε2
Cε2−1

. (A.11)

The above equations give the variations in k and ε from the inlet station to the point just

upstream of the shockwave. Now, if xsh corresponds to the shockwave location, then at x

= xsh , k = ku and ε = εu. Hence, Eqs. (A.10) and (A.11) can be written in terms of the

inlet values as,

k0 = ku

[
1 +

ε0

k0

xsh(Cε2 − 1)
ũ

]− 1
Cε2−1

, (A.12)

ε0 = εu

[
1 +

ε0

k0

xsh(Cε2 − 1)
ũ

] Cε2
Cε2−1

. (A.13)

The same expressions hold if the shock is at x = 0 and xsh is the distance of the shockwave

from the inlet station. In the present work, xsh = 6.83 for all the computations performed.

Now, given the values of ku and εu, the inlet values of k and ε can be calculated from

Eqs. (A.12) and (A.13) as,

ε0 = εu

1 +
1(

ku
εu
−

xsh(Cε2−1)
ũ

) xsh(Cε2 − 1)
ũ


Cε2

Cε2−1

, (A.14)

and
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k0 = ε0

[
ku

εu
− xsh

(Cε2 − 1)
ũ

]
. (A.15)

The k − ε model [15] is converted to the k − ω framework using the transformation

ε = ωβ∗k, (A.16)

Substituting Eq. (A.16) in Eq. (A.1), we get

ρũ
∂k
∂x

= −
2
3

c0ρk
∂ũ
∂x
− ρβ∗ωk, (A.17)

and Eq. (A.2) transforms into

ρũβ∗
[
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+ ω

∂k
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]
= −

2
3
β∗Cε1ρωk
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−Cε2ρ

β∗2ω2k2

k
,

On substituting Eq. (A.17) and simplifying, we get

ρũ
∂ω

∂x
= −

2
3
ργω

∂ũ
∂x
− ρβω2. (A.18)

where γ = Cε1 − c0, and β = (Cε2 − 1)β∗. The Eqs. (A.17) and (A.18) are taken as the

governing equations for the SU k − ω model for canonical STI.

Thus, the variation in k and ω for steady one-dimensional uniform mean flow are

governed by the corresponding dissipation terms.

ũ
∂k
∂x

= −β∗ωk, (A.19)

ũ
∂ω

∂x
= −βω2. (A.20)

which can be combined to get

∂ω

ω
=

β

β∗
∂k
k
. (A.21)

On integration, we have

ω = k
β
β∗C, (A.22)

where C is a constant of integration. Substituting in Eq. (A.19) and integrating in x , we

get

k =

[
β∗Cx − Ĉ

ũ

(
β

β∗

)]− β∗β
, (A.23)
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where Ĉ is another integration constant. We evaluate C and Ĉ using the boundary condi-

tion k = k0 and ω = ω0 at x = 0. The final expressions for the variation of k and ω are

thus obtained.

k(x) = k0

[
1 +

βω0x
ũ

]− β∗β
, (A.24)

ω(x) = ω0

[
1 +

βω0x
ũ

]−1

. (A.25)

At the shock location xsh we have k = ku and ω = ωu, which are given by Eq. (4.8)

in chapter 6. These are used to evaluate the k and ω values at the inlet location (subscript

0), by inverting the relations given above.

k0 = ku

[
1 +

βω0xsh

ũ

] β∗
β

, (A.26)

ω0 = ωu

[
1 −

βωuxsh

ũ

]−1

. (A.27)

It is to note that, in the above expressions, all the quantities are normalized and

non-dimensional, with the quantities used for normalization given in chapter 4 and 6.
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Acoustic adjustment in RANS and DNS

Figure (B.1) shows streamwise evolution of the R11 and R22 for the DNS data, where the

Reynolds stresses are scaled by the respective shock-upstream values. In the unsteady

shockwave region, the DNS data for R11 takes very high values and outside, it rapidly

increases from a low post-shock value to reach a local maximum at κ0x∗ = 4. This cor-

responds to the acoustic adjustment region in LIA (see Fig. (B.1c)), where R11 increases

due to the post-shock redistribution between the vortical and acoustic fluctuations. In

the absence of viscous and non-linear effects in LIA, the Reynolds stresses reach asymp-

totic far-field values, whereas the DNS data shows a monotonic decay far away from the

shockwave (κ0x∗ > 4). The transverse Reynolds stress R22 has a peak at the shockwave,

followed by a rapid decrease in the acoustic adjustment region to reach the far-field value.

The extent of the acoustic adjustment region in a STI is about one wavelength of the

most-energetic upstream wave number. This is equivalent to the integral scale of turbu-

lence upstream of the shockwave, approximately equal to one boundary layer thickness

in a SBLI, this region is expected to be small and the far-field values away from the

shockwave are important. We extrapolate the monotonic decay in R11 and R22 back to

the shockwave center to obtain an equivalent far-field value from the DNS. This value is

shown by an open square at κ0x∗ = 0 and it serves as a benchmark for model evaluation..

The extrapolated value includes the jump in Reynolds stresses at the shock as well as the

net effect of the acoustic adjustment in the region immediately following the shockwave.

For the Reynolds stress model, Equations (4.1) and (4.2) are applied to the Mach

2.5 STI and the results are shown for comparison. The model transport equations include

production and rapid pressure strain terms that are active in the region of non-zero mean

velocity gradient. They lead to a jump in R11 and R22 across the shockwave. The viscous

dissipation results in a monotonic decay both upstream and downstream of the shockwave.

On the other hand, the slow pressure strain term is responsible to make the post-shock
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Figure B.1: Streamwise evolution of the turbulence quantities in a Mach 2.5 canonical

STI. Numerical solution computed for the baseline (dash-dot), baseline model without

dissipation term (dashed) and baseline model without the slow pressure strain and dis-

sipation terms (dash-dot-dot) are compared with DNS data (symbol). The post-shock

Reynolds stresses predicted by the linear interaction analysis (LIA) are plotted in (c).

field isotropic. It leads to a decrease in R11 and an increase in R22 behind the shockwave

(see the dashed line in Fig. B.1 (a) and (b)), and thus, its effect is qualitatively different

from the acoustic adjustment of the Reynolds stresses observed in the DNS and LIA.

In addition, the slow pressure strain term acts over a much larger length scale than the

acoustic adjustment region in STI and can be effectively represented as a modification of

the viscous decay rates of R11 and R22 in the post-shock flow. The effect of the viscous

dissipation and the slow pressure strain terms is therefore neglected in evaluating the

model capability in predicting the jump in R11 and R22 across the shockwave.



Appendix C

Simplification of WJ-EARSM
turbulence model

In WJ-EARSM turbulence model, the solution to the cubic equation N is given by

Eq. (6.6), where P1 and P2 are calculated as per Eqs. (6.7). For shock/turbulence in-

teraction, the mean flow is one-dimensional. Thus, the magnitude of IIΩ becomes zero,

and IIS reduces

IIS = S i jS i j =
2
3
τ2

(
∂ũ
∂x

)2

. (C.1)

At the shock IIs >> 1 and

P1 = c′1

(
c′21
27

+
9
20

IIS −
2
3

IIΩ

)
' c′1

9
20

IIs (C.2)

P2 = P2
1 −

(
c′21
9

+
9
10

IIS −
2
3

IIΩ

)3

' P2
1 −

(
9

10
IIs

)3

(C.3)

(C.4)

The value of P2 is less than zero and the solution for the term N is

N =
c′1
3

+ 2(P2
1 − P2)1/6 cos

1
3

arccos

 P1√
P2

1 − P2


 , (C.5)

and it simplifies to

N ' 1.8(P2
1 − P2)1/6 (C.6)

Here,

P2
1 − P2 '

(
c′1

9
20

IIs

)2

−

(
c′1

9
20

IIs

)2

+

(
9

10
IIs

)3

(C.7)

(
P2

1 − P2

)1/6
'

(
9

10
IIs

)3/6

= 0.77τ|∂ũ/∂x| (C.8)
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Substituting the Eq. (C.8) in Eq. (C.6) gives

N ≈ 1.39τ
(
∂ũ
∂x

)
. (C.9)

Coefficient β1 from Eq. (6.5) reduces to

β1 = −
6

5N
' −

0.86
τ

∣∣∣∣∣∂ũ
∂x

∣∣∣∣∣−1

. (C.10)

and

µT = −
1
2
β1ρkτ ' 0.43ρk

∣∣∣∣∣∂ũ
∂x

∣∣∣∣∣−1

(C.11)

Substituting µT in Eq. 6.1 gives the streamwise Reynolds stress as

ρR11 =
2
3
ρk −

4
3
µT
∂ũ
∂x

=
2
3
ρk + 0.573ρk (C.12)

Similarly,

ρR22 =
2
3
ρk +

2
3
µT
∂ũ
∂x

=
2
3
ρk − 0.286ρk. (C.13)

where aext
i j = 0 on account of Ωi j = 0 for all i and j. Amplification in the streamwise

Reynolds stress is obtained as,

R11,d

ku
=

(
2
3

+ 0.573
)

kd

ku
, (C.14)

R11,d

R11,u
=

3
2

(
2
3

+ 0.573
)

kd

ku
. (C.15)

Thus, the Streamwise Reynolds stress is given as

R11,d

R11,u
= 1.86

(
ũu

ũd

)2/3+0.573

, (C.16)

Similarly, the transverse Reynolds stress is given as

R22,d

R22,u
= 0.57

(
ũu

ũd

)2/3+0.573

. (C.17)



Appendix D

Linear interaction analysis prediction

For a purely vortical turbulence (p′u = 0) interacting with a normal shock, the change in

R11 and R22 across the shock can be written using the linearized RH relations,

1
2
ρu uu(R11,d − R11,u) = −ρuu′uu′m∆u︸       ︷︷       ︸∫

Pk

+ ρuu′mξt∆u︸     ︷︷     ︸∫
S 1

k

−u′m p′d︸ ︷︷ ︸∫
Π1

k

, (D.1)

1
2
ρu uu(R22,d − R22,u) = −ρu uuv′mξy∆u︸           ︷︷           ︸∫

S 2
k

, (D.2)

where higher order terms are assumed to be small, See Ref. [41] for details. By substitut-

ing the definition of u′m = (u′u + u′d)/2 and v′m = (v′u + v′d)/2 in the Eqs. (D.1) and (D.2) and

normalizing with the respective upstream Reynolds stresses, we get

R11,d

R11,u
= 1 −

1 +
u′uu′d
R11,u

︸       ︷︷       ︸
Cp

∆u
uu

+

 u′uξt

R11,u
+

u′dξt

R11,u

︸            ︷︷            ︸
Csu

∆u
uu
−

u′u p′d + u′d p′d
ρuR11,u∆u
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CΠ1

∆u
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(D.3)

R22,d

R22,u
= 1 −

 v′uξyR22,u
uu +

v′dξy

R22,u
uu

︸                  ︷︷                  ︸
Csd

∆u
uu

(D.4)

where, the model coefficients are computed using LIA and plotted in Fig. (6.3).

Cp = 1 +
u′uu′d
R11,u

; Csu =
u′uξt

R11,u
+

u′dξt

R11,u
; Csd =

v′uξy

R22,u
uu +

v′dξy

R22,u
uu; CΠ1 =

−u′u p′d − u′d p′d
ρu∆uR11,u

.

The Reynolds stresses and TKE show rapid variation in the acoustic adjustment region

behind the shock; see Fig. (D.1). In this region, Mahesh et al. [75] showed that the

quantity

γM
2

2k

a2 +
p′2

γp2

 +
p′u′

pa
(D.5)
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Figure D.1: LIA prediction for purely vortical isotropic turbulence interacting with a

normal shock: streamwise variation of (a) turbulence kinetic energy, and (b) Reynolds

stresses. The data is normalised by the respective upstream values and the wavelength

corresponding to the peak upstream energy level κ0. The shock is located at κ0x∗ = 0, and

the acoustic adjustment region is identified.

is conserved along a mean streamline behind the shockwave. The pressure fluctuations

immediately behind the shock p′d have a finite magnitude, but p′ → 0 beyond the acoustic

adjustment region. This fact can be used to compute the net change in TKE downstream

of the shock

∆k =
ad

2

2

 p′2d
γpd

2 +
2

γMd

p′du′d
pdad

 . (D.6)

It is the integrated value of the vortical-acoustic exchange in the acoustic adjustment re-

gion described in Chapter 4 & 6 and is denoted by
∫

Π2
k . An additional model coefficient

CΠ2 is defined as

CΠ2 =
2ū

∫
Π2

k

(R11,u∆u)

so that the effect of Π2
k can be added to the overall change in TKE in Eq. (6.22).
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